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PREFACE

Surgery theory is the standard method for the classification of high-dimen-
sional manifolds, where high means > 5. The theory is not intrinsically difficult,
but the wide variety of algebraic and geometric techniques required makes heavy
demands on beginners. Where to start?

This book aims to be an entry point to surgery theory for a reader who already
has some background in topology. Familiarity with a book such as Bredon [10]
or Hatcher [31] is helpful but not essential. The prerequisites from algebraic and
geometric topology are presented, along with the purely algebraic ingredients.
Enough machinery is developed to prove the main result of surgery theory: the
surgery exact sequence computing the structure set of a differentiable manifold
M of dimension > 5 in terms of the topological K-theory of vector bundles over
M and the algebraic L-theory of quadratic forms over the fundamental group
ring Z[m1(M)]. The surgery exact sequence is stated in Chapter 1, and finally
proved in Chapter 13. Along the way, there are basic treatments of Morse theory,
embeddings and immersions, handlebodies, homotopy, homology, cohomology,
Steenrod squares, Poincaré duality, vector bundles, cobordism, transversality,
Whitehead torsion, the h- and s-Cobordism Theorems, algebraic and geometric
intersections of submanifolds, the Whitney trick, Poincaré complexes, spherical
fibrations, quadratic forms and formations, exotic spheres, as well as the surgery
obstruction groups L. (Z[r]).

This text introduces surgery, concentrating on the basic mechanics and work-
ing out some fundamental concrete examples. It is definitely not an encyclope-
dia of surgery theory and its applications. Many results and applications are not
covered, including such important items as Novikov’s theorem on the topological
invariance of the rational Pontrjagin classes, surgery on piecewise linear and topo-
logical manifolds, the algebraic calculations of the L-groups for finite groups, the
geometric calculations of the L-groups for infinite groups, the Novikov and Borel
conjectures, surgery on submanifolds, splitting theorems, controlled topology,
knots and links, group actions, stratified sets, the connections between surgery
and index theory, ... . In other words, there is a vast research literature on
surgery theory, to which this book is only an introduction.

The books of Browder [14], Novikov [65] and Wall [92] are by pioneers of
surgery theory, and are recommended to any serious student of the subject.
However, note that [14] only deals with the simply-connected case, that only a
relatively small part of [65] deals with surgery, and that the monumental [92] is



CONTENTS vii

notoriously difficult for beginners, probably even with the commentary I had the
privilege to add to the second edition. The papers collected in Ferry, Ranicki and
Rosenberg [24], Cappell, Ranicki and Rosenberg [17] and Farrell and Liick [23]
give a flavour of current research and include many surveys of topics in surgery
theory, including the history. In addition, the books of Kosinski [42], Madsen
and Milgram [45], Ranicki [70], [71], [74] and Weinberger [94] provide accounts of
various aspects of surgery theory.

On the afternoon of my first day as a graduate student in Cambridge, in
October, 1970 my official supervisor Frank Adams suggested that I work on
surgery theory. This is still surprising to me, since he was a heavy duty homotopy
theorist. In the morning he had indeed proposed three topics in homotopy theory,
but I was distinctly unenthusiastic. Then at tea-time he said that I might look
at the recent work of Novikov [64] on surgery theory and hamiltonian physics,
draining the physics out to see what mathematics was left over. Novikov himself
had not been permitted by the Soviet authorities to attend the Nice ICM in
September, but Frank had attended the lecture delivered on Novikov’s behalf
by Mishchenko. The mathematics and the circumstances of the lecture definitely
sparked my interest. However, as he was not himself a surgeon, Frank suggested
that I actually work with Andrew Casson. Andrew explained that he did not
have a Ph.D. himself and was therefore not formally qualified to be a supervisor
of a Ph.D. student, though he would be willing to answer questions. He went on
to say that in any case this was the wrong time to start work on high-dimensional
surgery theory! There had just been major breakthroughs in the field, and what
was left to do was going to be hard. This brought out a stubborn streak in me,
and I have been working on high-dimensional surgery theory ever since.

It is worth remarking here that surgery theory started in 1963 with the classi-
fication by Kervaire and Milnor [38] of the exotic spheres, which are the differen-
tiable manifolds which are homeomorphic but not diffeomorphic to the standard
sphere. Students are still advised to read this classic paper, exactly as I was
advised to do by Andrew Casson in 1970.

This book grew out of a joint lecture course with Jim Milgram at Gottingen
in 1987. T am grateful to the Leverhulme Trust for the more recent (2001/2002)
Fellowship during which I completed the book. I am grateful to Markus Banagl,
Jeremy Brookman (who deserves special thanks for designing many of the dia-
grams), Diarmuid Crowley, Jonathan Kelner, Dirk Schuetz, Des Sheiham, Joerg
Sixt, Chris Stark, Ida Thompson and Shmuel Weinberger for various suggestions.

Any comments on the book subsequent to publication will be posted on the
website
http://www.maths.ed.ac.uk/ aar/books

2nd June, 2002



THE SURGERY CLASSIFICATION OF MANIFOLDS

Chapter 1 is an introduction to the surgery method of classifying manifolds.

Manifolds are understood to be differentiable, compact and closed, unless oth-
erwise specified.

A classification of manifolds up to diffeomorphism requires the construction
of a complete set of algebraic invariants such that :

(i) the invariants of a manifold are computable,

(ii) two manifolds are diffeomorphic if and only if they have the same invariants,

(iii) there is given a list of non-diffeomorphic manifolds realizing every possible
set of invariants.

One could also seek a homotopy classification of manifolds, asking for a complete
set of invariants for distinguishing the homotopy types of manifolds. Diffeomor-
phic manifolds are homotopy equivalent.

The most important invariant of a manifold M™ is its dimension, the number
m > 0 such that M is locally diffeomorphic to the Euclidean space R™. If
m # n then R™ is not diffeomorphic to R", so that an m-dimensional manifold
M™ cannot be diffeomorphic to an n-dimensional manifold N™. The homology
and cohomology of an orientable m-dimensional manifold M are related by the
Poincaré duality isomorphisms

Any m-dimensional manifold M has Zs-coefficient Poincaré duality
H*(M;Zs) = Hpyi(M;Zs) ,

with
H,(M;Zs) = Zo, H,(M;Zy) = 0forn>m.

The dimension of a manifold M is thus characterised homologically as the largest
integer m > 0 with H,,(M;Zs) # 0. Homology is homotopy invariant, so that
the dimension is also a homotopy invariant : if m # n an m-dimensional manifold
M™ cannot be homotopy equivalent to an n-dimensional manifold N™.
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There is a complete diffeomorphism classification of m-dimensional mani-
folds only in the dimensions m = 0,1,2, where it coincides with the homotopy
classification. For m > 3 there exist m-dimensional manifolds which are homo-
topy equivalent but not diffeomorphic, so that the diffeomorphism and homotopy
classifications must necessarily differ. For m = 3 complete classifications are the-
oretically possible, but have not been achieved in practice — the Poincaré con-
jecture that every 3-dimensional manifold homotopy equivalent to S is actually
diffeomorphic to S? remains unsolved!

For m > 4 group-theoretic decision problems prevent a complete classifica-
tion of m-dimensional manifolds, by the following argument. Every manifold M
can be triangulated by a finite simplicial complex, so that the fundamental group
71 (M) is finitely presented. Homotopy equivalent manifolds have isomorphic fun-
damental groups. Every finitely presented group arises as the fundamental group
m1(M) of an m-dimensional manifold M. Tt is not possible to have a complete
set of invariants for distinguishing the isomorphism class of a group from a finite
presentation. Group-theoretic considerations thus make the following questions
unanswerable in general :

(a) Is M homotopy equivalent to M’ ?
(b) Is M diffeomorphic to M’ ?

since already the question
(¢) Is (M) isomorphic to m (M') ¢

is unanswerable in general.

The surgery method of classifying manifolds seeks to answer a different ques-
tion:

Given a homotopy equivalence of m-dimensional manifolds f : M — M’ is f
homotopic to a diffeomorphism?

Every homotopy equivalence of 2-dimensional manifolds (= surfaces) is ho-
motopic to a diffeomorphism, by the 19th century classification of surfaces which
is recalled in Chapter 3.

A homotopy equivalence of 3-dimensional manifolds is not in general homo-
topic to a diffeomorphism. The first examples of such homotopy equivalences
appeared in the classification of the 3-dimensional lens spaces in the 1930’s: the
Reidemeister torsion of a lens space is a diffeomorphism invariant which is not
homotopy invariant. Algebraic K-theory invariants such as Reidemeister and
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Whitehead torsion are significant in the classification of manifolds with finite
fundamental group, and in deciding if ‘h-cobordant’ manifolds are diffeomorphic
(via the s-Cobordism Theorem, stated in 1.11 below), but they are too special to
decide if an arbitrary homotopy equivalence of manifolds is homotopic to a dif-
feomorphism. Chapter 8 deals with the main applications of Whitehead torsion
to the topology of manifolds.

In 1956, Milnor [49] constructed an exotic sphere, a differentiable manifold
%7 with a homotopy equivalence (in fact a homeomorphism) X7 — S7 which is
not homotopic to a diffeomorphism. The subsequent classification by Kervaire
and Milnor [38] for m > 5 of pairs

( m~dimensional manifold ™ | homotopy equivalence ¥™ — S™ )

was the first triumph of surgery theory. It remains the best introduction to
surgery, particularly as it deals with simply-connected manifolds M (i.e. those
with w1 (M) = {1}) and so avoids the fundamental group. The surgery classifi-
cation of homotopy spheres is outlined in Section 13.3.

Definition 1.1 An (m + 1)-dimensional cobordism (W; M, M’) is an (m +
1)-dimensional manifold W™*! with boundary the disjoint union of closed m-
dimensional manifolds M, M’

OW = MUM' .

O

The cobordism classes of manifolds are groups, with addition by disjoint
union. The computation of the cobordism groups was a major achievement of
topology in the 1950’s — Chapter 6 is an introduction to cobordism theory. The
cobordism classification of manifolds is very crude: for example, the 0- and 2-
dimensional cobordism groups have order two, and the 1- and 3-dimensional
cobordism groups are trivial. Surgery theory applies the methods of cobordism
theory to the rather more delicate classification of the homotopy types of mani-
folds.

What is surgery?
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Definition 1.2 A surgery on an m-dimensional manifold M™ is the procedure
of constructing a new m-dimensional manifold

M'™ = cl.(M\S™ x D™ ™) Ugnygm-n—1 D" x gm=n-1

by cutting out S x D™~" C M and replacing it by D"*!x §™~"~1 The surgery
removes S” x D™~ C M and kills the homotopy class S™ — M in m,(M).O

Terminology: given a subset Y C X of a space X write cl.(Y) for the closure of
Y in X, the intersection of all the closed subsets Z C X with Y C Z.

At first sight, it might seem surprising that surgery can be used to answer such
a delicate question as whether a homotopy equivalence of manifolds is homotopic
to a diffeomorphism, since an individual surgery has such a drastic effect on the
homotopy type of a manifold :
Example 1.3 (i) View the m-sphere S™ as
Sm = 9D x D™y = §" x D™y DL gmenTl

The surgery on S™ removing S™ x D™~ C S™ converts the m-sphere S™ into
the product of spheres

Dn+1 % Sm—n—l UDn+1 % Sm—n—l _ Sn+1 % Sm—n—l

(ii) For m = 1, n = 0 the surgery of (i) converts the circle S! into the disjoint
union S% x St = ST U S? of two circles.

OCD

Stust

(iii) For m = 2, n = 0 the surgery of (i) converts the 2-sphere S? into the torus

St x St
1><Sl
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iv) For m = n the surgery of (i) converts the m-sphere S™ into the empty set
0. O

There is an intimate connection between surgery and cobordism. A surgery
on a manifold M determines a cobordism (W; M, M’):

Definition 1.4 The trace of the surgery removing S™ x D™™" C M™ is the
cobordism (W; M, M') obtained by attaching D"*! x D™=" to M x I at

ST x D™ x {1} C M x {1} . O

M =M x {0} M xTI M

J

W=MxIuUD x pm—n

Here is a more symmetric picture of the trace (W; M, M'):

My x {0} Mo x I My x {1}
Sn o pm—n () } Dn+1 % pm-n { () Dn+1 X Agm—n—l

M w M’

The m-dimensional manifold with boundary
(M078M0) = (Cl(Mm\Sn X Dm*")’sn % Smfnfl)
is obtained from M by cutting out the interior of S™ x D™~" C M, with
M = My Uppg, S™ x D™~
M' = My Ugp, D x §m—n=1
W= (Mo x ) U (D™ x D),
(M() X I) n (Dn+1 % Dmfn) = §n x gm—n—1 [ .

Note that M is obtained from M’ by the opposite surgery removing D"t x
Sm=n=1lc M.
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In fact, two m-dimensional manifolds M™, M'™ are cobordant if and only if
M’ can be obtained from M by a finite sequence of surgeries.

Definition 1.5 A bordism of maps f : M™ — X, f' : M'"™ — X from m-
dimensional manifolds to a space X is a cobordism (W; M, M’) together with a
map

(B3 £, 1)« (WM, M) — X x (1;{0},{1}) .

M w M’

X x {0} X xI X x {1}

Example 1.6 A homotopy h: f ~ f': M™ — X can be regarded as a bordism
(Fsfo f') + WM, M) = M x (I;{0},{1}) — X x (I;{0},{1}) ,

with
F: MxI—>XxI; (z,t)— (h(z,t),t) . |

Diffeomorphic manifolds are cobordant. Homotopy equivalent closed man-
ifolds are cobordant, but in general only by a nonorientable cobordism. It is
possible to decide if two manifolds are cobordant, but it is not possible to de-
cide if cobordant manifolds are homotopy equivalent, or if homotopy equivalent
manifolds are diffeomorphic. Given that cobordism is considerably weaker than
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diffeomorphism and that cobordism drastically alters homotopy types, it may
appear surprising that cobordism is a sufficiently powerful tool to distinguish
manifolds within a homotopy type. However, surgery theory provides a system-
atic procedure for deciding if a map of m-dimensional manifolds f : M — M’
satisfying certain bundle-theoretic conditions is bordant to a homotopy equiva-
lence, and if the bordism can be chosen to be a homotopy (as in 1.6), at least
in dimensions m > 5. This works because surgery makes it comparatively easy
to construct cobordisms with prescribed homotopy types. The applications of
cobordism theory to the surgery classification of high-dimensional manifolds de-
pend on the following fundamental result :

Whitney Embedding Theorem 1.7 ([97],[99], 1944)
If f: N™ — M™ is a map of manifolds such that

either2n+1<m
or  m=2n2>6 and m(M)={1}

then f is homotopic to an embedding N™ — M™. a
The proof of 1.7 will be outlined in Chapter 7.

Definition 1.8 (i) An h-cobordism is a cobordism (W™*+L; M™ M'™) such
that the inclusions M — W, M’ < W are homotopy equivalences.
(ii) An h-cobordism (W; M, M) is trivial if there exists a diffeomorphism

(W;M,M') = M x (I;{0},{1})

which is the identity on M, in which case the composite homotopy equivalence
M ~ W ~ M’ is homotopic to a diffeomorphism. ]

The h-Cobordism Theorem was the crucial first step in the homotopy classi-
fication of high-dimensional manifolds:

h-Cobordism Theorem 1.9 (Smale [83], 1962)
A simply-connected (m+1)-dimensional h-cobordism (W™ M, M") withm > 5
1s trivial. i

Thus for m > 5 simply-connected m-dimensional manifolds M, M’ are dif-
feomorphic if and only if they are h-cobordant.

The h-Cobordism Theorem was subsequently generalised to non-simply-conn-
ected manifolds, using Whitehead torsion (which is described in Chapter 8). The
Whitehead group Wh(m) of a group 7 is an abelian group which measures the
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extent to which Gaussian elimination fails for invertible matrices with entries
in the group ring Z[r]. The Whitehead torsion of a homotopy equivalence f :
M™ — M of manifolds (or more generally of finite CW complexes) is an
element 7(f) € Wh(m(M)). A homotopy equivalence f is simple if 7(f) = 0.

Definition 1.10 An s-cobordism is a cobordism (W™*1; M™ M'™) such that
the inclusions M <— W, M’ < W are simple homotopy equivalences. O

A diffeomorphism f : M™ — M’™ of m-dimensional manifolds determines
an (m + 1)-dimensional s-cobordism (W; M, M') with

W = (MxITuM)/{(z,1)~ f(x)|xz € M}
the mapping cylinder, such that there is defined a diffeomorphism
(Wi M, M') = M x (I;{0},{1}) .

The s-Cobordism Theorem is the non-simply-connected version of the h-
Cobordism Theorem :

s-Cobordism Theorem 1.11 (Barden-Mazur-Stallings, 1964)
An (m+1)-dimensional h-cobordism (W™ M, M') with m > 5 is trivial if and
only if it is an s-cobordism. m]

It follows that for m > 5 h-cobordant m-dimensional manifolds M, M’ are
diffeomorphic if and only if they are s-cobordant. The proofs of the h- and s-
Cobordism Theorems will be outlined in Chapter 8.

The Whitehead group of the trivial group is trivial, Wh({1}) = 0, and the h-
Cobordism Theorem is just the simply-connected special case of the s-Cobordism
Theorem. The condition m > 5 in the A- and s-Cobordism Theorems is due to
the use of the Whitney Embedding Theorem (1.7) in their proof. It is known
that the h- and s-Cobordism Theorems for (m + 1)-dimensional cobordisms are
true for m = 0, 1, and are false for m = 4 (Donaldson [21]), m = 3 (Cappell and
Shaneson [18]). It is not known if they are true for m = 2, on account of the
classical 3-dimensional Poincaré conjecture.

Milnor [58] used the lens spaces to construct h-cobordisms (W™*+1: M, M’)
of non-simply-connected manifolds which are not diffeomorphic.

One way to prove that manifolds are diffeomorphic is to first decide if they are
cobordant, and then to decide if some cobordism can be modified by successive
surgeries on the interior to be an s-cobordism.
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The tangent bundle of an m-dimensional manifold M™ is classified by the
homotopy class of a map

™ @ M — BO(m) .

(See Chapter 5 for some basic information on bundles, including the classify-
ing space BO(m)). If f : M — M’ is a homotopy equivalence of m-dimen-
sional manifolds which is homotopic to a diffeomorphism there exists a homo-
topy f*Tamr =~ T 0 M — BO(m). The tubular neighbourhood of an embedding
M™ — Smtk (L large) is a k-plane bundle vy : M — BO(k) which is a stable
inverse of 7);. The stable normal bundle of M is classified by a map

v @ M — BO = lim BO(k) .
k

By the result of Mazur [47] for m > 5 a homotopy equivalence of m-dimensional
manifolds f : M — M’ is covered by a stable bundle map b : vy, — vy if and
only if f x 1: M x R¥ — M’ x R¥ is homotopic to a diffeomorphism for some
k > 0. It is possible to extend f to a homotopy equivalence of h-cobordisms

(F5 f,1) « (Wi M, M") — M’ x (I;{0},{1})
ifand only if f x 1: M x R — M’ x R is homotopic to a diffeomorphism.

The surgery theory developed by Browder, Novikov, Sullivan and Wall in the
1960’s provides a systematic solution to the problem of deciding if a homotopy
equivalence f : M — M’ of m-dimensional manifolds is homotopic to a diffeo-
morphism, with obstructions taking values in the topological K-theory of vector
bundles and the algebraic L-theory of quadratic forms. The obstruction theory
was obtained as the relative version of the systematic solution to the problem of
deciding if a space X with m-dimensional Poincaré duality H*(X) & H,,—.(X)
is homotopy equivalent to an m-dimensional manifold. The theory thus deals
both with the existence and the uniqueness of manifold structures in homotopy

types.

Definition 1.12 An m-dimensional geometric Poincaré complex is a fi-
nite CW complex X with a fundamental homology class [X]| € H,,,(X) (using
twisted coefficients in the nonorientable case) such that the cap products are
isomorphisms

[X]Nn—: H(X;A) - Hp—(X;A)

for every Z[m;(X)]-module A. O

Example 1.13 An m-dimensional manifold is an m-dimensional geometric Poin-
caré complex. O
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The property of being a geometric Poincaré complex is homotopy invariant,
unlike the property of being a manifold. Thus any finite CW complex homotopy
equivalent to a manifold is a geometric Poincaré complex. In order for a space
to have a fighting chance of being homotopy equivalent to an m-dimensional
manifold it must at least be homotopy equivalent to an m-dimensional geomet-
ric Poincaré complex. Geometric Poincaré complexes which are not homotopy
equivalent to a manifolds may be obtained by glueing together m-dimensional
manifolds with boundary (M,0M), (M’',0M’) using a homotopy equivalence
OM ~ OM’ which is not homotopic to a diffeomorphism.

Definition 1.14 Let X be an m-dimensional geometric Poincaré complex.

(i) A manifold structure (M, f) on X is an m-dimensional manifold M to-
gether with a homotopy equivalence f: M — X.

(ii) The manifold structure set .#(X) of X is the set of equivalence classes of
manifold structures (M, f), subject to the equivalence relation :

(M, f) ~ (M', f") if there exists a bordism
(F5 fo f1) + Wi M, M') — X x (I;{0},{1})
with F' a homotopy equivalence,
so that (W; M, M’) is an h-cobordism.
O

Surgery theory asks: is A X) non-empty? And if so, then how large is it?
In any case, it is clear from the definition that S X) is a homotopy invariant
of X, i.e. that a homotopy equivalence X — Y induces a bijection AX) —
AY). Surgery theory reduces (X)) to more familiar homotopy invariant objects
associated to X. A homotopy equivalence f : M™ — N™ of m-dimensional
manifolds determines an element (M, f) € AN), such that f is h-cobordant to
1: N — N if and only if

(M, f) = (N,1) e AN) .
In particular, if f is homotopic to a diffeomorphism then f is h-cobordant to

1:N — N, and (M, f) = (N,1) € AN).

The determination of . X) is closely related to the bundle properties of
manifolds and geometric Poincaré complexes.

A finite CW complex X is an m-dimensional geometric Poincaré complex if
and only if a regular neighbourhood (Y,9Y) C S™** of an embedding X
S™+k is such that

mapping fibre (Y — Y) ~ §F-1 .

A regular neighbourhood is the PL analogue of a tubular neighbourhood. The
(k — 1)-spherical fibration
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Sl LY Y ~ X

is the Spivak normal fibration of a geometric Poincaré complex X, with a
classifying map
vx + X - BG = lim BG(k) .
k

(See Section 9.2 for an exposition of fibrations). The Spivak normal fibration is
the homotopy theoretic analogue of the stable normal bundle vy; = —7; of a
manifold M.

The classifying spaces BO, BG for stable bundles and spherical fibrations
are related by a fibration sequence

G/O — BO — BG — B(G/0) ,

with G/O the classifying space for stable bundles with a fibre homotopy trivial-
isation. The homotopy class of the composite map

vx

tlvx) + X BG B(G/O)

is the primary obstruction to X being homotopy equivalent to an m-dimensional
manifold. There exists a null-homotopy ¢(vx) =~ {*} if and only if the Spivak
normal fibration vx admits a vector bundle reduction vy : X — BO. Surgery
theory offers a two-stage programme for deciding if a geometric Poincaré complex
X is homotopy equivalent to a manifold, involving the concept of a normal map :

Definition 1.15 A degree 1 normal map from an m-dimensional manifold
M™ to an m-dimensional geometric Poincaré complex X

(f,b) : M —> X
isamap f: M — X such that
f«M] = [X] € Hn(X) ,

together with a stable bundle map b : vy — n over f, from the stable normal
bundle vy; : M — BO to a stable bundle n : X — BO. o

The two stages of the obstruction theory for deciding if an m-dimensional ge-
ometric Poincaré complex X is homotopy equivalent to an m-dimensional man-
ifold are:

(i) Does X admit a degree 1 normal map (f,b) : M™ — X ? This is the case
precisely when the map ¢(vx) : X — B(G/O) is null-homotopic.

(iii) If the answer to (i) is yes, is there a degree 1 normal map (f,b) : M™ — X
which is bordant to a homotopy equivalence (f',b’) : M'™ — X ?
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The extent to which a degree 1 normal map (f,b) : M™ — X of connected
M, X fails to be a homotopy equivalence is measured by the relative homotopy
groups m,+1(f) (n = 0) of pairs of elements

(map g : S™ — M |, null-homotopy h: fg~*:5" — X) .

By J.H.C. Whitehead’s Theorem, f is a homotopy equivalence if and only if
m(f) = 0. Let m = 2n or 2n + 1. It turns out that it is always possible to
‘kill” 7;(f) for ¢ < n, meaning that there is a bordant degree 1 normal map
(f, ) : M — X with m;(f’) = 0 for ¢ < n. There exists a normal bordism of
(f,b) to a homotopy equivalence if and only if it is also possible kill 7,41 (f’). In
general there is an obstruction to killing 7,41 (f’), which for m > 5 is essentially
algebraic in nature:

Wall Surgery Obstruction Theorem 1.16 ([92], 1970)

For any group m there are defined algebraic L-groups L,,(Z[r]) depending only
on m (mod 4), as groups of stable isomorphism classes of (—1)"-quadratic forms
over Z[r] for m = 2n, and as groups of stable automorphisms of such forms for
m = 2n + 1. An m-dimensional degree 1 normal map (f,b) : M™ — X has a
surgery obstruction

0. (f,) € Lin (Z[m (X)]) ,

such that o.(f,b) = 0 if (and for m =5 only if) (f,b) is bordant to a homotopy
equivalence. O

If m =2n > 6 and (f,b) : M?>* — X is a degree 1 normal map such that
m;(f) = 0 for i < n the surgery obstruction is largely determined by the (—1)"-
symmetric pairing

A K x K — Zm(X)]

defined on the kernel Z[r(X)]-module K = m,41(f) by the intersection of im-
mersions S™ ¢ M?" which are null-homotopic in X. In order to kill K it is
necessary that there be a sufficient number of elements z € K with A(z,z) =0
which are represented by embeddings x : S x D™ < M?". The even-dimensional
surgery obstruction will be obtained in Chapter 11, and involves a (—1)™-quadratic
refinement p of the (—1)"-symmetric form (K, \). The odd-dimensional surgery
obstruction for m = 2n + 1 > 5 will be obtained in Chapter 12.

Example 1.17 The simply-connected surgery obstruction groups are given by :

m(mod4) |0 |1| 2 |3
Ln(Z) 210220
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The surgery obstruction of a 4k-dimensional normal map (f,b) : M** — X with
m(X) ={1}is

ox(f,b) = ésignature(ng(M),)\) € Ly(Z) = Z

with A the nonsingular symmetric form on the middle-dimensional homology
kernel Z-module

Kop(M) = ker(f. : Hop(M) — Hop(X)) .

The surgery obstruction of a (4k + 2)-dimensional normal map (f,b) : M*++2 —
X with m(X) = {1} is

O« (f, b) = Arf invariant (K2k+1(M; Zg), )\, [L) € L4k+2 (Z) = ZQ

with A, i the nonsingular quadratic form on the middle-dimensional Zs-coefficient
homology kernel Zs-module

K2k+1(M§ZQ) = ker(f* : H2k+1(M;Zz) i H2k+1(X;ZQ)) .

Surgery Exact Sequence 1.18 (Browder, Novikov, Sullivan, Wall 1962-1970)
Let m > 5.

(i) The manifold structure set A X) of an m-dimensional geometric Poincaré
complex X is non-empty if and only if there exists a normal map (f,b) : M™ —
X with surgery obstruction

0.(f,0) = 0€ Ln(Z[m(X)]) -

(ii) The structure set AM) of an m-dimensional manifold M™ fits into the
surgery exact sequence of pointed sets

= L1 (Z[m (M) = AM) = [M,G/0] = L@ (M)]) . D

The surgery exact sequence will be obtained in Chapter 13. The restriction
m > 5 is due to the use of the Whitney Embedding Theorem (1.7) in the proof,
exactly as in the h- and s-Cobordism Theorems.

The geometric surgery construction works just as well in the low dimensions
m < 4. However, the possible geometric surgeries and their effect (e.g. on the
fundamental group) are much harder to relate to algebra than in the higher
dimensions. The type of algebraic surgery considered in the book thus only deals
with the ‘high-dimensional’ part of 3- and 4-dimensional topology.
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MANIFOLDS

This chapter gives the basic constructions of geometric surgery.

Sections 2.1 and 2.2 give the official definitions of manifolds and surgery.
Section 2.3 is a rapid introduction to Morse theory, including the key fact that
every manifold M admits a Morse function f : M — R. Section 2.4 introduces
handles, which are the building blocks of manifolds and cobordisms. The main
result of this chapter is the Handle Decomposition Theorem 2.22 : a Morse
function f: M — R on a manifold M determines a handle decomposition

M = [Jm'unru.. uh')
i=0
with one i-handle h* = D’ x D™~ for each critical point of f of index i. More
precisely, if a < b € R are regular values of f then f~(a), f~1(b) C M are codi-
mension 1 submanifolds such that f~1(b) is obtained from f~!(a) by a sequence
of surgeries, one for each critical value in [a,b] C R, and f~!([a,b]) is the union
of the traces of the surgeries.

Morse functions and handle decompositions are highly non-unique. Indeed,
surgery theory is essentially the study of the possible handle structures on man-
ifolds and cobordisms.

2.1 Differentiable manifolds

It is assumed that the reader has already had a first course on differentiable
manifolds, such as Bredon [10] or Hirsch [33].
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Definition 2.1 An m-dimensional differentiable manifold M™ is a paracom-
pact Hausdorff topological space with a maximal atlas of charts

% = {({UCM¢:R"—U)}

of open neighbourhoods U C M with a homeomorphism ¢ : R™ — U, such that
for every (U, ), (U’,¢') € % the transition function

d TN UNU) - UNU — ¢~ HUNT)

is a diffeomorphism of open subsets of R™. o

There is a corresponding notion of a differentiable manifold with boundary
(M,0M).

Definition 2.2 (i) A differentiable map of manifolds f : N* — M™ is a map
such that for any charts (U C M, ¢ :R™ - U) € %y, (VC N, :R" = V) €
WUn with f(V) C U the function ¢~1(f])y : R — R™ is differentiable.
(ii) A diffeomorphism f : N — M is a differentiable map which is a homeo-
morphism with a differentiable inverse f=: M — N.
(iii) An embedding of manifolds f : N"—M™ is a differentiable map which is
injective, i.e. the inclusion of a submanifold.
(iv) An isotopy between embeddings of manifolds fo, f1 : N™ — M™ is a
homotopy

f i NxI—M; (x,t)— fi(x)

which is an embedding f; : N <— M at each level t € I.

(v) An immersion of manifolds f : N™ & M™ is a differentiable map which
is locally an embedding, i.e. such that for every x € N there exists a chart
(V,) € %y such that x € V and (f|)y : R™ — M is an embedding.

(vi) A regular homotopy of immersions fo, f1 : N" & M™ is a homotopy

f i NxI—M:; (x,t)— fi(x)

which is an immersion f; : N & M at each level ¢t € I. O

In particular, an embedding is an immersion, and isotopic embeddings are
regular homotopic.

In Chapter 5 we shall describe the neighbourhoods of submanifolds in terms
of vector bundles. The following is an important special case:

Definition 2.3 An embedding of a submanifold N"* — M™ is framed if it
extends to an embedding N x D" — M. O
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2.2 Surgery

The input of a surgery on a manifold is a framed embedding of a sphere:

Definition 2.4 (i) An n-embedding in an m-dimensional manifold M™ is an
embedding
g: S"—=M.

(ii) A framed n-embedding in M is an embedding
g: S"xD""e— M,
with core n-embedding

| S = §"x {0} — M. 0

QI

g =
The effect of a surgery is another manifold :

Definition 2.5 An n-surgery on an m-dimensional manifold M ™ is the surgery
removing a framed n-embedding g : S™ x D™™" — M, and replacing it with
Dl x §m~7~1 with effect the m-dimensional manifold

M'™ = cl.(M™\G(S™ x D™ ™)) Ugny gm-n-1 D" x gm=n=1 m

The applications of surgery to the classification of manifolds require a plenti-
ful supply of framed n-embeddings S™ x D™~" «— M™. The Whitney Embedding
Theorem (7.2) shows that for 2n < m every map S™ — M™ can be approxi-
mated by an n-embedding. However, in general an n-embedding S™ — M cannot
be extended to a framed n-embedding S™ x D™~ " <— M — see 5.66 below for a
specific example.

The notion of a cobordism (W; M, M’) was defined in 1.1. The trace of an
n-surgery removing S™ x D™~ — M™ was defined in 1.4 to be the cobordism
(W; M, M'") with

Werl = M™ x IUSnXD‘m,—nX{l} DnJrl x DM
Definition 2.6 The dual (m—n—1)-surgery on M’ removes the dual framed

(m — n — 1)-embedding D"t x Sm~"~1 — M’ with effect M and trace
(W M, M). 0

If M is closed (OM = @) then so is M’. If M has non-empty boundary OM
the embedding S™ x D™~ ™ — M is required to avoid OM, so that

OM' = OM .
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Example 2.7 A (—1)-surgery on an m-dimensional manifold M has effect the
disjoint union
M = MuSs™.

The dual m-surgery on M’ has effect M. O
Example 2.8 (i) The effect on S™ of the n-surgery removing the framed n-
embedding defined in 1.2
g @ S"X D" e St x DU DM gl = (DM x D) = ST
is the m-dimensional manifold

Dn—i—l % Sm—n—l UDn+1 % Sm—n—l —_ Sn+1 % Sm,—n—l .
The trace of the n-surgery (W™ +t; §m Sntl x §m=n=1) can be viewed as

W = cl(S"* x D™\ D™t |

using any embedding D™ t! < §7*1 x D™~ in the interior.
(ii) The special case m = 1, n = 0 of (i) gives a framed 0-embedding in S*

g : S°x D' = D'uUD!— St

The 0-surgery on S! removing g(S° x D') has effect the disjoint union of two

circles
Slx 80 = stygst.,

The trace is the cobordism (W?2; 81, S* U S') obtained from S? by punching out
the interior of an embedding D? U D? U D? «— S2.

st S'x IuD' x D! Stus!

(iii) Modify the framed 0-embedding g : S° x D' < S in (ii) by twisting one of
the two embeddings of D' by the diffeomorphism

w: D' = D't —t,
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defining a different 0-embedding

g+ 80x Dt LYY g0 pt I g
with the same core as g. The 0-surgery on S! removing g, (S° x D!) has effect
a single circle S'. The trace is the cobordism (N?;S1,S') obtained from the
Mdébius band M? by punching out the interior of an embedding D? < M\OM.

St St x TuD! x D St

Definition 2.9 The connected sum of connected m-dimensional manifolds
M™, M'™ is the connected m-dimensional manifold

(M#M")™ = cl.(M\D™) U (S™* x I)Ucl.(M'\D™)

obtained by excising the interiors of embedded discs D™ — M, D™ — M’ and
joining the boundary components S™~1 < cl.(M\D™), S™~1 < cl.(M'\D™)
by 8™ 1 x I.

MM’

Example 2.10 The connected sum M+#M’ is the effect of the 0-surgery on the
disjoint union M U M’ which removes the framed 0-embedding S x D™ <
M U M’ defined by the disjoint union of embeddings D™ — M, D™ — M'. O

2.3 Morse theory

Morse theory studies differentiable manifolds M by considering the critical points
of differentiable functions f : M — R for which the second differential is non-
trivial. This section is only a very rudimentary account — see Milnor [55] for the
classic exposition of Morse theory.
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It is assumed that the reader is already acquainted with CW complexes,
which are spaces obtained from ) by successively attaching cells
o0
X = [Jw'ubp'u...uD)
i=0
of increasing dimension i. Morse theory is used to prove that an m-dimensional
manifold M can be obtained from () by successively attaching handles
m
M = [ J(D'x D" "UD'x D™ U...UD" x D7)
i=0
of increasing index ¢, giving M the structure of a CW complex. However, there
is an essential difference: the cell structure of a CW complex is part of the
definition, whereas a handle decomposition of a manifold has to be proved to
exist.

Here is the basic connection between Morse theory, handles and surgery. If
a < b € R are regular values of a Morse function f: M™ — R then

(M[av b}; Ng, Ny) = f_l([a7 b]; {a}v {b})

is a cobordism of (m — 1)-dimensional manifolds. If every ¢ € [a,b] is a regular
value then each N; = f~1(¢) is diffeomorphic to Ny, with a diffeomorphism

(Mla,b]; Na, Ny) = No x (I;{0},{1}) .

If [a,b] consists of regular values except for one critical value of index 4 then
(M|a,bl; N,, Np) is the trace of an (i — 1)-surgery on N,, with

Mla,b] = N, x IUD"x D™""

obtained from N, x I by attaching an i-handle. Thus M is obtained from @ by
attaching an ¢-handle for each critical value of f with index i, and M has the
structure of a finite CW complex with one i-cell for each i-handle.

The differential of a differentiable function f : N — M at x € N is defined
using any charts (U C M, ¢ : R™ - U) € %y, (V C N,y : R* - V) € Uy
such that x € V, f(x) € U. The function

(¢)_1f1/} :R"—=R"™ ;1 = ($17.T2,...,$n)’—’(f1($),f2($),~~~,fm(l'))

is differentiable, and the differential of f at x is the linear map given by the
Jacobian m x n matrix

df (x) = (gi) : R" = R™ ;

h = (hl,hQ,,hn)de(l')(h) = (

7 R
81‘]‘ = 8%‘]'

— fm
.,‘ 83;‘]hJ> .
=1

Jj=1 J
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Definition 2.11 Let f: N™ — M™ be a differentiable map.
(i) A regular point of f is a point © € N where the differential df (x) : R — R™
is a linear map of maximal rank, i.e.

rank(df (z)) = min(m,n) .

(ii) A critical point of f is a point € N which is not regular.

(iii) A regular value of f is a point y € M such that every z € f~1(y) C N is
regular (including the empty case f~1(y) = 0).

(iv) A critical value of f is a point y € M which is not regular. a

Implicit Function Theorem 2.12 The inverse image of a regular value y €
M of a differentiable map f: N — M™ is a submanifold

P =f'ycnN
with

n—m ifm<n

dim(P) = n—min(m,n) = {0 ifm>n

Proof See Chapter II.1 of Bredon [10]. O

The Taylor expansion of a differentiable function f: M™ — R at z € M is
given in local coordinates by

f(x1+h1,x2+h2,... xm—i—h )

= flzr, 22, 2m) +

oFf
hi by ... hi, €R s
Z 8.131‘1 8$i2 . 8ka R k

1<11,12, SiE<m

HM

((hlﬂh27 .. 7hm) S Rm) .

The linear term in the Taylor series

5f

L(hy,hoy... hy) = 8

is determined by the differential of f at z (= the gradient vector V f(z) € R™)

_ (9f of N\ pm _p.
df(x)-(azl(%...amm).R R; (hi,has .. hm Zaxz

which is either 0 or has the maximal rank 1. Thus « € M is a regular point of f
if df () # 0, and x € M is a critical point of f if df(x) = 0. The quadratic term
in the Taylor series

Q(h,hay. .. hy) = ZZ((M )hihj/z
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is determined by the Hessian m x m matrix of second partial derivatives
0% f
H(x) = .

Definition 2.13 Let f : M™ — R be a differentiable function on an m-dimensional

manifold.

(i) A critical point « € M of f is nondegenerate if the Hessian matrix H(z) is
invertible.

(ii) The index Ind(z) of a nondegenerate critical point € M is the num-
ber of negative eigenvalues in H(z), so that with respect to appropriate local
coordinates the quadratic term in the Taylor series of f near z is given by

Ind(z) m
Q(hi ha,. hw) = = > (h)*+ Y. (h)?€R.
=1 i=Ind(z)+1
iii) The function f is Morse if it has only nondegenerate critical points. o
(iii) y g p

In dealing with Morse functions f : M — R it will be assumed that the
critical points x1,xa,... € M have distinct images f(z1), f(z2),... € R. The
index of a critical value f(z;) € R is then defined by

Ind(f(z;)) = Ind(z;) >0.

Theorem 2.14 (Morse)
FEvery m-dimensional manifold M™ admits a Morse function f: M — R.

Proof There exists an embedding M™ — S™tF for k large, by the Whitney
Embedding Theorem (1.7). The function defined for any a € S™+*\M by

fo : M—>R; z—|lxz—ad

is Morse for all a except for a set of measure 0. See Milnor [55] or Chapter 6 of
Hirsch [33] for more detailed accounts! O

In fact, the set of Morse functions is dense in the function space of all differ-
entiable functions f : M — R.

Example 2.15 The height function on the m-sphere
Smo= {($07$1,...,xm) € Rerl | Zl’i = 1}
k=0

is a Morse function
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f 8" =Ry (X0,&1,. ., Tin) — Ty
with a critical point (0,...,0,—1) of index 0 and a critical point (0,...,0,1) of
index m. O
Example 2.16 The m-dimensional real projective space RP™ is the quotient of
S™ by the antipodal map
R]P)m = Sm/{(l‘l, Loy ... ,$m+1) ~ (—.]31, —X2,..., _ij-l-l)} .

Equivalently, RP™ is the space with one point for each 1-dimensional subspace
of the (m + 1)-dimensional real vector space R"+1

[0, 21, Zm] = {Mzo,Z1,...,Zm) | X € R} C R™ (2, € R, not all 0) .

For any real numbers A\g < A} < ... < A, there is defined a Morse function

> An(w)?
f o RP" =R [20,21,...,%m] — k:;)n
> (zk)?
k=0
with (m + 1) critical points [0,...,0,1,0,...,0] of index 0,1,...,m. a

Example 2.17 The m-dimensional complex projective space CP™ is the 2m-
dimensional manifold with one point for each 1-dimensional subspace of the
(m + 1)-dimensional complex vector space C™*+1

(20,21, -5 2m] = {M20,21,-,2m) | A € C} = C™! (2 € C, not all 0) .

For any real numbers A\g < A} < ... < A, there is defined a Morse function

> Anlzkl?
f:CP" >R, [zo,zl,...,zm}Hk:Oli
> lal?
k=0
with (m + 1) critical points [0,...,0,1,0,...,0] of index 0,2,...,2m. ]

2.4 Handles

Definition 2.18 (i) Given an (m + 1)-dimensional manifold with boundary
(W,0W) and an embedding

ST DMTHL L AW (0<i<m+1)

define the (m+1)-dimensional manifold with boundary (W', 9W") obtained from
W by attaching an i-handle to be
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W' = W Ugi-1xpm—it1 D' x pmitl

Di % Dm—i+1

W/

(ii) An elementary (m -+ 1)-dimensional cobordism of index i is the cobor-
dism (W; M, M’) obtained from M x I by attaching an i-handle at

St x DMt M ox {1},

with

W = MxIUuD'x D™ ",
(iii) The dual of an elementary (m + 1)-dimensional cobordism (W; M, M) of
index 4 is the elementary (m + 1)-dimensional cobordism (W; M’, M) of index

(m — i+ 1) obtained by reversing the ends, and regarding the i-handle attached
to M x I as an (m — i + 1)-handle attached to M’ x I. O

Lemma 2.19 For any 0 < i< m+ 1 the Morse function

7 m—+1

1 2 2

f: D" SR (m1,m2,...,xm+1)»—>—g i+ E ]
j=1 j=it1

has a unique interior critical point 0 € D™*L which is of index i. The (m + 1)-
dimensional manifolds with boundary defined for 0 < e <1 by

W—E = fﬁl(fooa 76] ’ We = fﬁl(fooaﬁ]
are such that We is obtained from W_. by attaching an i-handle

W, = W_.UD"x DML O

Here is an illustration in the case m =i =1:
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1
y? — 2% < —e D! x {0} w2 — 2% < —e

x <0 x>0

N

y' -t >

y <0

W_e = {(z,y) € D*|y* —2® < —¢}
Dt x DY = {(x,y) € D*| —e <y’ —a? < ¢}
We == {(x,y)ED2|y2—x2<e} = W_EUDlxDl

Proposition 2.20 Let f : W™t — [ be a Morse function on an (m + 1)-
dimensional manifold cobordism (W; M, M") with

f7Ho) = M, 1) =M

and such that all the critical points of f are in the interior of W.
(i) If f has no critical points then (W; M, M') is a trivial h-cobordism, with a
diffeomorphism

(Wi M, M") = M x (I;{0},{1})

which is the identity on M.

(ii) If f has a single critical point of index © then W is obtained from M x I
by attaching an i-handle using an embedding S*=! x D™~ — M x {1}, and
(W; M, M’) is an elementary cobordism of index i with a diffeornorphism

(W; M, M') = (M x IUD"x D™ " M x {0}, M) .

Proof (i) See Milnor [55].
(ii) In a neighbourhood of the unique critical point p € W

7 m—+1

f(p+($1,$2,...7$m+1)> = f(p>_Z($j)2+ Z (xj)Q

j=1 j=i+1
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with respect to a coordinate chart R™*1 < W such that 0 € R™*! corresponds
to p € W, with f(p) € R the critical value. For any ¢ > 0 there are defined
diffeomorphisms

fH—oo,c—¢ = MxT , flleteoco) = M xI

by (i), and by 2.19 there is defined a diffeomorphism

fle—ecte = MxIuD x D™

Attaching a handle (2.18) to a manifold with boundary is a surgery on the
boundary :

Proposition 2.21 If an (m+1)-dimensional manifold with boundary (W', 0OW")
is obtained from (W,0W) by attaching an i-handle

W' = W Ugi-1xpm—it1 D! x pm—itt
then OW' is obtained from OW by an (i — 1)-surgery

OW' = cl.(OW\(S x D™ 1)) Ugiz1 g gm-i D x ST,
Proof By construction. a

Somewhat by analogy with the result that every finite-dimensional vector
space has a finite basis:

Handle Decomposition Theorem 2.22 (Thom [87], Milnor [53])
(i) Every cobordism (W™+L M™ M'™) has a handle decomposition as the union

of a finite sequence
(W, M, M/) = (Wl, j\l()7 Ml) U (WQ, Ml,MQ) Jy ... u (I/Vk7 Mk'—h Mk)
of adjoining elementary cobordisms (Wj; M;_1, M;) with indez i;, such that

0<1 < <...<iy, <m+1, My =M , My=M .

M, A M, W, M, We M,

(ii) Closed m-dimensional manifolds M, M’ are cobordant if and only if M’ can
be obtained from M by a sequence of surgeries.
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Proof (i) By the relative version of (2.14) any cobordism admits a Morse func-
tion
f:W,MM)—1T

with M = f=1(0), M’ = f~1(1), and such that all the critical values are in the
interior of I. Since W is compact there is only a finite number of critical points:
label them p; € W (1 < j < k). Write the critical values as ¢; = f(p;) € R, and
let i; be the index of p;. It is possible to choose f such that

0<cp<cg...<cp, <1, 0Ky <9< ...<ix<m+1.
Let 7; € I (0 < j < k) be regular values such that
0 =rm<a<mn<co<..<rpi1<c<rp =1.
By 2.20 (i) each
(Wys Mja, My) = = ([rjn,mili {rg-ah {rs}) (1<G<k)

is an elementary cobordism of index ¢;.

(ii) The trace of a surgery is an elementary cobordism (2.18). Thus surgery-
equivalent manifolds are cobordant. Conversely, note that every elementary cobor-
dism is the trace of a surgery, and that by (i) every cobordism (W; M, M’) is a
union of elementary cobordisms. O

If (W; M, M’) has a Morse function f : W — I with critical points of index
0<ip <1 <... <ip <m+ 1 then W has a handle decomposition

W = MxTUR°URTU... U™

with A = D x D™~ #*+1 4 handle of index 1.

Corollary 2.23 Every closed m-dimensional manifold M™ can be obtained from
(0 by attaching handles. A Morse function f : M — R with critical points of index
0<ip<ip <...< i <m determines a handle decomposition

M = hoUhirU...Uh™

so that M is a finite m-dimensional CW complex with one i-cell for each critical
point of index 1.

Proof Apply 2.22 to the cobordism (M;0, D). O

Strictly speaking, the above result shows that M contains a subspace (not a
submanifold)
L = D°uUD"U...UD*
which is a finite CW complex, and such that the inclusion L. — M is a homotopy
equivalence.
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Example 2.24 (i) The m-sphere S™ has a handle decomposition consisting of
a 0-handle and an m-handle

S™ = ROUR™

given by the upper and lower hemispheres.
(ii) The cobordism (D™*1; (), S™) has a handle decomposition with one 0-handle

Dm+1 — hO .

The dual cobordism (D™*1; S™ () has a handle decomposition with one (m+1)-
handle
D™l = ™ x TURTT

(iii) The torus M = S! x S! has a Morse function f : M — R with 4 critical
values. Here is a picture of the corresponding handle decomposition with the
corresponding 4 handles:

]R o Py rY ry ry Py Y r'y r'Y

To C1 1 C2 T2 C3 r3 Cq T4

M = S'xS" = RPuhrtuntuR?
Ind(¢1) = 0, Ind(c2) = Ind(ez) = 1, Ind(cs) = 2

Example 2.25 The Morse function f : RP™ — R of Example 2.16 has one crit-
ical point of index i for i = 0,1,...,m, so that RP" has a handle decomposition
of the type

RP™ = hPUh'U...URL™. m



28 MANIFOLDS

Example 2.26 The Morse function f : CP™ — R of Example 2.17 has one crit-
ical point of index i for i = 0,2, ...,2m, so that CP™ has a handle decomposition

of the type
CP™ = hKYUh’uU...UR™. m
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HOMOTOPY AND HOMOLOGY

In order to understand how surgery theory deals with the homotopy types
of manifolds it is necessary to understand how algebraic topology deals with the
homotopy types of more general spaces such as CW complexes. This chapter
provides some of the necessary background, assuming that the reader already
has some familiarity with the homotopy theory of CW complexes. See Bredon
[10], Hatcher [31], Whitehead [96], ... for considerably more detailed accounts
of algebraic topology.

Section 3.1 reviews the homotopy groups m.(X) and the stable homotopy
groups 72 (X), and the Freudenthal Suspension Theorem. Section 3.2 deals with
the homology and cohomology groups H,(X), H*(X), the Steenrod squares, as
well as the Universal Coefficient Theorem, the Theorems of J.H.C. Whitehead
and Hurewicz, and the method of killing homotopy classes of CW complexes
by attaching cells, the cellular chain complex of a C'W complex and the handle
chain complex of a manifold.

3.1 Homotopy

Definition 3.1 (i) A pointed space X is a space together with a base point
z9 € X. A pointed map f: X — Y is a map of pointed spaces f: X — Y
such that

f(xo) = weY.

A pointed homotopy between pointed maps f,g: X — Y
h: f~g:X->Y
isamap h: X x I — Y such that
h(zo,t) = yoeY (tel).

(ii) The homotopy set [X,Y] of pointed spaces X,Y is the set of pointed
homotopy classes of pointed maps f: X — Y.
(iii) The homotopy groups of a pointed space X are

T(X) = [5",X] (n>0)

with 7o(X) the set of path components, the fundamental group 71 (X') nonabelian
(in general), and the higher homotopy groups 7, (X) (n > 2) abelian. a
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Example 3.2 Here are some homotopy groups of spheres:

Z ifm=1
1 —
Tm(S%) = {o ifm>2,
0 ifm<n
™n(8") = {Z ifm=n
ny Z ifn=2
Ta+1(S") = {22 ifn>3,

o 0 ifn=1
To+2(S") = {22 ifn>2.

See Section 6.1 for an account of the degree invariant detecting 7, (S™). See
Section 5.5 for an account of the Hopf invariant H used to detect m,11(S™). See
Section 11.4 for an account of the Arf invariant detecting m,42(S™). ad

Remark 3.3 As already noted in Chapter 1 the applications of the homotopy
groups to surgery on non-simply-connected manifolds will make use of the action
of the fundamental group 71(X) on the higher homotopy groups 7, (X)

T (X) X (X)) = 1 (X) (n>2).

This action can be defined by considering elements of 7, (X) as homotopy classes
of pairs («, ) consisting of an unpointed map « : S® — X and apath 8: I — X
from $(0) = z to B(1) = a(lgn), with 1g» € S™ a base point, and letting 7 (X)
act on (. Alternatively, use the universal cover X of X (which may be assumed
connected), identify m,(X) = m,(X) with the set of unbased homotopy classes
of maps S™ — X , and let 71(X) act on X as the group of covering translations.

O

Definition 3.4 The relative homotopy groups 7,(f) (n > 1) of a pointed
map f: X — Y consist of the pointed homotopy classes of pairs

( pointed map « : S"~! — X | pointed null-homotopy 3 : fa ~x:S8""! =Y ),
designed to fit into a long exact sequence

e (X)L (V) () T a(X) (V).

For a pair of pointed spaces (Y, X CY) the relative homotopy groups . (f)
of the inclusion f: X — Y are denoted 7, (Y, X).
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For any pointed map f : X — Y an element («, ) € 7, (f) can be represented
by a commutative diagram

Sn—l L) X

L)

Dt ———Y

with a : S"! — X, 8: D" — Y pointed maps.

Definition 3.5 Given a space X and a map o : S* ! — X let
Y = XU, D"

be the space obtained from X by attaching an n-cell at a. O

A CW complex is a space obtained from ) by successively attaching cells of
non-decreasing dimension

X = (JoHhulyohuyn*u....

The images of the maps D™ — X are called the n-cells of X.

Theorem of J.H.C.Whitehead 3.6 The following conditions on a map f :
X =Y of connected CW complezes are equivalent :

(i) f is a homotopy equivalence,
(ii) f induces isomorphisms fi : m(X) — m.(Y),
(i) m(f) =0.

Proof See Theorem VII.11.2 of Bredon [10]. O

Definition 3.7 Let n > 1.
(i) A space X is n-connected if it is connected and

m(X) = 0 (i<n).

(ii) Amap f : X — Y of connected spaces is n-connected if f, : m;(X) — m;(Y)
is an isomorphism for ¢ < n and f, : 7,(X) — 7,(Y) is onto, or equivalently if

mi(f) = 0 (i<n).

(iii) A pair of connected spaces (Y, X C Y) is n-connected if the inclusion
f: X — Y is n-connected, or equivalently if

(Y, X) = 0 (i <n). O
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Example 3.8 (i) S™ is (n — 1)-connected.
(i) (D™, 8™ 1) is (n — 1)-connected. O

Definition 3.9 (i) The suspension of a pointed space X is the pointed space

X = St x X/(St x {x}u{1} x X),

with * € X, 1 € S! base points.
(ii) The suspension map in the homotopy groups is defined by

E (X)) = 71 (2X) 5 (f: 8™ — X) = (Bf : B(S™) = §™F! — ¥X) .
O

Freudenthal Suspension Theorem 3.10 If X is an (n — 1)-connected space
for somen = 2 then the suspension map E : 7 (X) — w1 (2X) is an isomor-
phism m < 2n — 1 and a surjection for m =2n — 1.

Proof See Whitehead [96, VIL.7.13]. O

Definition 3.11 The stable homotopy groups of spheres are

7 = lim muan(SY) (n>0)
k

with
7T2n+2(5"+2) = 7T2n+3(5n+3) = ... =T

S

by 3.10. O

Remark 3.12 (i) The stable homotopy groups 75 are finite for n > 0 (Serre).
(ii) The low-dimensional stable homotopy groups of spheres are given by :

o1 2] 3 [4]s5]6] 7] 8 [ 9 |
2|2 |22 | 224 |0]0] 22 | Zow | (Z2)? | (22)*

[ ]
B

|

3

3.2 Homology

This section summarises the aspects of (co)homology which are particularly im-
portant in keeping track of the effects of surgeries: the Universal Coefficient
Theorem, relative groups, cup and cap product pairings
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U: H™X)®z HY(X) — H™"(X) ,
N Hyp(X)®z H(X) — Hp—n(X)
as well as the Steenrod squares
Sq' : H"(X;Zy) — H™ ' (X;Zs) (i >0).

See Chapters 3,4 of Hatcher [31] and/or Chapter VI of Bredon [10] for more
detailed accounts.

Here are the basic definitions and properties of chain complexes, chain maps,
chain contractions etc.

Let A be an associative ring with 1. An A-module K is understood to have

a left A-action
Ax K — K ; (a,z) — ax

unless a right A-action is specified. If A is a commutative ring there is no differ-
ence between left and right A-modules.

A morphism of direct sums of A-modules

is given by an m x n matrix f = (f;;) with entries f;; € Hom4(Kj, L;), such
that

[+ K= L (z1,20,...,2,) — (Zflj(xj)aZfQj(mj)a---az.fmj(xj)) .
j=1 J=1 Jj=1

Definition 3.13 (i) An A-module chain complex is a sequence of A-module
morphisms

d d
c : ... Cit1 ¢ C; ¢ Ci1

such that (d¢)? = 0. The chain complex is finite if {i € Z|C; # 0} is finite.
(ii) The homology of an A-module chain complex C is the collection of A-

modules
ker(dc : CZ — 01'71)

lm(dc : C’H—l — Cl)
(iii) A chain map f : C — D is a sequence of A-module morphisms f : C; — D;
such that

H;(C) =

(ieZ).

dpf = fdo : C;— D;_1 .

(iv) A chain homotopy ¢ : f ~ f’ between chain maps f,f' : C — D is a
sequence of A-module morphisms g : C; — D; 1 such that

f—f = dpg+gdc : C;— D;.
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(v) A chain equivalence is a chain map f : C' — D with a chain homotopy
inverse, i.e. a chain map f’ : D — C with chain homotopies

g: fff~1:C—=C,q :ff ~1:C—=C.

(vi) A chain contraction of an A-module chain complex C'is a chain homotopy

' :0~1:C—-C.

2

(vii) The algebraic mapping cone of an A-module chain map f: C — D is
the chain complex €(f) with

dp (~1)i!

de(f)y = o (U7 :C(f)i = Di®Cii = 6(f)i-1 = Dima®Cis.
0 do

O

Proposition 3.14 (i) A chain map f : C — D induces morphisms in homology
fv s Hi(C) — H.(D) which depend only on the chain homotopy class of f.
(ii) For any chain map f : C — D the short exact sequence of chain complezes

0 D %(f) Cic1 —0
induces a long exact sequence of homology A-modules

. — H;(C) i> H;(D) — Hi(f) — H;1(C) — ...
with
Hi(f) = Hi(¢(f)) -

(iii) A chain map f: C — D is a chain equivalence if and only if €(f) is chain
contractible.

(iv) A finite chain complex C' of projective A-modules is chain contractible if and
only if H.(C) = 0.

(v) A chain map [ : C — D of finite chain complexes of projective A-modules
is a chain equivalence if and only if the morphisms f. : H.(C) — H.(D) are
isomorphisms.

Proof (i) By construction.
(ii) Every short exact sequence of A-module chain complexes

0 D D’ D" 0
induces a long exact sequence of homology A-modules

(iii) Given a chain contraction I' : 0 ~ 1 : €(f) — € (f) let g,h,k be the
morphisms defined by
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r K ! € D; & C, € D C
- ((l)ig h> : (f)l = Dl — (f)i+1 = D105 .

Then g : D — C is a chain homotopy inverse for f : C' — D, with chain
homotopies

h:g9f ~1:C—-C,k: fg~1:D—-D.

Conversely, if f : C — D is a chain equivalence with chain homotopy inverse
g : D — C and chain homotopies h : gf ~ 1, k : fg ~ 1 then the A-module
morphisms

A B G e T A WA
- (o ) (e 1)
C(f)i = Di®Cici = €(f)iy1 = Dipa1®C;
define a chain contraction
r:0~1:%)—-%).

(iv) If C is any contractible chain complex then H,(C) = 0.

Conversely, suppose that C is a finite projective A-module chain complex
with H,(C) = 0. Assume inductively that there exist A-module morphisms T :
C; — Cy41 for ¢ < k such that

deT'+Tde =1 : C; - C; .
The A-module morphism 1 — I'd¢ : C — C} is such that
de(1-Tde) = (1—del' —Tde)de = 0 @ Cp — Crq
so that
im(1 —Tdg : Cy, — Ck) Cker(de : Cp, — Cr—1) = im(de : Cre1 — Ck) .
Since CY; is projective there exists an A-morphism I' : Cy — Cj41 such that
del' = 1-Tde : Cp — Cy

giving the inductive step in the construction of a chain contraction I' : 0 >~ 1 :
C—C.
(v) A chain equivalence f : C' — D induces isomorphisms f, : H.(C) — H.(D).
For the converse apply (iv) to the algebraic mapping cone €'(f). ]
Definition 3.15 (i) The dual of an A-module K is the right A-module

K* = Homu (K, A)

with A acting on the right by
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K*xA—K*; (f,a)— (z — f(x)a) .

(ii) The dual of an A-module morphism f : K — L is the right A-module
morphism

ffrr LT = K" g (x e g(f())

(iii) The cohomology of an A-module chain complex C' is the collection of right

A-modules _ _
ker(df, : C* — C'T1)
m(dy, : O — C7)

where C* = (C;)*. O

HY(C) = (i €Z)

The homology and cohomology groups of a space X are defined using the
singular chain complex S(X), with

S(X), = free abelian group generated by maps ¢ : A™ — X |
n .

d: S(X),—=SX)p-1; 0~ > (=1)00,
i=0

using the standard n-simplices
n
A" = {(Z’(),"El,...,iﬂn) € Rn+1 |0 <z < 1,2‘%1 = ].}

and the inclusion maps
-1
ai VAN — A" ) (1'07.'1:1, cee 7‘7777,71) = (.CC07.%'1, cee 7£Ui71707xi7 s 7xn71) .

The (singular) homology and cohomology groups of X are defined by

H,(X) = Hn(S(X))
= ker(d: 5,(X) — Sp—1(X))/im(d : Sp41(X) = Sn(X)) ,
H"(X) = H"(S(X))

|
-

er(d” : S™(X) — S"1(X))/im(d" : S"7H(X) — S™(X))

with S™(X) = Homy(S,(X),Z). For any abelian group G the G-coefficient sin-
gular homology groups H.(X;G) are defined using the G-coefficient singular
chain complex

S(X;G) = G &z 8(X)

and the G-coefficient singular cohomology is defined using
S™(X;G) = Homgz(S,(X),G) .

For G = Z these are just H.(X;Z) = H.(X), H*(X;Z) = H*(X).
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Example 3.16 The Z- and Zs-coefficient homology and cohomology groups are
related by exact sequences

o= Ho(X) 3 Ho(X) — Ho (X %) — Hy 1 (X) — ...

L= HY(X) 2 HM(X) — H"(X;Zy) — H'" (X)) — ... .

For a commutative ring R
S™(X;R) = Homp(S,(X;R),R) ,
so that S™(X; R) is the R-module dual of S,,(X; R) as in 3.15. The R-coefficient
homology and cohomology groups H,(X; R), H*(X; R) are R-modules which are
related by evaluation morphisms
H™"(X;R) — Homg(H,(X;R),R) ; f— (z— f(z)) .

Given an R-module A let TA C A be the torsion submodule

TA = {z € A|szx=0¢€ A for some s #0 € R} .

Universal Coefficient Theorem 3.17
(i) (F-coefficient) For any field F' and any n > 0 the evaluation morphism

e : H'(X;F) — Homp(H,(X;F),F); [ (z— f(x))

is an isomorphism.
(ii) (Z-coefficient) For any n = 0 the evaluation morphism

e : H"(X) — Homz(H,(X),Z) ; f+ (z— f(z))
is onto, and the morphism
ker(e) = TH™(X) — Homgz(TH,-1(X),Q/Z) ; fr (z @)
(feSX)",z2eS(X)p—1,y€SX)p, s#0€Z, sz =dy)

is an isomorphism, so that there is defined a short exact sequence

0 —> Homg(TH,_1(X),Q/Z) —= H™(X) —% Homg(H,(X),Z) —= 0 .
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Proof These results follow from the structure theorem for f.g. R-modules with
R a principal ideal domain. Every f.g. R-module S has a presentation of the type

0 deRZ S 0

with
d(0,...,0,1,0,...,0) = (0,...,0,5;,0,...,0) € R

for some s; 0 € R (1 <i < k), and S is a direct sum of cyclic R-modules
k
S =R"*oPR/s .

i=1
More generally, every finite chain complex C' of f.g. free R-modules is isomorphic
to a direct sum of chain complexes of the type

Enl: ...-0—-E41 -E,=R—0—... (n€Z)
with E,, 11 = R or 0. For any n € Z the evaluation map
e : H'(C) — Homg(H,(C),R) ; f— (z— f(z))

is onto, with a natural R-module isomorphism

ker(e) = TH"(C) — Homp(TH, +(C). K/B) : f > (x> I 2)
(feCr x€Ch,ycCn,s#0€R, sz =dy)

where K is the quotient field of R.

(i) If R = F is a field then TH™(C) = 0.

(ii) The ring of integers Z is a principal ideal domain, with quotient field Q the
rationals. o

The homological properties of intersections of subspaces of a space X are
derived from the homological properties of the diagonal map
A: X—>XxX;xz— (x,x)

)

using diagonal chain approximations:

Diagonal Chain Approximation Theorem 3.18 The singular chain com-
plex S(X) of any topological space X is equipped with a natural chain map
Ay S(X)— S(X)®z S(X)

and natural higher chain homotopies

Ai 2 S(X)r = (S(X) @z S(X))ryi (i 21)
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such that
Ai+ (—1)"TA; = dsxyeusx)Qir + (1) Aipidsixy -
S(X)r — (S(X) ®z S(X))r4i (i 20)
with T the transposition automorphism
T S(X), 2 S(X)y — S(X)y @2 5(X), : 2@y (1P @

such that T? = 1. Naturality means that for every map f : X — Y there is
defined a commutative square

S(0), — 2 (5(X) @2 (X))

f‘ ‘f ® f
A
Y (S(Y) @z S(Y))r4i

Proof See Chapter VI.16 of Bredon [10]. m

Remark 3.19 Diagonal chain approximations were first constructed by Alexan-
der, Whitney and Steenrod in the 1930’s using explicit formulae in simpli-
cial homology. The singular complex diagonal chain approximations {A;} are
constructed by acyclic model theory. For any spaces X,Y there is a natural
Eilenberg-Zilber chain equivalence

Ey : S(XXY) =~ S(X)®zS(Y)
with natural higher chain homotopies
Ei + S(X xY), = (S(X) @z 5 ))ryi (i21)
such that
ET +(-1)"'TE; = ds(x)o,s(v)Eit1 + (=1)"Eit1dsxxy)
SX xY)r = (S(X) @z S(Y))r4s (i 20)

with

T: XXY—=>YxX; (z,y)— (y,2),

T : 8(X),®z58Y)g—8SY)g®@z5(X)p: a®b— (-1)Pb®a

the transposition maps. The diagonal chain approximation is obtained by taking
X =Y and setting

Ai = BiA s S(X)—Bs S(X x X)) —2i (S(X) @5 S(X))rss -
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Let W be the standard free Z[Zz]-module resolution of Z

W 225) =5 22, 2L 22, 1= 277,

The collection {F;} defines a natural chain map
E : S(X x X) — Homgz, (W, S(X) ®z S(X))
and {A;} defines a natural chain map

A ¢ S(X) — Homypz, (W, S(X) @z S(X))

Definition 3.20 (i) The cup product pairing is
U: H™X)®z HY(X) - H™™"(X); a®b— (aUb: z Za(x') ® b(z"))

with Ag(z) => o' @ 2.
(ii) The cap product pairing is

N: Hyp(X)®@z HY(X) > Hypn(X); 2@y —zNy = Zy(m')x” :
(iii) The Steenrod squares are the cohomology operations
Sq' : H'(X;Zy) — H™(X;Z3) 5 & — (y = (2@z,0r_i(y))) (y € Hryi(X;Z2))
identifying H*(X;Zs) = Homg,(H.(X;Z3),Z2) by the Universal Coefficient
Theorem 3.17. |
The cup and cap product pairings are also defined for R-coefficient (co)homology
U: HYX;R)®r H"(X;R) - H™"(X;R) ,
N : Hyp(X;R)®r H"(X;R) — Hp—n(X; R)
for any commutative ring R.

Definition 3.21 (i) The relative homology groups of amap f: X — Y are
the relative homology groups of the induced chain map f: S(X) — S(Y)

Ho(f) = H.(f:S(X)—=5()),

designed to fit into a long exact sequence

..— Hy(X) é H,Y)— H,(f) = Hy1(X) — ... .
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If f: X — Y is the inclusion of a subspace X C Y the relative homology groups
are written

(ii) The reduced homology groups of a pointed space (X,z € X) are the
relative homology groups of the inclusion i : {z} — X

H*(X) = H*(Z) = H*(X,{.%'})

with '
H.(X) = H.(X)® H.({z}) ,

so that H,(X) = H,(X) for r # 0, and Ho(X) = Hy(X) ® Z. m

For a triple of spaces (X,Y C X, Z CY) the relative homology groups of the
associated pairs fit into a long exact sequence

= H (Y, Z) — Ho(X,Z) — H (X,Y) % H, (Y, 2) —>--- -

The relative cohomology groups H*(f) of amap f: X — Y are defined
to fit into a long exact sequence

~~‘>H"_1(X)—5>H”(f)‘>H”(Y)£>H”(X)‘>... :

The relative cohomology groups H*(Y, X) (X C Y) and the reduced coho-
mology groups H*(X) are defined by analogy with H, (Y, X) and H,(X).

Definition 3.22 (i) The mapping cylinder of a map f : X — Y is the iden-
tification space

M) = (X X TOUY)/{(2,1) ~ f(2) |z € X},

which contains Y as a deformation retract.
(ii) The mapping cone of a map f: X — Y is the pointed space

(f) = A(f)/{(2,0) ~ (2',0)]z,2" € X}
with base point [X x {0}] € 4(f). O
Example 3.23 The space obtained from X by attaching an n-cell at o : S*~! —
X (3.5) is a mapping cone
XUy D" = 6la:S" ! - X),

and fits into a cofibration sequence

gt Yo x o X Uy D" Ss”
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Proposition 3.24 The relative homology groups of a map f : X — Y are the
reduced homology groups of the mapping cone

H.(f) = H(€(f: X —Y)).

Similarly for relative cohomology.

Proof The cofibration sequence of spaces

x oy oy — wx sy

induces a long exact sequence of homology groups

. — H,(X) s, H,(Y) — H,(€(f)) — Hp, 1(X) — ....

Homology is homotopy invariant: a homotopy h : f ~ g : X — Y induces a
chain homotopy h : f ~ g : S(X) — S(Y), so that f. = g. : H.(X) — H.(Y).
If f: X — Y is a homotopy equivalence then f : S(X) — S(Y) is a chain
equivalence, and f, : H.(X) — H,(Y) is an isomorphism.

Definition 3.25 The Hurewicz map from the homotopy to the homology
groups is
Tn(X) = Hy(X) ;5 (f: 8" = X) — fi[5"]

with [S"] =1 € H,(S") = Z. O

For n > 2 there is also a Z[m (X)]-module Hurewicz map
(X)) = mp(X) = Ho(X) 5 (f: 8" — X) — f.[S"]

with X the universal cover of X , and f: S™ — X the lift of f which sends the
base point of S™ to the base point of X.

For a map f : X — Y there are also Hurewicz maps m.(f) — H*(f) from
the relative homotopy groups to the relative homology groups.

Hurewicz Theorem 3.26 (i) For a connected space X the map m(X) —
Hy(X) is onto, with kernel the commutator subgroup [mi(X),m1(X)] <7 (X)
generated by the commutators [g,h] = ghg=th™t (g,h € m(X)).

(ii) If n > 2 and X is an (n — 1)-connected space then m,(X) — H,(X) is an
isomorphism of abelian groups.

(iii) Ifn > 2 and f: X — Y is an (n — 1)-connected map then m,(f) — Hn(f)
is an isomorphism of Z[m (X )]-modules, with f : X — Y a w1 (X)-equivariant
lift of f to the universal covers )Z', Y of X, Y.
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Proof See Theorem VII.10.7 of Bredon [10]. O

Corollary 3.27 (i) A connected space X is n-connected if and only if m(X) =
{1} and H;(X) =0 for 1 <i<n.

(ii) A map of connected spaces f : X — Y is n-connected if and only if fy :
(X)) — 71 (Y) is an isomorphism and H;(f) =0 for i < n.

(iii) If Y is obtained from X by attaching m-cells for m = n then the pair (Y, X)
is (n — 1)-connected.

(iv) If f : X — Y is an n-connected map then for any m-dimensional CW
complex M with m < n the induced function

fo o [MX] = [M,Y]; g fg

is a bijection.
(v) If M, N are CW complezes such that M is m-dimensional, N is n-connected
and m < n then

[M,N] = 0.

Proof (i)+(ii) Immediate from the Hurewicz Theorem 3.26.
(iii) For any a: S™ 1 — X and n < m

Tn_1(X Uy D™, X) = H,_1(X Uy D™, X) = H,_1(S™) = 0.

(iv) It may be assumed that Y is obtained from X by attaching cells of dimension
j = n+ 1. For an m-dimensional CW complex M attaching a cell of dimension
j = n+1to X has no effect on [M, X], since 7;(S7) =0 for i <m < n < j.

(v) Any map D° — N is n-connected, so that by (iii)

[M,N] = [M,D"] = 0.

Example 3.28 For n > 2 let X = S' Vv S” be the one-point union of a circle
and an n-sphere.
(i) The fundamental group is 1 (X) = Z, and the universal cover

X = (RU(Zx S™)/{k~ (k,1,0,...,0) |k € Z} .

is (n — 1)-connected, with the Hurewicz map

(X)) = m(X) = Ho(X) = Z[Z)

a Z|Z]-module isomorphism.
(ii) The inclusion S! — X is (n — 1)-connected.
(iii) The projection X — St is n-connected. i
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Definition 3.29 Given a space X and an element x € m,(X) (n > 1) let
Y = XU, D"

be the space obtained from X by attaching an (n + 1)-cell (3.5) at any map
a: 8" — X with z = [o] € m,(X). The operation of attaching the (n + 1)-cell
is said to kill z. a

The method of killing of homotopy classes by attaching cells is a homotopy-
theoretic precursor of surgery. It does not apply directly to manifolds, since
attaching a cell to a manifold results in a non-manifold space. The effect on the
homotopy and homology groups of attaching an (n+1)-cell is given in dimensions
< nby:

Proposition 3.30 Let Y = X U, D" be the space obtained from a CW com-
plex X by attaching an (n+ 1)-cell at o : S™ — X to kill x = [o] € mp(X).
(i) Let X be a reqular cover X with group of covering translations w. Assume
that the induced cover a*X of S™ is trivial (which is automatically the case if
n > 2), so that o : S™ — X has a w-equivariant lift & : X =7 xS" — X and
Y has a reqular cover

Y = XUz (7 x D" .

The relative homology Z[mw]-modules of ()7,5( C )7) are given by

Hz(Y,X) = Hi(WXDn+1,7rxS") _ {Z[W] Z.fZ.:n—Q—]_
0 ifi#Fn+l.
Thus R )
H;(Y) = Hi(X) fori#n,n+1

and there is defined an exact sequence

0 — Hn-i-l()?) - n+1(?) — Z[n] > Hn()?) - Hn(i;) — 0.
In particular N N
Ho(Y) = Hyp(X)/(z)

with (x) C H,(X) the Zlr]-submodule generated by the Hurewicz image x €

H,(X).
(ii) The pair (Y, X) is n-connected. For n > 2 the relative homotopy groups of
(Y, X) in dimensions < n+ 1 are given by

(Y, X) = {;[m(X)] if{jiZ-ﬁ-l.

(iii) The homotopy groups of Y in dimensions < n are given by

w0 = {7l 120
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where (x) C 7,(X) is the normal subgroup generated by x for n = 1, and the
Z|71(X)]-submodule generated by x for n > 2.

Proof (i) Immediate from

(i) For n > 2 m (Y) = m1(X), so that the universal covers X, Y of X,Y define
a pair (Y,X C Y). Apply (i) with this pair and the Hurewicz Theorem (3.26)
to obtain
~ ~ 0 ifi<n
m(¥,X) = B{Y,X) = {Z[m(X)] if i =n+ 1.

(iii) The case n =1 is a direct application of the Seifert-Van Kampen Theorem
(Chapter II1.9 of Bredon [10])

771(Y) = 7T1(X) *ﬂ-l(sl) 7T1(D2) = 7T1(X)/<.13> .
For n > 2 apply (ii) and the homotopy exact sequence
Tni1(Y, X) = Zm (X)) -5 m(X) — mo(Y) — m (Y, X) = 0.

O

Next, we describe the construction of the cellular chain complex C(X) of
a CW complex X. We shall be particularly concerned with the cellular chain
complex C'(M) of a manifold M with the CW structure determined by a handle
decomposition (2.23).

Let then X be a CW complex
x = Jy»r
1=0 Cj

with n-skeleta N

Xt = JUD' X n>0).
i=0 Cj
Definition 3.31 The cellular chain complex C'(X) is the chain complex with
C(X)n = Hy(X™W, x=Dy = 70
the free abelian group generated by the n-cells D™ — X and
d=08:CX) = Hy(X™ XDy 5 0(X),.1 = H, (XD x(=2)

the boundary in the homology of the triple (X, X (=1 x(n=2)) a
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Proposition 3.32 The homology groups of a CW complex X are just the ho-
mology groups of the cellular chain complex C(X)

Ha(X) = Hn(C(X))
= ker(d: C(X)n — C(X)n_1)/im(d : C(X)ni1 — C(X),) ,

and similarly for the cohomology groups

H"(X) = H"(C(X))
= ker(d* : O(X)" — C(X)™1) /im(d* : C(X)" — C(X)")

with

Proof The inclusion C(X) — S(X) is a chain equivalence. O

Let X = (A,B C A) be a CW pair with A obtained from B by attaching

cells of non-decreasing dimensions i1 < i3 < ...
A = BuD“"UD™2U... .
The relative skeleta of X are defined by

X" = BuU(JD' (n>0)

i<n

and are such that B € X© c X C ... C A. The cellular chain complex
C(X) = C(A, B) is defined as in the absolute case, with C(X),, = H,,(X ™, x(»=1)
the free abelian group generated by the n-cells, and homology

H.(C(X)) = H.(A,B).

Returning to manifolds, let (W; M, M’) be an (m+1)-dimensional cobordism
with a handle decomposition

W = MxTUR°URTU... U™

where h? = D*x D™~ 1 is a handle of index i and 0 < ig < 41 < ... <ip < m+1,
as given by 2.22 from a Morse function f on (W; M, M’). As in 2.23 the handle
decomposition can be viewed as a CW structure on X = (W, M), with one
i-dimensional cell for each i-handle, and n-skeleta

XM = MquUh".

i<n
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Definition 3.33 The handle chain complex C(W, M) of a cobordism (W; M, M")
with a handle decomposition is the cellular chain complex of the corresponding
relative CW structure on X = (W, M), with

C(W, M), = Hy(X™,X"")
the free abelian group generated by the n-handles, and homology H.(C(W, M)) =
H.(W, M). O

The differentials d : C(W, M),, — C(W, M),,—1 will be interpreted in Section
8.2 in terms of the intersections of (n — 1)- and n-handles.

Example 3.34 A closed m-dimensional manifold M can be regarded as an m-
dimensional cobordism (M;@, ). A handle decomposition

M = hoURU...Uh™

determines a handle chain complex C'(M), with H.(C(M)) = H.(M). O
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POINCARE DUALITY

The algebraic effect of a geometric surgery on an m-dimensional manifold
M is determined by the Poincaré duality isomorphisms H,.(M) = H™ *(M)
between the homology and cohomology groups. The homotopy-theoretic effect
of a surgery is a combination of attaching a cell and detaching a cell of comple-
mentary dimension to restore Poincaré duality.

Section 4.1 establishes Poincaré duality. The main result of this chapter is
the description in Section 4.2 of the effect of a surgery on the homotopy and
homology groups of a manifold. Section 4.3 recalls the classification of surfaces,
and gives a complete description of the effects of surgery on surfaces. Section 4.4
describes the algebraic properties of rings with involution and sesquilinear forms
needed for the intersection form of a non-simply-connected manifold. Finally,
Section 4.5 gives Poincaré duality for the universal cover of a manifold.

4.1 Poincaré duality

The Poincaré duality isomorphisms H.(M) = H™ *(M) of an orientable m-
dimensional manifold M are the global expression of the local property that
every x € M has a neighbourhood U C M which is diffeomorphic to R™, with

Ho (M, M\{z}) = H.(R™ R™\{0}) = H™({0}) = H" "({z}) .

Orientability is necessary in order to piece together these local isomorphisms to
obtain global isomorphisms H, (M) = H™*(M).

Definition 4.1 Let R be a commutative ring.

(1) An m-dimensional manifold M is R-orientable if there exists an R-coefficient
fundamental class, a homology class [M] € H,,(M;R) such that for every
x € M the R-module morphism

Hpy(M;R) — Hp (M, M\{z};R) = H,(R™,R™\{0};R) = R

sends [M] € H,,,(M; R) to a unit in R.

(ii) A manifold M is orientable if it is Z-orientable, and nonorientable if it
is not Z-orientable. An orientation for an orientable manifold M is a choice of
Z-coefficient fundamental class [M].
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(iii) The orientation character of M is the cohomology class w(M) € H'(M;Zs)
such that

Sq¢t = w(M)U— : H™ Y M;Zs) — H™(M;Zs) .

Remark 4.2 The orientation character is the first Stiefel-Whitney class of the
tangent bundle 77, w(M) = wi(ra) € HY(M;Zs). See Chapter 5 for bundles
and characteristic classes. a

Proposition 4.3 (i) Every manifold M is Zy-orientable, and has a unique Zo-
orientation.

(ii) A manifold M is orientable if and only if w(M) = 0 € H'(M;Zy). A
connected orientable m-dimensional manifold M has two orientations £[M] €
H,,(M)="727.

(iii) An orientable manifold M is R-orientable, for any commutative ring R.

Proof See Chapter VI.7 of Bredon [10] and/or Section 3.3 of Hatcher [31].
O

Poincaré Duality Theorem 4.4 For any R-orientable m-dimensional mani-
fold M cap product with [M] € H,,(M; R) defines R-module isomorphisms

[MINn— : H*(M;R) & H,_.(M;R) .

Proof As in Example 3.34 regard M as a cobordism (M;{, ), and choose a
Morse function f : M — R to obtain a handle decomposition of M with R-
coefficient handle chain complex C'(M; R). The opposite Morse function —f :
M — R determines another handle decomposition on M, with chain complex
the m-dual C(M; R)™ *. Applying the cellular approximation theorem to the
identity map it is possible to approximate 1 : M — M by a cellular homo-
topy equivalence from a subdivision of the dual handlebody C'W structure to
the handlebody C'W structure. The corresponding R-module chain equivalence
C(M;R)™* — C(M;R) is given by the cap product [M] N —, up to chain
homotopy. ]

Example 4.5 The complex projective space CP™ is an orientable 2m-dimensional
manifold with homology and cohomology

o< .
H,(CP™) = H>™ "(CP™) = {Z if 0 < n < 2m with n even,

0 otherwise.
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Example 4.6 The Zs-homology and cohomology of the m-dimensional real pro-

jective space
RP™ = S™/{zx ~ —x}

are given by
Hy(RP™;Zy) = H™ (RP™Zs) = Zy (0<i<m),
and the orientation character is
w®P™) = (=1)"" ¢ HY(RP™;Zy) = Zy .

Thus RP™ is orientable for odd m, and nonorientable for even m. O

There are also versions of Poincaré duality for manifolds with boundary, and
cobordisms.

Definition 4.7 Let R be a commutative ring.

(i) An (m + 1)-dimensional cobordism (W; M, M) is R-orientable if there ex-
ists an R-coefficient fundamental class [W] € H,,+1(W,M U M’; R), such
that for every x € W\(M U M’) the R-module morphism

Hypyt (W, MUM'; R) — Hyppid (W, W\{2}; R) = Hypa (R™ T, R™ T\ {0}; R) = R
sends [W] to a unit of R, and such that

W] = (M],—-[M']) e Hp,(MUM';R) = Hp,(M;R)® H,,(M'; R)
with [M] € H,,(M; R), [M'] € H,,(M'; R) R-coefficient fundamental classes.
(ii) The orientation character of a cobordism (W; M, M’) is the cohomology
class w(W) € H*(W;Zs) such that

S¢t = wW)U— : H™(W;Zy) — H™ (W;Zy) .

The morphism HY(W;Zy) — H*(M;Zy)® H*(M'; Z3) induced by the inclusion
MUM — W sends w(W) to (w(M),w(M")). The cobordism (W; M, M') is
orientable if w(W) =0¢€ H'(W;Zs). ]

Poincaré-Lefschetz Duality Theorem 4.8 For any R-orientable (m + 1)-
dimensional cobordism (W M, M') cap product with [W] € Hy,.1 (W, MUM’; R)
defines R-module isomorphisms

Win— :« H'(W,M;R) = Hy1-.(W,M";R) . U

In particular, if (W, 0W) is an R-oriented (m + 1)-dimensional manifold with
boundary there are defined Poincaré duality isomorphisms

W]Nn— : H*W,0W;R) =~ Hpi1_.(W;R),

W]N— : H*(W;R) & Hp1_.(W,0W;R) .
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Example 4.9 (D™*! S™) is an orientable (m + 1)-dimensional manifold with
boundary, such that

Z ifr=0

HT" Derl _ g Dm+1,Sm _ {
( ) +1-( ) 0 otherwise .

Poincaré duality relates the cup product structure on the cohomology of a
manifold M with the intersection properties of submanifolds N C M. If f :
N™ < M™ is an embedding of an oriented submanifold then f.[N] € H, (M) is
a homology class (which we shall usually write as [N] € H, (M)). The Poincaré
dual to a cohomology class [N]* € H™ ™ (M) determines the homology classes of
(transverse) intersections of submanifolds of M with N. The connection between
Poincaré duality and intersections is particularly straightforward for deRham
cohomology :

Example 4.10 The R-coefficient cohomology group H?(M;R) of an m-dimen-
sional manifold M™ can be expressed as the deRham cohomology groups of
differential p-forms w on M (cf. Bott and Tu [8]). Identify

H.(M;R) = Homg(H*(M;R),R)

by the R-coefficient Universal Coefficient Theorem (3.17). An oriented M has an
R-coefficient fundamental class [M]| € H,,(M;R), such that cap product with
[M] defines R-coefficient Poincaré duality isomorphism

[M]Nn— : H™ " (M;R) — H,(M;R) .

An embedding of an oriented n-dimensional submanifold f : N™ < M represents
the R-coefficient homology class f.[N] € H, (M;R) corresponding to integration
over NV

f«IN] : H*(M;R) - R ; w|—>/Nf*w.

In fact, every R-coefficient homology class x € H,,(M;R) is of the form r(f.[N])
for some f: N™ < M and r € R. Write the Poincaré dual of f.[N] € H,(M;R)
as ny € H™ "(M;R). If (N1)™,(N2)"2 C M™*"2 are oriented submanifolds
which intersect transversely then

NNy AN, = Nnian, € HM T (MR) = Ho(M;R) = R

is the algebraic number of points in Ny N Na. (See Section 7.2 below for the
precise definition of transverse intersection.) |
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Definition 4.11 The homology intersection pairing of an oriented m-dimen-
sional manifold M

A Hy(M) X Hop(M) = Z5 (2,y) = M, 9)

is defined by
Az,y) = (" Uy" [M]) € Z

with z* € H™ (M), y* € H"(M) the Poincaré duals of z,y. ad

Proposition 4.12 The homology intersection pairing satisfies

Mz +2',y) = Mz,y) + M2, y)
ANz, y+y) = Ma,y) + Mz, y')
Mazx,by) = abA(z,y) ,

(

Ay,z) = (- \(z,y) € Z

for every a,b € Z, x,2' € Hy(M), y,y' € Hp—n(M).

Proof The cup product pairing (for any space M)
U : HP(M)x HIY(M) — HPT (M) ; (z,y) — 22Uy
is bilinear, and such that

yUz = (=1)PMzUy e HPTI(M) .

Definition 4.13 The algebraic intersection number of immersions of ori-
ented manifolds NJ"* ¢ M™1+"2 NJ2 g5 M™% in a connected oriented man-
ifold

A([NV1], [V2]) € Z

is the homology intersection of the homology classes [N1] € H,, (M), [N2] €
H,,(M). O
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In Chapter 7 the algebraic intersection of transversely intersecting immersions
N1 % M, Ny & M will be identified with the algebraic number of double points.

Any map of spaces f: N — M induces morphisms f, : H.(N) — H.(M) in
homology, and also morphisms f* : H*(M) — H*(N) in cohomology.

Definition 4.14 The homology and cohomology Umkehr (= ‘reverse’) mor-
phisms for a map f: N® — M™ of oriented manifolds are the composites

P HM) = M) <L (V) 2 H (V)

fi ¢ HY(N) = H,_(N) —2 H,_ (M) = H™"+(M) .

Proposition 4.15 Let f : N® — M™ be a map of oriented connected manifolds.
(i) The homology Umkehr f': H,,(M) — H,(N) is such that

J'IM] = [N] € Hu(N) .

(ii) The cohomology Umkehr fy : H(N) — H™ "(M) sends 1 € H°(N) = Z
to the cohomology class fi(1) € H™ (M) Poincaré dual to the homology class
f«[N] € H, (M), with

[M]mf’(l) = f*[N]EHn(M)

Proof (i) The generator 1 € H°(M) = Z is Poincaré¢ dual to the fundamental
class [M] € H,,(M). The induced map f*: H*(M) = Z — H°(N) = Z sends
1€ H°(M) to f*(1) =1 € H°(N).

(ii) By construction. a

The Umkehr map will be used in the next section to describe the homology
effect of surgery.

4.2 The homotopy and homology effects of surgery

The homotopy theoretic effect of an n-surgery on an m-dimensional manifold is
a combination of attaching an (n+1)-cell and detaching the dual (m—mn—1)-cell.
This section will describe the effects of the cell attachments and detachments on
the homotopy and homology groups. For 2n — 1 < m it is possible to separate
the algebraic effects of attaching and detaching the cells. The algebraic effects
of surgery are much more complicated in the middle-dimensional cases m = 2n
or 2n + 1 (on account of self-intersections), and will be considered further in
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Chapters 11,12. In order to deal with surgery on non-simply-connected manifolds
it is also necessary to consider the effect of surgery on the homology of the
universal cover, and this will be done in Chapter 10.

Definition 4.16 An n-surgery on M™ removing the framed n-embedding ¢ :
S™ x D™~™ — M Kkills the element = € m,(M) represented by the core
x =g S"x0—M.

The dual (m — n — 1)-surgery on the effect M’ removing the dual framed
(m — n — 1)-embedding ¢’ : D"t x §m=n=1 — M’ kills the element 2’ €
Tm—n—1(M") represented by

=g 0x8m e M. a
Example 4.17 The zero element 0 € m,(M) can be killed by an n-surgery on
Mm
S™x DM s S x DTy DM x gl = 9™ e M#S™ = M
with effect the connected sum

M/m - M™ #(SnJrl X Smfnfl) . 0

Remark 4.18 The following Proposition contains a commutative braid of the
type

in which the sequences

153 I T SO S
Qo T W
m Q&
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are exact. It follows that there is a rudimentary Mayer-Vietoris exact sequence
D—B&oG——F

and that there is defined an isomorphism

ker(B— C) _, ker(G — H)

im(A— B)  im(F—G) "’

Proposition 4.19 Let (W; M, M’) be the trace of an n-surgery on an m-dimen-
sional manifold M removing the framed n-embedding g : S™ x D™™" — M, let
g : D"t x §men=l s M be the dual framed (m —n — 1)-embedding, and let

MO = Cl(M\g(Sn X Dmfn)) — CL(M/\g/(Dn+1 % Smfnfl)) )

My x {0} My x1 My x {1}

Sn x pDm—n <> ) Dn+1 X Dm—n+1 ( <> Dn+1 X Sm—n—l

M™ Wm+1 M!'™

(i) The trace W is homotopy equivalent to a space obtained from M by attaching
an (n+ 1)-cell and a space obtained from M’ by attaching an (m — n)-cell

W ~ MU, D"*! ~ MU, D™,
withx = g|: S — M, 2’ = g'| : S™ "=t < M’ the cores of g,g'. The projection
W — W/(D" x D™ ") ~ My/(S™ x S™~"~1)

is a homotopy equivalence.
(ii) The homotopy groups are such that

(M) /{z) ifi=mn
with {(x) C m, (M) the normal subgroup (resp. the Zlm (M)]-module) generated

by x forn =1 (resp. n = 2). Also, since (W; M, M’) is the trace of the dual
(m —n —1)-surgery on M’ killing an element 2’ € 71 (M)

(W) = {

mi (M) ifi<m—-n—1

w0 = {20 e omot

In particular, if 2n + 1 < m then
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(M) = m(W) = m(M) if i<n,
and if 2n+2 < m
(M) = m(W) = m(M)/(z) .

(iii) The homology groups of (W; M, M’) fit into a commutative braid of exact
sequences

Hi (W, M) H;i(M) Hy (W, M)
Hi1 (W, M UM’ Hi(W)
Hi 1 (W, M") H;(M") H;(W, M)
with ) Z ifi=n+1
H:(W, M) = Hy(D",57) = {0 ifitn+1

Z ifi=m-—n

R P AN

HiJr](WMUM,) = HZ(M()) .

If M s orientable the Umkehr map x' is the evaluation of the homology inter-
section pairing A : H,(M) X Hy—y(M) — Z on x € H, (M)

x = Mz,—) ¢ Hpen(M) —=Z; y— Xz,y)

Similarly, if M' is orientable the Umkehr map x'" is the evaluation of the homol-
ogy intersection pairing N : Hyy—p—1 (M )X Hp11(M') — Z ona’ € Hyp 1 (M)

2 = N@' =) Hyp (M) = Z; y — Ny .

Proof By Proposition 3.30 and the homology exact sequence of a cofibration
(Proposition 3.24). O

Example 4.20 The homology intersection pairing on the nth homology group
H,, (M) of an oriented 2n-dimensional manifold M?" is (—1)"-symmetric

A Hy(M) x Hy(M) = Z 5 (z,y) = Mz,y) = (=1)"A(y,z) .
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In order to kill an element x € m,, (M) by surgery on M it is necessary (but not
in general sufficient) for the Hurewicz image « € H,,(M) to be such that

Mz,z) = 0€Z
— this is automatic if n is odd. Moreover, if surgery on x € m,(M) is possible
and the effect M'?" is oriented then

_ {y e Ha(M) | My) =0 € 2)

Hn (M) (hz |k c Z) )

the quotient of the subgroup of the homology classes orthogonal to x € H,,(M) by
the subgroup of the classes parallel to . The (—1)™-symmetric form on H,,(M")
is the one inherited from the form on H,, (M)

X i Hy(M') x Ho(M) = Z5 ([g). [2]) = Ay, 2) 0

As before, let M’ be the m-dimensional manifold obtained from an m-dimensional
manifold M by an n-surgery killing a homotopy class x € 7,(M). If 2n < m
then

(M) = m(W) = m(M') fori<n—2.

If 2n +1 < m then
Tn1(M) = mp (W) = w1 (M)

and
m(M') = m,(M)/(z)

is smaller than 7, (M), in general. If m = 2n 4+ 1
(M) /(z) = 70(W) = mn(M')/(2")

with 2’ € m,(M’) the homotopy class killed by the dual n-surgery, so that m,, (M)
is in general neither smaller nor larger than m,(M). If m = 2n it is possible for
an n-surgery to create elements in m,_1(M’), as in:

Example 4.21 For a 2n-dimensional manifold M the effect of the trivial n-
surgery killing 0 € 7, (M) is the 2n-dimensional manifold

M/2n _ M2n #(SnJrl X Snfl)
with

Tn1(M') = mp 1 (M)BZ . O

It is also possible for an n-surgery on a 2n-dimensional manifold to make
(M) smaller without affecting m,—1(M), as in:
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Example 4.22 The effect of the n-surgery removing the framed n-embedding
ST x D" — ST x D"US" x D" = S"x S"

is
DMtlx snlyS" x D" = 9(D"T x D) = §*" |

with
anl(sgn) = anl(SnXSn) =0.

What is the effect of surgery on orientability? 0- and 1-surgeries can change
orientation type:

Example 4.23 The effect of a 0-surgery on S? depends on the choice of framing
in S° x D? < S2, and is either a torus T2 = S* x S':

or a Klein bottle K (which is nonorientable) :

The dual 1-surgery on K has effect S?, and so changes the orientation type. O
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In general, we have:

Proposition 4.24 Let (W; M, M') be the trace of an n-surgery on an m-dimen-
stonal manifold M killing x € H,(M).

(i) If1<n<m—2then W and M’ have the same orientation type as M.

(ii) If n =m — 1 and M is orientable then so are W and M'.

(iii) If n =m — 1 and M is nonorientable then M' is orientable if and only if

v = w(M) € H, 1(M;Z) = HY(M;Zy) .

(iv) If n =0 and M is nonorientable then so are W and M'.

Proof The orientation character w(W) € H'(W;Zs) has images the orien-
tation characters w(M) € HY(M;Zs), w(M’') € HY(M’;Zs). The homotopy
equivalences

W ~ MuUD" ~ M'uDm™

give the relative Zs-cohomology groups in the commutative braid of exact se-
quences (as in 4.19)

HY (W, M'; Zy) H'(M;Zs) H*(W, M; Zs)
HY\(W;Z5) H2(W, M U M'; Zy)
HY (W, M; Z) HY(M';Z5) H2(W, M'; Z)

to be

Hi(W, M:Z,) — {22 ifi=n+1 HO(W, M3 ) = {22 ifi=m-—n
T 0 otherwise ’ ’ 0 otherwise.

(i) If 1 < n < m — 2 then the morphisms
HY(W;Zs) — HY(M;Zy) , H*(W;Zy) — H*(M';Zs)
are injective, so that w(M) = 0 if and only if w(W) = 0, and w(W) = 0 if and

only if w(M') = 0.
(ii)+(iii) For n = m — 1 the braid is given by
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/,x_\ /i\
Z HY(M: Z) Z
\ 7 ~_ /

HY(W:Zy) H2(W, M U M'; Z,)
7
o/ \Hl(M’;Zg) \ 0

\-/\/

If w(M) = 0 it follows from the injectivity of H*(W;Zy) — H(M;Zs) that
w(W) =0, and hence that w(M') = 0.

If w(M) # 0 it follows from the injectivity of H*(M'; Zy) — H*(W, M UM'; Z>)
that w(M') = 0 if and only if w(M) =z € HY(M;Zs).

(iv) Apply (ii) to the cobordism (W;M’, M), which is the trace of the dual
(m — 1)-surgery on M’. 0

It is easy to describe the effect of surgery on the Euler characteristic :

Definition 4.25 The Euler characteristic of a finite CW complex X is

X(X) = i(—l)idimRHi(X;R)eZ. i
=0

Proposition 4.26 If the m-dimensional manifold M'™ 1is obtained from M™
by an n-surgery then
X(M') = x(M)+(-1)"" 1+ (-1)") €L .
Proof The effect on the Euler characteristic of attaching an r-cell to a space
X is
X(XUD") = x(X)+(-1)".
Use the homotopy equivalences given for the trace (W; M, M’) by 4.19
W ~ MuD" ~ M'uD™™

to identify

O

Example 4.27 The m-sphere S™ is obtained from () by a (—1)-surgery, with
Euler characteristic
X(S™) = 14 (~1)™ . 0
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Example 4.28 The connected sum of connected m-dimensional manifolds M™,
M'™ is the connected m-dimensional manifold M#M’ obtained from M U M’
by O-surgery (2.10). The Euler characteristic is given by 4.26 to be

X(M#M') = x(M) +x(M') = 1+ (-1)"). o

4.3 Surfaces

Definition 4.29 A surface is a 2-dimensional manifold. O

Surfaces are excellent illustrations of the surgery construction. Every ori-
entable surface and the nonorientable surfaces of even genus can be obtained
from the empty surface by a sequence of surgeries.

Definition 4.30 The orientable surface of genus ¢ is defined for g > 0 to
be

M(g) = 8(0-handle D° x D3 U g 1-handles D! x D?)
= the effect of g orientable 0-surgeries S° x D? — §2
= 0-handle D° x D? U {2g 1-handles D! x D'} U 2-handle D? x D°
= #T?
g

the g-fold connected sum of the 2-torus 72 = S* x S*. a

In particular
M(0) = the sphere S? |

M(1) = the torus T? ,
M(2) = the anchor ring T?#1?

Here is a picture of M(2):

Definition 4.31 The nonorientable surface of genus g is defined for g > 1
to be
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N(g) = O-handle D° x D? U {g 1-handles D' x D'} U 2-handle D? x D°
= the effect of g crosscaps on S?

= #RP?,
g

where each crosscap replaces D? < S2? by an embedded Mébius band. O

In particular

=
=
=
N’
|

the real projective space RP? |

the Klein bottle K2 .

=
=

[\
>

|

If g is even
N(g) = 9(0-handle D° x D3 U g/2 1-handles D' x D?)
= the effect of g/2 nonorientable 0-surgeries S° x D? — S?
= #,p0 K.
If g is odd
N(g) = the effect of (g —1)/2 0-surgeries S x D? — RP?
= RP? 4 0)n T° -

Classification of Surfaces 4.32 (i) Fvery connected closed surface is diffeo-
morphic to exactly one of

M(g) (920) , N(g) (¢=1).

Surfaces are classified by orientation type and Fuler characteristic, with

x(M(g)) = 2—29, x(N(g)) = 2—g.

(ii) Every homotopy equivalence of surfaces M — M’ is homotopic to a diffeo-
morphism.

Proof See Chapter 9 of Hirsch [33] for the detailed classification of surfaces
using surgery and Morse theory. The essential steps are easy to describe from the
surgery-theoretic point of view, as follows. If M is a connected orientable surface
then Hi(M) is a f.g. free abelian group, the homology intersection pairing (4.11)
is (—1)-symmetric

A Hl(M) X Hl(M) —Z 5 (l’,y) '—>)\(x,y) = _>‘(y7x) )
and there exists a basis {a1,b1,a2,b9,...,a4,bs} for Hi(M) such that

1 ifi=j
/\(ai,bj) = {O lf’L;é_] ,)\(ai,aj) = )\(bz,b]) = 0

The effect of an orientable 0-surgery on M is to form the connected sum with a
torus 72 ; dually, the effect of a 1-surgery is to remove a torus. (Proposition 4.33
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below gives a detailed account of the effects of 0- and 1-surgeries on surfaces).
The half-basis {a1,a2,...,a4} for Hi(M) can be realized by disjoint framed
l-embeddings a; : S' x D' — M. The combined effect of the corresponding
1-surgeries on M is a connected orientable surface M’ such that

M##T?* = M, m(M') = H(M') = 0,
g

and the 2-dimensional h-Cobordism Theorem shows that up to diffeomorphism

M = S?, M = #T? = M(g) .
g

The effects of 0- and 1-surgeries on surfaces are given by :

Proposition 4.33 (i) The effect of a 0-surgery on a surface M is a surface M’
with
X(M') = x(M)-2.

If M = M(g) then M’ is connected with x(M') = —2g, so that

a { M(g+1) if orientable

N(2g+2) if nonorientable.
If M = N(g) then M’ is connected with x(M') = —g, so that

M - M((g+2)/2) if orientable, with g even
I N(g+2) if nonorientable.

(ii) The effect of a 1-surgery on a surface M is a surface M’ with
X(M') = x(M)+2.
If M = M(g) then M’ is orientable with x(M') =4 — 2g, so that

Mo M(g—1) if connected
B M(g1)UM(g2) if disconnected, with g1 + g2 = g.

If M = N(g) then x(M') =4 — g, so that

M((g—2)/2) if connected and orientable

N(g—2) if connected and nonorientable

N(g1)UN(g2) if disconnected, both components nonorientable,
with g1 + g2 = g

M(g1) U N(g2) if disconnected, one component orientable,
with 2g1 + g2 = g.

M =
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Example 4.34 Let M = M (g) be the orientable surface of genus g > 0, and let
ti 0 T? = S'xS' - M = #,7? (1<i<yg)

be embeddings of the g tori. The homology group H;(M) = Z?9 has a basis
{a1,b1,a2,bs,...,a4,by} given geometrically by

a; = ti(Sl X {*}) s bl = ti({*} X Sl) — M .

The (—1)-symmetric intersection form
A Hl(M) X Hl(M) — 7

is such that

1 ifi=j
Aai, bj) = {0 oy , Mai,a;) = A(bi,b;) = 0

as in the proof of 4.3. The function
{isotopy classes of embeddings S* < M} — Hy (M) ; (f:S* — M) — f.[SY]

has image the subset of the elements z € H;(M) which generate direct sum-
mands. Every embedding f : S' < M has an essentially unique extension to
a framed embedding f : S' x D' < M. (A surface is orientable if and only if
it is not possible to embed a Mébius band in it). By 4.33 (ii) the effect of the
l-surgery on M removing f is an orientable surface M’ with x(M’') = 4 — 2g,
which may be disconnected. There is defined an exact sequence

0 — Hy(M\f(S")) = Hi(M) — Z — Ho(M\f(S")) — Ho(M) =7 — 0

where
Hi(M)—Z; y— Az,y)

with z = f.[S'] € Hy(M). It follows that M’ is disconnected if and only if x = 0.
If  # 0 then M’ is connected, and is diffeomorphic to M(g — 1). If z = 0 then
M’ is disconnected, and

M' = M(g1)U M(g2)

for some gi1,g2 = 0 such that g + go = g, with g1, go depending on the isotopy
class of f: S! «— M.
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More generally, let M’ be the combined effect of £ 1-surgeries on M removing
disjoint framed embeddings

fo i S'xD'—s M (1<k<Y)

and killing z, = (fx)«[S'] € H1(M). The trace (W; M, M’) is orientable by
4.24. As in Proposition 4.19 (for £ = 1) there is a commutative braid of exact
sequences

SNTNSN SN TN

\/\/\/\ZQQ/\/\/
/\/\/\/\/\/\

\/\/\/\/\/\/

with

W3 = MxIuUD?xD! ~ Mu|JD?,
0 4

¢
v = (v1,22,...,20) @ Z' — H(M) = 729 ; (c1,¢ay...,¢0) — Y. cry,
k=1

IE! : HI(M) = ZQg - Zé y Y= ()‘(x17y)7)‘(x27y)7’"7)\(£C€7y)) ’
Ho(M') = Z & coker(x' : 2?9 — Z*) ,
ker(z' : 729 — 7%)
m(zx : Z¢ — 729)
Hoy(M') = Z®ker(x: 25 — 729) .

Hi(M") =

Here are some special cases:

(i) If the homology classes x1,x2,...,x¢ € Hi(M) are the basis of a direct
summand then

M = M(g—1).
In particular, this is the case for £ = g, x; = a; (1 < i < g) with
M = M) = S*.
(i) oy =a2=...=24,=0¢€ Hi (M) then
M = M(g1)UM(g2)U...UM(ge+1)

withgl—kgz—i-...—i—gprl:g.
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(iii) The picture shows M (3) with three embedded circles:

AR

The right hand circle represents a non-zero homology class, and the effect
of the corresponding 1-surgery on M (3) is M(2):

A\

The middle circle is null-homologous, and the effect of the corresponding
1-surgery on M (3) is M (1)U M(2):

(m

The left hand circle is null-homologous (in fact null- homotopic), and the
effect of the corresponding 1-surgery on M (3) is M (0

@C‘O

4.4 Rings with involution

This section is purely algebraic, developing the theory of sesquilinear forms on
modules over a ring with involution A. The algebra will be applied in the next
section to obtain the Poincaré duality and sesquilinear form on the homology of
the universal cover M of a manifold M, with A = Z[r(M)].

Definition 4.35 (i) An involution on a ring A is a function

A—A;a—a

satisfying

(a+b) = a+b, (ab) =b.a,a =a,1 = 1€A(a,bcA).

(ii) For a ring with involution A define the transposition isomorphism
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t : {left A-modules} — {right A-modules} ; K ~— K"

with
K'x A— K'; (z,a) — az .

(iii) For a ring with involution A define the duality contravariant functor

x 1 {left A-modules} — {left A-modules} ; K — K*
sending a left A-module K to the dual left A-module

K* = Homu(K,A),
with A acting by
AXK*—=K*; (a,f)— (x— f(z).a) .

(This is just (K*)! with K* the dual right A-module in the sense of 3.15). The
dual of an A-module morphism f : K — L is the A-module morphism

[T "= K5 g (x> g(f(2))) - =

Example 4.36 (i) A commutative ring A admits the identity involution
A—A;a—a = a.

(ii) Complex conjugation defines an involution on the ring of complex numbers
C
C—-C;z=a+ib—Z = a—1ib.
O

In the first instance recall the various ways of regarding bilinear pairings on
vector spaces over R. The dual of a vector space V is the vector space

V* = Homg(V,R) .

For vector spaces V, W the bilinear pairings

VxW-=R; (v,w) — Av,w)
are in one-one correspondence with the linear maps

VoW v (w— Av,w)) .
For finite-dimensional V' and any W there is defined a natural isomorphism

Ver W — Homg(V*, W) ; v@ww— (f — f(v)w) .
In particular, for W = R this gives a natural isomorphism
VoV o (f e f(0))
Thus for finite-dimensional V, W there are natural identifications
{bilinear pairings V x W — R} = Homg(V,W*) = V'@ W* .

For the applications to topology it is necessary to establish analogous properties
for modules over a ring A with an involution A — A;a +— a.
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Definition 4.37 A sesquilinear pairing (K,L,\) on A-modules K, L is a
function
A KxL—A; (z,y) — Ma,y)

such that for all z,2’ € K, y,y' € L, a,b € A
(i) Az+a'y) = AM=z,y)+Aa,y) €4,
(i) Mz,y+y) = Mz,y) + AMa,y) € A,
(iii) A(az,by) = b\ (x,y)ae€ A .

Let S(K, L) be the additive group of sesquilinear pairings A\ : K x L — A. O

There is an evident natural isomorphism of additive groups

S(K,L) — Homu (K, L*) ;
(K XL Ay (A2 K — D o (g A@)(®) = A1)

which is used to identify
S(K,L) = Homyu(K,L") .
Definition 4.38 (i) An A-module K is f.g. projective if it is a direct summand
of a f.g. free A-module A™, that is if there exists an isomorphism
KelL = A"

for some A-module L and n > 0.
(ii) An A-module K is stably f.g. free if there exists an isomorphism

KgA™ = A"
for some m,n > 0. In particular, K is f.g. projective. a
Proposition 4.39 The dual of a f.g. projective A-module K is a f.g. projective
A-module K*. The natural A-module morphism
ek K= K™z (f— f(z))
is an isomorphism for f.g. projective K. The dual of a stably f.g. free A-module

is stably f.g. free.

Proof For any A-modules K, L there are evident identifications
exkpr = ex ®ep : KOL— (K L)*™ = K™ @oL*.

Thus it suffices to consider the case K = A, for which the result is clear. O
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Use 4.39 to identify K** = K for any f.g. projective A-module K.

Definition 4.40 Let (K, L, \) be a sesquilinear pairing. The transpose sesquilin-
ear pairing (L, K,T\) is )

TA : LxK—=A; (y,2) = TAy,z) = Mz,y) .
Transposition defines an isomorphism

T : SK,L)— S(L,K); AT\ O

Definition 4.41 (i) The transposition isomorphism is defined for A-modules
K, L by
T:K'@uL—-L'oaK;r0y—yc.

(ii) The slant map is the morphism defined for A-modules K, L by

ex @ K'®a L — Homa(K*,L); z@y+— (f— f(z)y) . U

Proposition 4.42 Let K, L be f.g. projective A-modules.
(i) The transposition isomorphism T : S(K,L) — S(L,K) corresponds to the
duality isomorphism
* : Homyu(K,L*) — Homu (L, K*) ;
A K= L") = (A L= K%5e e (y = Ay)(2) ,

with a commutative square of isomorphisms
S(K,L) — Homu (K, L)
ok
S(L,K) — Homu (L, K*)
(ii) The slant map is an isomorphism
exy @ K'®aL— S(K*,L*) = Homa(K*, L) .

Duality corresponds to transposition, with a commutative square of isomorphisms

€KL .
Kt®, L —— Homu(K*, L)

P

Lt oa K —5 Homu(L*, K)
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Proof It suffices to verify that ey ; is an isomorphism for K = L = A, in
which case e4 4 can be expressed as the composite of the natural isomorphisms

At@ A— A: a®@b— ba,
A — Homy(A*, A); a— (f — f(a)) .

In view of 4.42 it is possible to identify
S(K,L) = Homu(K,L*) = (K*)'®4 L*

for any f.g. projective A-modules K, L, with duality corresponding to transpo-
sition.

The additive group Hom4(A™, A™) of the morphisms A™ — A™ between f.g.
free A-modules is identified with the additive group M,, »(A4) of m x n matrices
(aij)1<igm,1gj<n with entries a;; € A, using the isomorphism

M n(A) — Homa (A", A™) ;
(aij) — (w1, 22,...,2n) — (zn: zja, zn: Tjaj, ..., zn: Tjlm;)) -
j=1 j=1 j=1
The composition of morphisms
Homy (AP, A™) x Homuy(A™, A™) — Homa (AP, A™) ;

(f:9) = (gf :z— (9f)(@) = 9(f(x)))

corresponds to the multiplication of matrices
Mm,n(A) X Mn,p(A) — Mm,p(A) ; ((aij)7 (b]k)) = (Cik)
Cik, = Zaijbjk (1<i<m, 1<k<p).
j=1

Use the isomorphism of f.g. free A-modules
AT — (Am)* ; (1‘171‘2, 717777) — ((ylvy27 7Z/m) = Zyvfz)
i=1

to identify
(A™)* = A™.

The duality isomorphism
* 1 Homa (A", A™) — Homu ((A™)*, (A™)*) = Homa(A™, A™); f— f*

corresponds to the isomorphism defined by conjugate transposition of matrices
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M (A) = Mpm(A) 5 a = (ai) —a™ = (bji), bji =a; .
It is thus possible to identify
S(A", A™) = Homa (A", A™) = Mpn(A),

with an m X n matrix (a;;) corresponding to the sesquilinear form

m n
A" x A™ — A 5 ((ylayQa cee 7yn)7 (1’1,252, e 7xm)) = sziaijgj )

i=1 j=1

and the transposition of sesquilinear pairings corresponding to the conjugate

transposition of matrices.

Example 4.43 A 2 x 2 matrix

A = <“ Z) € Ma(A)

c

corresponds to the A-module morphism

(Z Z) c ADA—- A A (z,y) — (za+ yb,xzc+yd) .

The conjugate transpose matrix

v = (

corresponds to the dual A-module morphism

c

) € My 2(A)

SIS

d

(‘b‘ ;) L (ADA)* = ADA—(ADA) = ADA;
(z,y) — (v@+ ye,zb+ yd) .
Regarded as a sesquilinear pairing A is
A: ADAXADA— A,
((z1,22), (Y1,Y2)) = Y10T1 + Y2bT1 + y1¢T2 + y2dTa .

4.5 Universal Poincaré duality

In order to describe the homology effect of surgery on a non-simply-connected
manifold M it is necessary to deal with the Poincaré duality properties of the
universal cover M. The Zo- and Z-coefficient Poincaré duality isomorphisms of a
manifold M obtained in Section 4.1 will now be generalised to the nonorientable
case, and also to Z[m1 (M )]-coefficient Poincaré duality isomorphisms.
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The connected regular covers of a connected space X with universal cover X
are given by
X = X/p

with p <71 (X) a normal subgroup. The group of covering translations X — X
is the quotient 71 (X)/p. In particular, if p < (X) is a subgroup of index 2 (as
in the nonorientable case below) then X is a double cover of X.

The double cover of the infinite-dimensional projective space by the infinite-
dimensional sphere

o0 o0
p:S® = JS"—RP*® = | JRP"
n=0

n=0

has the following universal property : a map w : X — RP>° determines a double
cover of X
XY = {(z,y) € X x 8% |w(x) = p(y) € RP>} ,

and every double cover of X arises in this way. The double covers of X are in
one-one correspondence with the elements w € [X,RP>] = H!(X;Z,). For a
connected X there is defined a bijection

HY(X;Zy) = [X,RP*] — Hom(m(X),Zs) ;
(w: X = RP®) — (wy : m(X) — 71 (RP>®) = Zy) .

Definition 4.44 The orientation double cover of a connected m-dimensional
manifold M is the double cover M = M™ classified by the orientation character
w=w(M)e H (M;Zs)

7 {M UM orientable

—~ if M is { )
M /ker(w : m (M) — Zs) nonorientable
with M the universal cover of M. The orientation double cover M is an orientable

m-dimensional manifold. O

Example 4.45 The real projective space RP™ is an m-dimensional manifold
which is orientable for m odd, and nonorientable for m even. The orientation

double cover is
even

RP" = {Sm odd.

i m s {
RP™ U RP™

Definition 4.46 (i) The w-twisted homology groups of a space X with an
orientation character w € H'(X;Zy) are

H(X;Z") = H.(S(X;2")),
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where
S(X;Zw) = 7" Qz[z2] S(Xw)

with X the double cover of X classified by w, and Z~ the Z[Zz]-module defined
by Z with the generator T' € Zs acting by T'(1) = —1.
(ii) The w-twisted cohomology groups of X are

H*(X;Z") = H.(Homyz, (S(X™),Z7)) . 0

Example 4.47 For the trivial orientation character w = 0 € H!(X;Zs) the
orientation double cover is X* = X U X with T': X — X" interchanging the
two copies of X, and

H.(X;Z") = H.(X) , H*(X;Z") = H*(X) . O

Proposition 4.48 (i) The w-twisted homology and cohomology groups fit into
exact sequences

o Hy1 (X) — Ho(X32%) — Hp(X®) 2 Hy(X) — Hoor (X Z) — ...
s HNX) o HPY(XGZ0) — HY(X®) 2 H(X) — HY (X Z) — .

withp : X* — X the covering projection, p. the induced morphisms in homology,
and p' the transfer map in cohomology

pt s HMXY) = HY(X); fr (f' 2 fa¥ +T(2")))

with f : S(X™) — Z a cocycle, using any lift of a cycle x € S(X) to a chain
v e S(X").
(ii) The w-twisted (co)homology groups have cup and cap products

U : H™(X;Z") @z H"(X) — H™™(X;Z") ,
U H™(X;Z%) @z HY(X;Z%) — H™(X) |
N : Hp(X;Z%) @z HY(X) — Hpn(X;Z7)
N 0 Hp(X) @ HY(X;Z0) — Hypon(X;Z0)
Proof (i) The short exact sequence of Z[Zs]-modules

072 —ZZ)—7Z—0

with
7 —=ZZs); 1—1-T,
Z|Z3) —Z; a+bT —a+b

determines a short exact sequence of Z-module chain complexes
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0—7Z~ ®z[2.] S(X") — Z[Zs] ®z[2,] S(XY)—2Z ®7(2) S(X*)—0
which can be written as
0— S(X;Z") — S(X¥) —— S(X)—0.

The exact sequence for w-twisted homology is the corresponding long exact se-
quence of homology groups. Similarly for w-twisted cohomology. The short exact
sequence of Z-module chain complexes

0— Homz[zz] (S(Xw), Z_) — HOmz[Zz] (‘S'()(w)7 Z[ZQ])
— Homgz,(S(X"),Z) — 0
can be written as
0 — Homgz, (S(X"),Z~ ) — Homgz(S(X"),Z) — Homz(S(X),Z) — 0 .

The exact sequence for w-twisted cohomology is the corresponding long exact
sequence of homology groups.

(ii) As for the ordinary cup and cap products, using a diagonal chain approxi-
mation Ag : S(X¥) — S(XY) ®z S(X™). O

Orientation Convention 4.49 (i) Orientable manifolds M are equipped with
a choice of orientation, and the two copies of M in the orientation double cover
M = M U M are given opposite orientations.

(ii) Nonorientable manifolds M are equipped with a choice of orientation for the
orientation double cover M. O

Similarly for cobordisms (W; M, M'), with OW = M U —M'.

Definition 4.50 The w-twisted fundamental class of an m-dimensional man-
ifold M with orientation character w = w(M) € HY(M;Zy) is the w-twisted
homology class

[M} = [M] € H,,(M;Z2") = ker(p* : Hm(M) — Hp(M))

given by the fundamental class [M] € H,, (M) of the orientation double cover
M= M®. O

Twisted Poincaré Duality Theorem 4.51 For any m-dimensional manifold
M cap product with the w-twisted fundamental class [M] € H,,(M;Z") defines
the w-twisted Poincaré duality isomorphisms

[M]N =+ H*(M) — Hpo(M;Z7)
[M]N— : H*(M;Z") — Hp— (M) .
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Proof As for the R-coefficient case (4.4), but using Z"-coefficients. a

Example 4.52 The real projective space RP™ has a non-trivial double cover
RP™ = S™, so that S™ has Zs-equivariant CW structure

ST?L — Lnj (D'I’L U TDTL)

n=0
with quotient
RP™ = §™/T = |JD".

n=0

The Z[Zs]-module cellular chain complex of S™ is
C(S™) + ...—=0—>ZZ) - Z|Zs) — ... — Z[Zs)

with
d = 14+(=1)"'T . C(S™)py1 = Z[Zs] — C(S™), = Z[Zs] (0<n<m).

(The chain complex in Remark 3.19 is W = (C(5°°).) The Z-module cellular
chain complexes of RP™ are given by

1H(—1)™ 2 0

CRP™) : ... 0>Z —— Z—...»2— 1L — 7,
14(—1)™+! 0 2
CRP™ZY) . ... 022 ——Z—...>L— 1L — 7

(with w = w(RP™) = (~1)™*+1) and

Z ifn=0,orif m=nisodd
H,(RP™) = H™ "(RP™,Z"Y) = Zo if 0 < n < m with n odd
0  otherwise,

Z if m=mn,orif (n=0and m is odd)
H, (RP™;Zw) — Hm=n(RP™) — Zy if 0 < m < m with n even,
or if (n = 0 and m is even)
0  otherwise.

O

Definition 4.53 Let X be a pointed space, and let T : X¥ — X" be an
involution of a pointed space which fixes the base point and is free away from
the base point, such that

XY/7y = X .

(i) The reduced w-twisted homology groups of X are

H.(X;Z") = H.(Z™ @z, S(X™)),
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with S(X®) = S(X™,{pt.}) the reduced chain complex regarded as a (free)
Z[Zs]-module chain complex by T': X% — X",
(ii) The reduced w-twisted cohomology groups of X are

H*(X;Z") = H.(Homgz,(S(X"),Z7)) . a

Proposition 4.54 The reduced w-twisted homology and cohomology groups fit
into exact sequences

o Hoy1 (X) — Ho(X3Z2%) — Ho (X)) 5 Ho (X)) — Ha (X Z) — ...

o FYX) s HMXGZP) — H(X) S H(X) — H(XGZ) —

Proof As for 4.48, using the short exact sequences of Z-module chain complexes

0 — Z~ ®zpz,) C(X®) = ZlLo] ®pyz,) C(X™) — L @iz, C(X¥) — 0,
0 — Homgz, (C(X"™),Z) — Homyz,) (C(X™), Z[Zs))

— Homz[z2](C(Xw),Z_) — 0.

We now move on to universal Poincaré duality.

Let X be a space, and let X be a regular cover of X with group of covering
translations m. The action of m on X by covering translations

Tx X — X ; (g,2) — gz

determines an action of Z[r] on H,(X)

Zlr] x H.(X) = Ho(X) ; (g,2) = got ,
so that the homology groups H. (X) are (left) Z[x]-modules. The ordinary coho-
mology groups H*(X) are Z[r]-modules via

Zlr] x H*(X) — H*(X) ; (g,2) = (97 )"z .
For finite 7 the ordinary cohomology H* ()? ) is adequate for studying the Poincaré
duality of X (if X is a manifold, say), since then X is compact. However, for
infinite 7 and a compact X the cover X is non-compact and it is the compactly
supported cohomology Hé‘pt(f( ) which is relevant. Using an involution on Z[r]
it is in fact possible to give a uniform treatment of the ordinary cohomology for

finite 7 and the compactly supported cohomology for infinite 7, as follows.
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Definition 4.55 Let 7 be a group together with an orientation character w :
T — Zs, i.e. a group morphism.
(i) The group ring Z[r] is the ring with elements the linear combinations

ang (ng € Z)

gem

such that {g € 7 |ng # 0} is finite. Addition and multiplication are by

ngg-i-zngg = Z(mg+n9)g )

geE™ gem ge™
(> mgg)(>-ngg) = > (mgnn)gh .
ge™ ge™m g,hem

(ii) The w-twisted involution on Z[r] is given by

- Zn] — Z[n] angHa— an “t(ng€7Z).

gem gem

In the untwisted case w(g) = +1 (g € m) this is the oriented involution on
Z[x].
(iii) Let Z" denote the right Z[r]-module defined by Z with Z[r] acting by

7Y X Zr) = Z% ; ang Z (g)mny . O

gem gem

Definition 4.56 An oriented cover ()?,ﬂ,w) of a (connected) space X with
an orientation character w(X) € H'(X;Zy) = Hom(m (X),Zs) is a regular
covering of X with group of covering translations 7, together with an orientation
character w : m — Zsg such that

w(X) : m(X) ™ Zs

so that
S(X;Zw) =¥ ®z[n] S(X) . O

In an oriented cover (X m,w) the double cover X* of X pulls back to a
trivial double cover X = X U X of X.

Given an oriented cover ()~( ,m,w) of a space X it is clear that the homology
groups H,(X) are Z[r]-modules (irrespective of w). The action of Z[r] is by

Z[r] x Ho(X) = Ho(X) 5 (O ngg,7) = Y ngga() ,

gem ge™

with g € 7 acting by the Z-module automorphism g, : H, ()~() — H, (X X) induced
by the covering translation g : X — X.
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Definition 4.57 The cohomology Z[r]-modules of an oriented cover (X, , w)
a space X are defined for n > 0 by

H"(X) = H"(5(X))
= ker(d* : S(X)" — S(X)") /im(d* : S(X)"~! — S(X)")
using the w-twisted involution on Z[7] to define

S(X)™ = Homgr(S(X)n, Z[1]) . o

Warning : the Z[r]-module cohomology groups H*(X) are not in general the
same as the singular cohomology groups of X, although this is the case if X is
a finite CW complex, 7 is finite and w = +1.

Evaluation defines Z[r]-module morphisms

H™(X) = Ho(X)" 5 f = (z = f(2)) .

Proposition 4.58 Let X be a space with an oriented cover ()?, T,W).
(i) The homology and cohomology groups of X are related by cap products
N Hp(X;Z%) @z HY(X) — Hpn(X) ; (x,y) —axNy
such that for every a € Z[r]
zNay = a(xNy) € Hy_n(X) .
(ii) For any homology class [X]| € Hy,(X;Z") the cohomology intersection
pairing

A H" (X)) x HY(X) — Z[r] ; (a,b) — a([X]ND)
is sesquilinear and such that
Ab,a) = (—=1)"" "™ \(a,b) € Z[x] .
The cohomology intersection pairing is the adjoint of the composite

e XN .
H""(X) === Hy(X) —= H"(X)" .

Proof (i)+(ii) The diagonal chain approximation (3.18) is a Z[r]-module chain
map ~ N N N
Ay : S(X)— S(X)®zS(X)

with Z[r| acting by
Zln] x S(X) ®z S(X) — S(X) @z S(X) ;

(X ngg,y®2z) — > ng(gy @ gz) .
ge™ gem
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Apply Z* @z — to obtain a Z-module chain map
Ao = 1®Ag : Z¥ @y S(X) = S(X;2%) —
2 @1 (S(X) @2 8(X)) = S(X)* @z S(X)

where S(X)! denotes the right Z[r]-module cellular chain complex S(X) with
the same additive structure and

S(X) x Z[x] — S(X)t 5 (z,a) — ax .

Given an m-chain x € S(X;Z"),, let

No(x) = D aj@a] € (S(X) @zm S(X))m = D (S(X)}, @zpm) S(X),) -
i p+g=m

The cap product of z and an n-cochain y € S(X)™ is the (m — n)-chain

Ny = Zy(x;):z:;' € S(X)mon
with y(z}) = 0 € Z|n] if the dimension of z} is # n. The composite

A - . . .
Hp(X;2") — Hp(S(X)! @21 S(X)) = Hyp(Homgpe (S(X) 7, S(X)))

sends a homology class x € H,,(X;Z") to a chain homotopy class of Z[r]-module
chain maps N
xN—: S(X)"" - S(X)

inducing the cap products

tN— : HY(X) > Hpn(X) s y—zNy.

The symmetry property of the cohomology intersection pairing A follows from
the existence of a Z[r]-module chain homotopy

Ay 2 Ay ~ TAy : S(X) — S(X)®z S(X) .

Remark 4.59 For any [X] € Ho,(X;ZY), z € H"(X)

Mz, z) = (=1)"N(z,z) € Z[n] .
It can be shown (using the work of Weiss [95]) that in fact
Mz,z) = a+b+(=1)"b € Z[n]

for some a = (—1)"a € Z, b € Z[w\{1}]. 0
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Proposition 4.60 Let X be a connected space with an orientation character
w € HYX;Z2) = Hom(m(X),Zz2) and universal cover X. The w-twisted ho-
mology and cohomology groups of X are given by

H*(X;7") = H*(Homz[m(x)](S(X)t,Z“’)).

Proof Let X" be the double cover classified by w and identify
2" Q7z[ny (X)) S(X) = zv ®zz,) S(XY) ,

HOInZ[,Tl(X)](S(X)t7Zw)) = Homz[z2](S(Xw),Zw)) .
O

For a CW complex X with oriented cover (X, 7, w) let C(X) be the cellular
Z[r]-module chain complex of X, with

C(X)p = Hp(X™, X(n-1)
= free left Z[r]-module generated by the n-cells of X

and d : C(X)n — C(X)n_1 the boundary map of the triple (X, X (=1,
X (=2)) The homology Z[r]-modules of C(X)
H,(C(X)) = ker(d: C(X)n — C(X)n_1)/im(d : C(X)ps1 — C(X)n)

are just the ordinary integral homology groups of X

H,(C(X)) = H.(X) .
Use the w-twisted involution on Z[r] to define the dual Z[r]-modules
CX)" = (C(X)n)" (n>0).

If X is a finite CW complex then C(X) is a finite f.g. free Z[x]-module chain
complex.

Example 4.61 Let X be a finite CW complex with an oriented cover ()Z', W)
such that w = +1.

(i) If 7 is finite the cohomology Z[r]-modules H*(X) are just the ordinary co-
homology groups H*(X) with the Z[r] action

Zlx] x H*(X) = HY(X) 5 (3 _ngg.) = Y nglg™) (@) -

(ii) For arbitrary =

H*(X) = H(X)
with H, :pt()N( ) the cohomology groups defined by integral cochains with compact

support (i.e. taking non-zero values on only a finite number of cells) with the
induced Z[r]-module structure. O
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Example 4.62 The homology and cohomology Z[Z]-modules of the oriented
cover (R,Z,+1) of R/Z = S! are given by

Z n= Z n=
m® = {7 20w = {7

Remark 4.63 For any space Y there are defined cap product pairings

N HY(Y)®, H?

cpt

(Y) - Hm*’ﬂ(y) )

with H¥(Y') the homology groups deﬁnecl using the locally finite infinite chains
in Y. Thus for any (noncompact) cover X of a finite CW complex X there are
defined (infinite) transfer maps

1

p' o H(X)—HY(X); 27 .

The cap product of 4.58 can be expressed as the composite

1
~ "1 . - -
N Ho(X) 0z HY(X) s HY(X) @ HL(X) — > Hpon(X)
using 4.61 to identify H*(X) = Hc*pt()?). O

Example 4.64 For X=X , ™ = {1} the cohomology intersection pairing is just
the evaluation of the cup product

U: H"™X)x H"(X) — H™(X) ; (a,b) —aUb

on [X] € H,,(X)
Ma,b) = (aUb,[X]) €Z . O

Universal Poincaré Duality Theorem 4.65 For any m-dimensional mani-
fold M and oriented cover (M, m,w) cap product with the w-twisted fundamental
class [M] € Hp,(M;Z") is a Z[r]-module chain equivalence

[M]N— : C(M)™* — C(M)

inducing Z[r]-module isomorphisms

[MINn— : H"*(M) — H.(M) .
Proof As for the R-coefficient case (4.4), but using Z[r]-coefficients. a

In particular, the Universal Poincaré Duality Theorem for the orientation
double cover (M,Zz,id.) classified by w(M) € H(M;Zs) is just the Twisted
Poincaré Duality Theorem (4.51). The homology intersection pairing (4.11) has
the following non-simply-connected generalisation :
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Definition 4.66 The homology intersection pairing of an m-dimensional
manifold M with respect to an oriented cover (M, w, w)

A ¢ Hy(M) X Hypn(M) = Z[x] 5 (a,b) — Aa,b)
is the sesquilinear pairing defined by

Aa,b) = a*(b) € Z[n]

with a* € H™~™(M) the Poincaré dual of a, such that

Ab,a) = (=1)""™"™MX(a,b) € Z[x] . o

The homology intersection pairing (4.66) coincides with the cohomology in-
tersection pairing (4.58) via the Poincaré duality isomorphisms

Hm=n(3T) x HO(M) —2 Zlx]

lg

Hoy () % Hy (M) —2> Z[n]

The homology intersection pairing will now be used to extend the results of
Section 4.2 on the homology effect of a geometric surgery to the homology of

an oriented cover, using the following equivariant version of the Umkehr map
(4.14).

Definition 4.67 Let f : N" — M™ be a map of manifolds, and let (]\A/[/,w,w)
be an oriented cover of M such that the pullback (N = f*M, r,w) is an oriented
cover of N. The Umkehr Z[r]-module chain map

L (M) —=C(N)s—min
is defined up to chain homotopy to be the composite

—1 * _
7 eean MO o I emym WL o),

The effect of surgery on the homology of an oriented cover is given by :
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Proposition 4.68 Let (W™t M™ M'™) be the trace of an n-surgery on an
m-dimensional manifold M™ , with

M'™ = Cl(Mm\Sn % Dm—n) U Dn+1 X Sm—n—l ,
wmtl = M™ x Tu D"t x D™
Let ((W,M, ]\7’),77,111) be an oriented cover of (W; M, M’), and let x € H,L(M)

be the Hurewicz image of the element in m,(M) killed by the surgery. The ho-
mology Z|r|-modules are such that

oo oo JZn ifi=n+1
Hi(W, M) = {0 ifi#Fn+1,
{Z[ﬂ ifi=m-—n
0 ifi£Em—n

with a commutative braid of exact sequences of Z[r|-modules

Hi(/V\V/7 M/) =

/’_\ /’—\
Hi oy (W, M) H;(M) H; (W, M)
. 7 . 7
Hi (W, MU M) Hy(W)
7 . 7 .
Hir (W, M) H;(M") H; (W, M)
v \—_—//
1‘/ (x/)l

and
Hpy(W, M) = Z[x] — Hy(M) ; 11—z,
Hm—n(ﬂ) - Hm—n(w) - Hm—n(,v\[;vv M/) =Zlrl; y— Mz,y) -

Proof Proposition 4.19 gives homotopy equivalences
W ~ MuD" ~ M'uD™ ™.

Thus M’ is obtained from M by first attaching an (n+1)-cell, and then “detach-
ing” the Poincaré dual (m — n)-cell from M U D"*1. Attaching an (n + 1)-cell
to M has the algebraic effect on the cellular chain complex C(M ) of forming
the algebraic mapping cone of the Z[r]-module chain map z : S"Z[x] — C(M)
representing x € H, (ZTJ ), so that the cellular chain complex of W is given by

cCW); = {C(M)n+1@z[ﬂ] ifi=n+1,

C(M); otherwise .

Detaching an (m — n)-cell from W has the algebraic effect on the cellular chain
complex of forming the algebraic mapping cone of the Z[r]-module chain map
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x* C(W) — S™~"Z[m| representing the Poincaré dual z* € H™ " (M) of z,
and shifting the dimension by 1, so that

~ {C(W)mnl@zm fi=m-n—1,
cw), otherwise .

C(AI); =

Eliminating W from these two expressions gives

C(M)p+1 ® Zn) ifi=n+1l#m-n—-1,

O - C(M)m—n—1 & Zln] fi=m-n—1#n+1,
CM)pt1@ZIr|®Z[n] fi=m-n—-—1=n+1,
C(M); otherwise .

O

Example 4.69 For an oriented cover (]\7 ,m,w) of a 2n-dimensional manifold
M?" there is defined a (—1)"-symmetric pairing

A i Hy(M)x H,(M) — Z[x] ; (z,y) — Mz,y)

with

Ay, x) = (=1)"A(z,y) € Z[r] (z,y € H,(M)) .
If (W?2n+L M2" M'?") is the trace of an n-surgery on a 2n-dimensional manifold
M killing « € 7, (M) then the Hurewicz image x € H, (M) is such that A(z,z) =
0 € Z[rn] and

with
(@)t = {y € Ho(M)| Mz, y) =0 € Z[n]} .

The reader is referred to Ranicki [69] for a comprehensive theory of surgery
on chain complexes — the homology effect of a geometric surgery is determined
by the chain level effect of a corresponding algebraic surgery.
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BUNDLES

The algebraic and topological properties of bundles are an essential tool in
understanding manifolds in general, and surgery theory in particular. This chap-
ter brings together the basic properties of fibre bundles, fibrations and vector
bundles required. Milnor and Stasheff [61] is the standard reference for vector
bundles and their characteristic classes.

Section 5.1 deals with fibrations and fibre bundles with arbitrary fibres F.
Section 5.2 considers vector bundles, which are fibre bundles with F = RF.
Section 5.3 describes the tangent bundle of a manifold, and the normal bundle
of a submanifold. Section 5.4 gives a necessary and sufficient bundle-theoretic
condition for killing a homotopy class of a manifold by surgery, and describes
the effect of surgery on the tangent bundle. Section 5.5 recalls the Hopf invariant
and the J-homomorphism.

5.1 Fibre bundles and fibrations

The basic definitions and properties of fibre bundles and fibrations are reviewed.

Definition 5.1 A fibre bundle is a sequence of spaces and maps
p
F——F——B

with base space B, total space F and fibre F' = p~!(b) (for some base point
b € B), together with a maximal collections of pairs

(open neighbourhood U C B, homeomorphism ¢ : U x F — p~1(U))
such that
po(y,2) = yeX (yeB). o

Example 5.2 A fibre bundle over S™
F——F——8m

is determined by a clutching map

w : 8™ ' — Homeo(F)
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to the space of homeomorphisms F' — F', with

E = (D" X F) U yn(aw@) @) (D™ X F) (€ S™ L yeF). O

More generally :

Definition 5.3 A fibration is a sequence of spaces and maps

FP——F——8

with base space B, total space F and fibre F' = p~!(b) (for some base point
b € B), such that p has the homotopy lifting property : for each map f: X — E
and homotopy h : X x I — B with

h(z,0) = pf(z) € B (x€X)
there exists a homotopy ¢g : X x I — E such that

g(z,0) = f(x) e E , pg(x,t) = h(z,t)eB (zeX,tel).

XX{O}*f>E

7
S h

XxI——B

p

Example 5.4 A fibre bundle F' — E — B with the base space B paracompact
is a fibration (Whitehead [96,1.7.13]). O

For every map p : E — B there exists a fibration .#(p) — &(p) — B such
that p : E ~ &(p) — B, defined as follows:
Definition 5.5 The path space fibration of a mapp: £ — B

F(p) fp) —= B

is given by
8lp) = {(w,z) € B x E|w(1) = p(z) € B} ,

q: &p) = B; (w,z) —w(0),
Fp) = q'(b) = {(w,2) € B' x Ew(0) = b,w(1) = p(z) € B}
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with BT the topological space of maps I — B (with the compact-open topology).
The maps

ép) — E; (wz)—zx,

H: E—-é8p); z— (w:t—plx)z)
are inverse homotopy equivalences, with ¢H ~ p. The fibre Z(p) is called the
mapping fibre of p: F — B. O

Proposition 5.6 (i) Letp : E — B be a pointed map. A pointed map X — F(p)
1S a pair

( pointed map f: X — E , pointed null-homotopy g : pf ~{x}: X — B ) .

The pointed homotopy set [X, F(p)] is the set of pointed homotopy classes of
pairs (f,g), and if B is connected there is defined an exact sequence of pointed
sets

... = [X,QB] - [X, #(p)] — [X, E] — [X,B],

with QB = F(b: {#} — B) the loop space of B at the base point b € B.
(ii) The relative homotopy groups of a pointed map of connected spacesp : E — B
with connected mapping fibre Z(p) are such that

Tn(p) = mTa(F(p) (n=1),

with an exact sequence

o n(F@) = n(B)  m(B) = 1 1 (F(@) — . — m(B) .

(iii) For a fibration of pointed spaces

b

F ——F —— B

with B connected there is defined a homotopy equivalence F ~ F(p), and for any
pointed space X there is defined an exact sequence of pointed sets

...— [X,QB] — [X,F] — [X,E] — [X, B

If F,E,B are all connected there is defined a long exact sequence of homotopy
groups

o T (F) = mp(E) = mp(B) = a1 (F) — ... —> m1(B) .

Proof See Chapter VIIL.6 of Bredon [10]. O
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Example 5.7 The Hopf bundles

Sl SQn—i—l n (CP",

53 o S4n+3 L H]Pm,

57 g5 . op=gt

are defined over the projective spaces CP™, HP™ (n > 1), OP of the complex
numbers C, the Hamilton quaternions H and the Cayley octonions O respectively,
with
C= {1’ +'Ly|l',y € R}7i2 = _175 = _7:’
H = {a + bi + c¢j + dkl|a, b, c,d € R},
i2 :j2 = kg = _17;: _255: _.77E: _ka
jk = —kj =i, ki = —ik = j,ij = —ji = k,
O=HeoH, (z,y) = (2,7), (z1,22)(y1,¥2) = (z191 — YoZ2, T2Y1 + Y271).

The complex and quaternion projective spaces

CP™ = {(20,21,---,2n) # (0,0,...,0) € C"*1} /(2 ~ Xz for A # 0 € C),
HP" = {(20,21,---52n) # (0,0,...,0) € H" "} /(2 ~ Az for X\ # 0 € H)

are manifolds of dimension 2n,4n, respectively. The complex and quaternion
Hopf bundle projections are given by

n
n: S2n+1 = {(207217"'7271) 6(CnJr1| Z 2K 2k :1}
k=0
— CP" 5 (20,21,--+52n) 7 [20y 21, - -+ 5 Zn),
n
n: S4n+3 = {(207217"'7Zn) 6Hn+1‘ Z K2k = 1}
k=0
— HP"™ ; (20,21, -5 2n) — [20, 215 - - Zn]

and for n = 1 are fibre bundles of spheres

st s g8 T, cpt = g2,

S8 — = §7 . HP! = 54,

See Chapter VIL.8 of Bredon [10] and Chapter 4.2 of Hatcher [31] for more
detailed expositions of the complex and quaternion Hopf bundles. See §3.1 of

Baez (The Octonions, Bull. A.M.S. 39, 145-205 (2002)) for the construction of
the octonion projective line OP and the Hopf bundle §7 — S — QP = S%. O
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5.2 Vector bundles

Definition 5.8 (i) A k-plane bundle (or vector bundle) (X,n) is a fibre
bundle

RF E(n) X
such that

(a) each fibre
n(z) = p~H(z) (z€X)

is a k-dimensional real vector space,
(b) every z € X has a neighbourhood U C X with a homeomorphism

¢ : UxRF = p~ (1)
such that for each u € U the function
R* — n(u) ; v ¢(u,v)

is an isomorphism of vector spaces.

(ii) A bundle map
(f;0) « (X'n") = (X,n)

is a commutative square of maps

such that the restriction of b
ba') o (@) = n(f(@)) 5 v b(o)
is a linear map of vector spaces for each z’ € X'. O

Definition 5.9 (i) The pullback of a k-plane bundle 1 over X along a map
f: X' — X is the k-plane bundle f*n over X’ defined by

E(f'n) = {(z,y) e X' x E(n)| f(z') =p(y) € X},

with projection
o E(ffn) - X' (@ y) e o

and fibres
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@) = n(f@)) (2" €X).
(ii) A pullback bundle map is a bundle map (f,b) : (X',n') — (X,n) such
that each of the linear maps
b(z') = bl : 7' (') = n(f(a)) (2 €X'
is an isomorphism of vector spaces, i.e. such that the function
E(m) — B(f'n) 5y () b))

is a homeomorphism.
(iii) An isomorphism b : 7’ — 7 of bundles over the same space X is a pullback
bundle map of the type (1,b) : (X,7") — (X,n). O

Proposition 5.10 (i) For any k-plane bundle n over X and any map f : X' —
X there is defined a pullback bundle map

(f:0) + (X', f'm) — (X,m) .

(ii) A pullback bundle map (f,0) : (X',n') — (X,n) is a bundle map such that
(L,b) : (X', n") — (X', f*n) is an isomorphism of bundles.

Proof (i) The map
b E(fm)—Em); (@'y)—y
determines a bundle map
(f:b) + (X7, f™n) — (X, m)
with
b(a') + fra() = p7H@) = a(f@) = p7H(f@); (@ y) oy
a vector space isomorphism for each ' € X'.

(ii) Trivial. O

The topology of vector bundles is closely related to the topology of the general
linear and orthogonal groups:

Definition 5.11 (i) The k-dimensional general linear group
GL(k) = Autg(R¥)
is the automorphism group of the standard k-dimensional real vector space R¥,

with elements the invertible k x k real matrices.
(ii) The k-dimensional orthogonal group

O(k) = Autg(RF, 1)

is the automorphism group of the standard k-dimensional symmetric bilinear
form (R¥, 1), with elements the orthogonal k x k real matrices. a
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Identify the set of all k x k matrices with the k2-dimensional Euclidean space
My p(R) = R¥

and give O(k) C GL(k) C My, ,(R) the subspace topologies.

Proposition 5.12 (i) GL(k) is an open manifold of dimension
dim GL(k) = k*.
(i1) O(k) is a compact manifold of dimension
dim O(k) = %k(k 1.

(iii) The inclusion O(k) — GL(k) is a homotopy equivalence.

Proof (i) The determinant of k x k matrices defines a differentiable function
det : Myx(R) = R¥ SR ; a det (a)

such that
GL(k) = My ,(R)\det~'(0) c R

is an open subset.
(ii) A k x k matrix a = (a,;) is orthogonal if and only if

where a = (a;;) is the transpose k x k matrix. The function
FoRF S REEED/2 g0 {(a"a—D)i;|11<i<j<k}
has regular value 0, with
O(k) = f10) C Myr(R) = R¥ .
The Implicit Function Theorem (2.12) gives that O(k) is a manifold with
dimO(k) = k> —k(k+1)/2 = k(k—1)/2.
The subspace O(k) C R* is closed and bounded, and hence compact.

(iii) The Gram-Schmidt orthonormalisation process defines a homotopy inverse
GL(k) — O(k) to the inclusion O(k) — GL(k). O
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Example 5.13 An orthogonal map R? — R? is a rotation or a reflection, so
that the orthogonal group O(2) is diffeomorphic to the disjoint union of two
circles, with a diffeomorphism

Stust = St x{£1} - 0(2);
cosf) —sinf

sinf cos@
cosf) sinf

((cosB,sinf), +1) — < ) (rotation through 0)

((cos B, sin ), —1) < ) (reflection in 6/2) .

sinf —cos6

Definition 5.14 The base space X of a k-plane bundle 7 is covered by open
neighbourhoods U C X with homeomorphisms ¢ : U x R¥ — p~1(U) such that

(i) po(z,v) =z € X for all z € U,v € RF,

(i) for any (U, ), (U’,¢’) with non-empty intersection U N U’ the transition
functions

¢ (UNU)xRF - p~H(UNU') - (UNU') xR
are of the form (z,v) — (x, h(z)(v)) for some continuous function
h =hY : UNU — GL(k)
satisfying the usual compatibility conditions
W' (x) = hY ()b (z) : R* - R* (zeUNU' NU"). 0
It follows from Proposition 5.12 (iii) that the transition functions of a vector
bundle can always be deformed to be of the form
(UNU) xR = (UNU") xR*; (2,v) — (z,h(z)(v))

with h : UNU" — O(k). From now on, we shall only consider bundles of this
type. The transition functions preserve the standard inner products on the fibres,
so that each vector v € E(n) has a length |jv] > 0.

Definition 5.15 (i) A k-plane bundle 1 over a space X is trivial if it is iso-
morphic to the bundle €¥ with projection

p: E(®) = XxRF - X ; (z,y)— .

(ii) A framing (or trivialisation) of a k-plane bundle 7 is an isomorphism to
the trivial k-plane bundle
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%’ek

b:n

(iii) Two framings bg, b1 of a k-plane bundle 7 over X are isomorphic if there
exists a continuous family of framings

bt n = Gk (0<t<1)7

or equivalently if by, b; extend to a framing of the k-plane bundle n x I over
X x I with total space E(n x I) = E(n) x I.

(iv) A section of a k-plane bundle 7 over a space X with projection p : E(n) — X
is amap s: X — E(n) such that

ps = 1 : X*S>E(77)*p>X,

Thus for each « € X there is given a continuous choice of element s(z) € n(x).
(v) A section s of i is non-zero if s(z) # 0(z) € n(z) for every z € X.
(vi) The zero section of 7 is the section

z: X—>E®n); z—0z).

(vii) The Whitney sum of a j-plane bundle « over X and a k-plane bundle g
over X is the (j + k)-plane bundle a ® 3 over X defined by

Ela®B) = {(u,v) € E(a) x E(B)|palu) =ps(v) € X}
with fibres

(@@ p)(z) = alz)®f(z) (zeX). O

Example 5.16 The trivial k-plane bundle €* over a space X is the k-fold Whit-
ney sum of the trivial 1-plane (= line) bundle

= ebed...De,

with k linearly independent sections. For any map f : Y — X the pullback f*e*
is (isomorphic to) the trivial k-plane bundle €¥ over Y. a

Proposition 5.17 A k-plane bundle n admits a non-zero section (5.15) if and
only if it is isomorphic to ' ® € for a (k — 1)-plane bundle n'.

Proof Given a non-zero section s : X — E(n) define n’ by

E(f) = |J n@)/(s(x))

zeX

with (s(x)) C n(x) the 1-dimensional subspace spanned by s(x) # 0 € n(x).
O
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Definition 5.18 Let n be a k-plane bundle over a space X.
(i) The disk bundle of 7 is

D(n) = {veEm) v <1} .
(ii) The sphere bundle of 7 is
Sn) = {veEMm |l =1} .
(iii) The Thom space of 7 is the pointed space
T(n) = D(n)/Sn)

which is the one-point compactification of E (7). O

The disk and sphere bundles are the total spaces of a fibre bundle
(D*,8%71) — (D(n), S(m) — X .

Example 5.19 (i) For any vector bundle 7 over a space X the Thom space of
7 @ € is the suspension (3.9) of the Thom space of n

Tnde) = XT(n) .
(ii) For the trivial k-plane bundle €* over a space X
(D(e"),8(e)) = X x (D, 8571, T(e") = uM(Xy)
where X = X U {pt.}. O
Proposition 5.20 The Thom space T(n) of a k-plane bundle n over a CW

complex X has the structure of a CW complex with one 0-cell (at the base point)
and one (n + k)-cell for each n-cell of X.

Proof By definition, X is obtained from () by successively attaching n-cells. It
therefore suffices to consider the effect on the Thom space T'(n) of attaching an
n-cell to X along a map « : S" ! — X with a trivialisation 3 : a*n = €* over
Sn=1 giving a k-plane bundle w over X U, D™ with w|x = 7. The Thom space

T'(w) is obtained from T'(n) by attaching an (n + k)-cell
T(w) = T(n) Uy D"
with

v oo SVRL S T(aty) =2 T(F) = SPv sttt s T(x) .
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Zo-coefficient Thom Isomorphism Theorem 5.21 FEvery k-plane bundle n
over a CW complez X has a mod2 Thom class U, € H*(T(n); Zs) such that
for each © € X the morphism

(io)* + HYT(n);Z2) — HY(T((iz)*n); Zo) = H¥(S%Z2) = Zy

induced by the inclusion iy : {x} — X sends U, to the non-zero element in Zs.
The cap and cup products define isomorphisms

UyN— : H(T(1);Z2) — He x(X;Zs) ,
UpU— : HY(X;Zy) — H*H(T(n); Zs) .

Proof The reduced Zs-coefficient cellular chain complex of T'(n) may be iden-
tified with the cellular chain complex of X with a k-fold dimension shift

C(T(n);Z2) = C(X;Zo)s—y -

(See Theorem 4D.10 of Hatcher [31], Theorem VI.11.3 of Bredon [10], Lemma
18.2 of Milnor and Stasheff [61] for more detailed accounts.) O

Definition 5.22 Let V be a real vector space, and let £ > 1 be finite and such
that k& < dim(V) < oc.

(i) The Grassmann manifold Gy (V) is the space of k-dimensional subspaces
W CV.

(ii) The canonical k-plane bundle over G (V)

Ww(V) = AW, 2) [W € Gp(V),z € W}

has projection
(V) = G(V); W,z) — W . O

Bundle Classification Theorem 5.23 (Steenrod [86])

Let X be a finite CW complex.

(i) Every k-plane bundle n over X is (isomorphic to) the pullback f*y;(R*) of
the canonical k-plane bundle 1y, = v (R™) over the classifying space

BO(K) = Gy(R™)
along a map f: X — BO(k).

(ii) The isomorphism classes of k-plane bundles over X are in one-one corre-
spondence with the homotopy classes of maps X — BO(k).

(iii) The trivial k-plane bundle €* is classified by the trivial map {*} : X —
BO(k).

(iv) The pullback f*n of a k-plane bundle n : X — BO(k) along a map f: X' —
X is classified by the composite

f'n: X iX A BO(k) .
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Proof See Chapter 5 of Milnor and Stasheff [61]. O

In particular, the identity map 1 : BO(k) — BO(k) classifies 7;(R*). On
the level of classifying spaces, the Whitney sum is given by a map

@ : BO(j) x BO(k) — BO(j + k) .

Definition 5.24 (i) An orthonormal n-frame b = (b1, bs,...,b,) in an inner
product space W is an ordered set of n orthonormal vectors, with
1 ifi=j
bi b == 51 = P .
* 0 / {0 ifi#7j.
(ii) The Stiefel n-frame manifold V,,(W) of an inner product space W is the
space of orthonormal n-frames in W. In particular, the Stiefel n-frame manifold
of R™ is denoted?
Vinn = Vo(R™) .
(iii) The Stiefel n-frame bundle V,,(n) of an m-plane bundle n over X with
n < m is the fibre bundle
Vm;n - Vn(n) - X

with total space

Vo) = |J Valn(@)) - =

reX
Proposition 5.25 (i) The Stiefel manifold Vi, of orthonormal n-frames in
R™ i4s a compact manifold of dimension
dimV,,, = 2m—n—-1)n/2.

(ii) The Grassmann manifold G, (R™) of n-dimensional subspaces in R™ is a
compact manifold of dimension

dim G,(R™) = n(m—mn) .
(iii) The Stiefel manifolds Vi n, Vin,m—n and the Grassmann manifold G, (R™)

fit into a commutative braid of fibrations

SN TN

O(n) Vinon BO(m —n)
O(m) Gn(R™) BO(m)
O(m - ﬂ) Vm,m—n BO(TL)

~_ 7 >~ 7

LSome authors (e.g. Browder [11] and Wall [92]) use a different terminology, with Vi, n
denoting the Stiefel manifold of orthonormal m-frames in R™1™,
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with
Vinn = O(m)/O(m—n) s Vinm—n = O(m)/O(n),

Gn(R™) = Gm—pn(R™) = O(m)/(O(n) x O(m —n)),
BO(n) = Gn(R®) .

Proof (i) The Stiefel manifold

Vm,n = {(bl,bg, .. 7bn) S HSm71 |b1 .bj = 5”}

is a closed subspace of the compact Hausdorff space [] S™ 1, so that it is also a

compact Hausdorff space. Use the standard unit vectré)rs
e; = (0,...,0,1,0,...,0) e R™ (1<i<m)
to define the projection
O(m) = Vipn ; w— (Wlem—nt1),w(€m-nt2);---w(€m))

of a fibre bundle
O(m—n)— O(m) — Vi, .

Applying the dimension formula given by Proposition 5.12 (ii) we have
dimV,,, = dimO(m)—dimO(m — n)
= (m(m—1) = (m—n)(m—n—1))/2
= 2m-n—1)n/2.
(ii) The map
Vinn = Gn(R™) 5 (b1,b2,...,by) — span(by, ba, ..., by)
is the projection of a fibre bundle with fibre O(n), so
dimG,(R™) = dimV,, , —dimO(n)
= 2m—-n—-1)n/2—-n(n-1)/2
= n(m-—n).

(Alternatively, note that for any n-dimensional subspace U C R™ the orthogonal
complement U+ C R™ is (m — n)-dimensional, and the graphs of linear maps
f:U—=U"

Iy = {(z,f(x)) |z €U CUa U+ = R™

define an open neighbourhood {I';} C G, (R™) of U € G,,(R™) with

{I'y} = Homp(U,U*) = R"m=™
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up to homeomorphism.)
(iii) The Stiefel n-frame bundle of the universal m-plane bundle 1,,

Vinn = V(L) — G (R™)
has total space
V(1) = {(W,0) |W C R, dimg(W) =m, be V,(W)}

and projection
Vi(lm) = G (R™) 5 (W)b) — W .

The map
Vi(1p) = G n(R®) 5 (W, b) = span(b)*

is a homotopy equivalence, so there is defined a fibration

Vinn = O(m)/O(m—n) — Gp—n(R*) = BO(m—n) — G, (R*®) = BO(m).

O
Example 5.26 An element x € V,, ; is a unit vector 2 € R™, so
Vm71 = Sm71 . O
Vector bundles over S™ are constructed as follows :
Definition 5.27 Given a map w : S"! — O(k) define a k-plane bundle 7, :
S™ — BO(k) over S™ = D™ U D™ with total space
E(r]w) = D" x RF U(z,y)~(z,w(z)(y)) D" x R (JJ S S”_l,y S Rk)
and clutching map w (5.2). m|

Proposition 5.28 (Steenrod [86])
(i) The function
Tn-1(O(k)) = mn(BO(K)) 5 w = 1

is an isomorphism.
(ii) The loop space of the classifying space BO(k) is such that there are defined
homotopy equivalences

QBO(k) ~ O(k) ~ GL(k)

and

1 (BOK)) = m_1(O(k)) = m_1(GL(K)) .
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Proof Every k-plane bundle over D" is trivial. For every k-plane bundle 7

over S™ = D™ U D" the restrictions to the two D™’s are trivial, which are glued

together using an automorphism w : €* 22 ¥ of the trivial k-plane bundle €* over

S"~1. Thus 7 is isomorphic to 7, for some w : S"~1 — O(k). ad
Proposition 5.29 (i) Every vector bundle n : X — BO(k) has a stable inverse,
a vector bundle —n : X — BO(j) (j large) such that

n®-n = & . X 5 BOG+k) .

(ii) A k-plane bundle n can be framed (= is trivial) if and only if the classifying
map n : X — BO(k) is null-homotopic, with the isomorphism classes of framings
b:n=eF in (unnatural) one-one correspondence with [X, O(k)].

Proof Thisis a direct consequence of the Bundle Classification Theorem (5.23).
O

Definition 5.30 (i) A stable isomorphism between a k-plane bundle 7 and
a k’-plane bundle 1’ over the same space X is a bundle isomorphism
b:nde = paéd

for some j, 5/ > 0 with j + k= j' + k'
(ii) A stable bundle over X is an equivalence class of bundles 7 over X, subject
to the equivalence relation

n ~ 1’ if there exists a stable isomorphism n ® e/ = 7 @ e’

for some 7,5 >0 .
(iii) A k-plane bundle 7 is stably trivial if n @ ¢’ is trivial for some j > 0. O
Proposition 5.31 The isomorphism classes of stable bundles over a finite CW

complex X are in one-one correspondence with the homotopy classes of maps
X — BO to the classifying space

BO = lim BO(k) ,
k

the direct limit with respect to the inclusions BO(k) — BO(k + 1) passing from
ntonde.

Proof Immediate from the Bundle Classification Theorem 5.23. O

Remark 5.32 The homotopy groups m,(BO) are 8-periodic by the Bott peri-
odicity theorem, and are given by :



100 BUNDLES

n(mod8) (0| 1| 2 |3[4]5[6(7
m(BO) |Z |23 |75 0| Z]0]0]0

Proposition 5.33 (Steenrod [86])

(i) The pair (BO(k + 1), BO(k)) is k-connected.

(i) If k > m then two k-plane vector bundles n, ' over an m-dimensional finite
CW complex X are isomorphic if and only if they are stably isomorphic.

(iii) The Stiefel manifold V,, ., is (m —n — 1)-connected.

Proof (i) The inclusion BO(k) — BO(k + 1) fits into a fibration sequence

Vitia = S* — BO(k) — BO(k + 1)

(which is the k-sphere bundle of Tgk+1 : S¥+1 — BO(k +1) — see Section 5.3 for
the tangent bundle) so that the pair (BO(k + 1), BO(k)) is k-connected, with

7;(BO(k+1),BO(k)) = m;_1(S*) = 0for j <k.
(ii) It follows from (i) that for & > m each map
[X,BO(k)] — [X,BO(k+1)] — ... = [X, BO]

is a bijection.
(iil) It follows from (i) that the pair (BO(m), BO(m —n)) is (m — n)-connected,
so that

Tk (Vimn) = 41 (BO(m),BO(m —n)) = Ofork<m—n—1.

Every cohomology class ¢ € H/(BO(k)) determines a characteristic class,
associating to each k-plane bundle 1 : X — BO(k) a cohomology class

c(n) = n'(c) € H(X).

Characteristic classes are the basic algebraic topology invariants of vector bun-
dles.

Remark 5.34 (i) See Chapters 7,8 of Milnor and Stasheff [61] for the definition
of the characteristic Stiefel-Whitney classes of a k-plane bundle n : X —
BO(k)

wi(n) € H'(X;Z2) (i >0)

which Thom characterised by
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S (Uy) = wi(n) VU, € HY(T(n); Z2)

with U, € H*(T(n);Z2) the mod2 Thom class. The universal Stiefel-Whitney
classes w; = w;(1;) € H'(BO(k); Z3) are the generators of the mod2 cohomology
of BO(k)

H*(BO(k),ZQ) = ZQ[wl,U}g, [N ,’U.)k} .

(ii) See Chapter 15 of [61] for the definition of the characteristic Pontrjagin
classes of a k-plane bundle  : X — BO(k)

p](n) € H4J(X) (] = Oa 172a' . )
and the computation

H*(Bo(k)7(@) = Q[plaPQa"'ap[k/Q]} . (W

The k-dimensional general linear group has two components
GL(k) = GL*(k)UGL™ (k)

with
' GL* (k) {a € GL(k)|det(a) >0},

GL~ (k) {a € GL(k)|det(a) <0} .
The determinant defines a surjective group morphism

det : GL(k) — R\{0} ; a — det(a)

and
GL" (k) = ker(sign(det) : GL(k) — Zy) < GL(k)

is a normal subgroup of index 2.

Definition 5.35 (i) An orientation for a k-dimensional real vector space V is
an equivalence class of (ordered) bases, with two bases equivalent if they differ
by an element of GL™ (k). There are exactly [GL(k) : GLT (k)] = 2 orientations
for V.

(ii) A k-plane bundle n : X — BO(k) is orientable if the transition functions
h:UNU" — GL(k) (5.8) are orientation-preserving, that is h(UNU’) C GL* (k).
(iii) A k-plane bundle is nonorientable if it is not orientable.

(iv) An orientation for an orientable k-plane bundle n : X — BO(k) is a com-
patible choice of orientation for each of the k-dimensional vector spaces n(x)
(x € X). An oriented bundle is an orientable bundle with a choice of orienta-
tion.

(v) The k-dimensional special orthogonal group

SO(k) = {a € O(k)|det(a) =1}
is the index 2 subgroup of O(k) consisting of the orientation-preserving ele-

ments. The inclusion SO (k) — GL* (k) is a homotopy equivalence, by the Gram-
Schmidt orthonormalisation process. O



102 BUNDLES

The orientability of a vector bundle n : X — BO(k) is determined by the
first Stiefel-Whitney class w1 (n) € H*(X;Zs2).

Proposition 5.36 (i) A k-plane bundle n : X — BO(k) is orientable if and
only if wi(n) =0¢€ HY(X;Zs).

(ii) For any n : X — BO(k) over a connected CW complex X the double cover
X of X classified by wy(n) € HY(X;Zy) is such that there are ezactly two lifts
of 1 to an oriented bundle 1 : X — BSO(k). In particular, BSO(k) is the
double cover of BO(k) classified by the universal first Stiefel-Whitney class wy €
HI(BO(IC), ZQ) = ZQ.

(iii) An orientable k-plane bundle n: X — BO(k) over a connected space X has
two orientations.

Proof See Bredon [10, VI.17.2]. O
Example 5.37 Vector bundles over S! are determined by their orientation type,
as follows. The first Stiefel-Whitney class defines an isomorphism

wy 7T1(BO<I€)) — Hl(Sl;ZQ) = ZQ ;W wl(w) .

An orientable k-plane bundle w : S' — BO(k) is isomorphic to the trivial
bundle €¥. A nonorientable k-plane bundle w : S* — BO(k) is isomorphic to the
Whitney sum p @ =1, with p : S' — BO(1) = RP*> the nonorientable 1-plane
bundle with total space the open M&bius band

E(p) = RxI/{(z,0) ~ (-z,1)} .

The 1-disk bundle D(u) is the closed Mdbius band :

Given a finite-dimensional real vector space W let W denote W with a choice
of orientation.
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Definition 5.38 For any real vector space V' let ék(V) be the Grassmann man-
ifold of k-dimensional subspaces W C V with a choice of orientation W, and let

(V) = {(W,z)|W € Gp(V),z € W} . O

The projection N . .
(V)= Gp(V); W,z)—» W

is an oriented k-plane bundle. Also, the projection
Ge(V) = Ge(V) s W= W

is a double covering.

Oriented Bundle Classification Theorem 5.39 The isomorphism classes of
oriented k-plane bundles over a finite CW complex X are in one-one correspon-
dence with the homotopy classes of maps X — BSO(k) to the classifying space

BSO(k) = GR(R™) .

The identity map 1j : BSO(k) — BSO(k) classifies the universal oriented k-
plane bundle
RF — 3, (R>®) — BSO(k) .

In fact, BSO(k) = BO(k)"* is the orientation double cover of BO(k) classified
by the first Stiefel-Whitney class of the universal unoriented k-plane bundle 1 :
BO(k) — BO(k)

wl(lk) =1 GHI(BO(k),ZQ) = Zo .
Proof As for the unoriented case (5.23) O

Example 5.40 The low-dimensional special orthogonal groups are given by
SO(1) = {1} , SO(2) = S* , SO(3) = RP®.
(See 5.13 for SO(2), and Bredon [10,II1.10] for SO(3)). O

Example 5.41 The Hopf bundle n : S? — BSO(2) (5.7) is obtained by the
construction of 5.27 with clutching map the diffeomorphism

cosf —sinf )

. 1 — ] i
w: S SO(2) ; (cosb,sinf) — (sin9 cos b

such that

(D(n),S(m) = (cL(CP7\D),8%), T(n) = D(n)/S(n) = CP*. 0O
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Thom Isomorphism Theorem 5.42 An oriented k-plane bundle n : X —
BSO(k) has a Thom class U, € H*(T(n)) such that for each x € X the
morphism

(iz)" = HY(T(n) — HYT((ic)™n)) = H*(S*) = Z

induced by the inclusion iy, : {x} — X sends U, to 1 € Z. Cap and cup products
define isomorphisms

UyN— : H(T(1) = Heoi(X)
U,U— : H*(X)— H*t*(T(n)) .

Proof As in the unoriented Zs-coefficient case (5.21), with

Corollary 5.43 A choice of orientation for a vector bundle n : X — BO(k)
corresponds to a choice of Thom class U, € H*(T(n)), which is unique up to
sign on each component. o

Definition 5.44 (i) The Euler class e(n) € H"(N) of an oriented n-plane
bundle 7 : N — BSO(n) over a finite CW complex N is characterised by

U,ul, = e(n)UU, € H*(T(n))

with U, € H™(T(n)) the Thom class, and — U U, : H*(N) = H?"(T(n)) the
Thom isomorphism. The Euler class is such that

e(n) = (~1)e(n) € H"(N) |

(ii) The Euler number of an oriented n-plane bundle  : N — BSO(n) over a
connected oriented n-dimensional manifold NV is

x(n) = e(n) € H'(N) = Ho(N) = Z.

Note that x(n) = 0 for odd n, on account of e(n) = (—1)"e(n). O

Proposition 5.45 The Euler class e(n) € H"(N) of an n-plane bundle n : N —
BSO(n) is the primary obstruction to the existence of a non-zero section of 1.

Proof See Milnor and Stasheff [61] (pp. 98, 130, 147). a
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Remark 5.46 See Chapter 15 of Milnor and Stasheff [61] for the computation

Qlp1,p2;-- -, psllel/ (e =p;) if k=2j

H*(BSO(k);Q) = {Q[pl’pQ’,,,7pj] if k=2j+1

with p; € H*(BSO(k); Q) the rational Pontrjagin classes, and e € H?/(BSO(2j); Q)
the universal Euler class. |

5.3 The tangent and normal bundles

Definition 5.47 (i) The tangent bundle of an m-dimensional manifold M™
with atlas % is the m-plane bundle 7p; : M — BO(m) with total space the open
2m-dimensional manifold

E(ry) = ( 11 Ume)/N
(U,p)ew
with ~ the equivalence relation defined by
(x €U heR™)~ (' €U, € R™)
if
=2 eUNU CM , d¢ *¢))(¢ ' (x))(h) = B e R™.

and projection
p: Eltm)— M5 (z,h)— .

The tangent space to x € M is the m-dimensional vector space
i) = (I1 b xmm)/~
(U,p)eU,xeU

such that

E(T]u) = U T]y[(l’) .
xeM

(ii) The differential of a differentiable map f : N — M™ is the bundle map

df + v —7a; (w€V,h eRY) = (f(z) € U, d(¢™ (f)Y) (7 (2))(h) € R™) .
O

A differentiable map f: N™ — M™ is given in local coordinates by
f i R"SR" ;2 = (21,22,...,20) = (f1(2), f2(2), ..., fm(2)) .
The differential of f is the bundle map

df ©+ T — T
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given in local coordinates by the Jacobian matrix

ofi n m
i) = (52) : wlo) = B = f@) = B
Ty
(hl,hg,...,hn) (g ( %h]‘, %hj,..., (mehj> .
j=1 x] j=1 'T] j=1 x]

Proposition 5.48 (i) A differentiable map of manifolds f : N — M™ with
n < m is an immersion if and only if the differential at each x € N is an
injective linear map

df(x) + 5 (x) = Tl f(2)) ,
OF,
or equivalently such that the Jacobian m X n matriz ((,951) at each x € N has
J
rank n.
(ii) The orientation character of M is the first Stiefel-Whitney class of the tan-

gent bundle Tpf
w(M) = wi(ty) € Hl(M;Zg) .

An m-dimensional manifold M is orientable (4.1) if and only if the tangent
bundle Tar : M — BO(m) is orientable. ad

An immersion f: N™ & M™ induces injections of tangent spaces
df(x) = ~n(x) = T (f(2)) (EN),

which we shall use to identify 7y (z) with a subspace of 7a;(f(z)). Choosing a
metric on M there is defined an inner product

(o) s ma(f(@) x e (f(2) = R (v,w) = (v, w)
and the orthogonal complement of 7y (z)
()t = {v e Tm(f(x))] (v, 7n(2)) = 0}
is a subspace such that

(@) ®7n(2)t = Tu(f(2) -

Definition 5.49 The normal bundle vy : N — BO(m — n) of an immersion
f:N™3 M™ is the (m — n)-plane bundle over N with

E(vy) = |J vs(a)

reEN

the union of the orthogonal complements
vi(e) = (@)t Cmu(f(@)),

and is such that
™ @®vs = [ty + N— BO(m) . O
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The normal bundle vy : N — BO(m — n) of an immersion f : N & M™
of oriented manifolds has a unique orientation such that 7 © vy = f*1ar as
oriented bundles.

Tubular Neighbourhood Theorem 5.50 An embedding f : N® — M™ ex-
tends to a codimension 0 embedding E(vy) — M™ of the total space of the
normal (m — n)-plane bundle vy : N — BO(m —n). Similarly for an immersion
fi N M, with E(vs) ¥ M.

Proof See Theorem 11.1 of Milnor and Stasheff [61], or Theorem II.11.14 of
Bredon [10]. O

Example 5.51 For any m > 1 the normal 1-plane bundle of the embedding of
real projective spaces
RP™ = G1(R™) — RP™! = G (R™?)
is classified by the inclusion
Vgpmogpmi1 . RP™ = G1(R™™) = RP>® = G(R*) = BO(1) .

In particular, for m = 1 the normal bundle of the embedding RP! = S* < RP?
is the non-trivial 1-plane bundle

p = veipp : ST — BO(1)
with D!-bundle D () the Mébius band and S°-bundle
S(u) = St =8 2z 22
the non-trivial double cover of S?. a
Proposition 5.52 (i) If f : N* & M™, g : M™ & L' are immersions with

normal bundles vy : N — BO(m —n), vy : M — BO({ —m) then the composite
immersion gf : N™ & L* has normal bundle

ver = vy® fvy © N — BO(—n) .

(ii) The Umkehr map of an embedding f : N™ — M™ of an oriented n-
dimensional manifold N as submanifold of an oriented m-dimensional M is given
by

U HAM) > Ho(MMAAN)) 2 H(T(p)) 2 Hypgn(N)
The evaluation of the Thom class

Us, € H™(T(vy)) = H™ (M, M\f(N))
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on the homology class f«[N] € Hp(M) is
<qu7f*[N}> =1leZ.

(iii) The fundamental class [M] € Hp, (M) of an oriented m-dimensional mani-
fold M s related to the Thom class of T

Ury € H™(T(1r)) = H™(M x M, M x M\A(M))

by
<UTM7A*[M}> =1€Z,

with A [M] € Hp (M x M, M x M\A(M)). The Euler number of T is just the
Euler characteristic of M

Proof (i)+(ii) By construction.
(iii) Use the identification of the tangent bundle of M with the normal bundle
of the diagonal embedding

A: M—>MxM;zw— (x,z),

that is
™ = va @ M — BO(m)

(Milnor and Stasheff [61, 11.5]). |

Example 5.53 The Euler number of 7g» : S — BSO(n) is

x(tsn) = x(8") = 14+ (-1)"€Z. O

Definition 5.54 The n-dimensional regular homotopy group I,,(M) of an
m-dimensional manifold M is the Z[m;(M)]-module of regular homotopy classes
of immersions f : S™ & M™ with a choice of lift f: S™ 4 M to the universal
cover M of M , with addition by connected sum. O

Proposition 5.55 (i) The isomorphism classv; € [N, BO(m—n)] of the normal
bundle of an immersion f: N™ % M™ is a regular homotopy invariant.
(ii) The normal bundle defines a Z[m1(M)]-module morphism

v : I,(M)— m(BO(m-—n)); (f:S" %+ M)— vy

with the trivial Z[m (M)]-action on m,(BO(m —n)).
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Proof (i) The track of a regular homotopy {f; : N & M |t € I} of immersions
fo, f1: N % M™ is a level-preserving immersion

f i NxIvMxI; (z,t)— (fi(z),t) .
The normal bundle of f defines a homotopy of classifying maps
vi tvg ~ vp 2 N— BO(m—n),

corresponding to a bundle isomorphism vy, = vy, .
(i) The normal bundle of an immersion f : S & M™ is an (m—n)-plane bundle
vy : S — BO(m — n), such that

E(l/f) = D" x R™" U(%y),\,(x,cf(x)(y)) D" x R™™" (:C € Snil, RS Rmin)

for a clutching map ¢y : S"~' — O(m — n). The isomorphism class of v¢ is the
homotopy class of cf

vy = ¢f €m(BO(m—n)) = m-1(0O(m—n)) .
The connected sum of immersions f,g: S™ & M™ is an immersion
f#g : S"#S5" = 5" —>M"
with clutching map
Crupg = cicg o S"TE = O0(m—n); x— cp(x)ey(x)

so that
Vigg = Vf+1y €mp(BO(m —n)) .

Definition 5.56 A framing of an immersion g : N & M™ is a framing of the
normal bundle v, : N — BO(m —n)

1
i
3

O

b : v,

Example 5.57 For any n < m the embedding
S x DT s 8™ = (D" x D™ = §" x D™y DL gmenl
gives a standard framed embedding
(g: 8" = 8" by, =emm) .

The framing can be altered by any element w € ,(O(m — n)), using the au-
tomorphism w : €™~ 2 ™" of the trivial (m — n)-plane bundle over S™ it
classifies. ad
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Proposition 5.58 The framings b (if any) of an embedding g : N™ — M™ are
in one-one correspondence with extensions of g to an embeddingg : N x D™ ™™ —
M™. Similarly for an immersion g : N & M, with extensions g: N x D™ ¢
M.

Proof By the Tubular Neighbourhood Theorem (5.50). O

Proposition 5.59 For any m-dimensional manifold M™ and k > m there
exists an embedding M — S™* and for k > m + 1 any two embeddings
M — S™E are isotopic.

Proof This is a special case of the Whitney Embedding Theorem (1.7,7.2)
applied to a constant map {*} : M — S™** noting that M is an m-dimensional
CW complex (2.23) and [M, S™**] =0 for any k > 1 by 3.27. O

Definition 5.60 (i) A normal bundle of an m-dimensional manifold is the
normal bundle (5.49)
vm = vy : M — BO(k)

of any embedding g : M «— S™** (k > 1), such that
™ Qvy = €™ M — BO(m + k).

(ii) The stable normal bundle of an m-dimensional manifold M is the stable
bundle

vy : M — BO

represented by the normal k-plane bundle v : M — BO(k) of any embedding
M — S™*F (k large), such that

T Dvy = € M — BO . O

More precisely, any embedding g : M™ — S™+F with k > 1 is null-homotopic
(by 3.27) and the pullback g*7gm+r : M — BO(m + k) is trivial, allowing an
identification of the tangent space 7ps(z) at each x € M with an m-dimensional
subspace of

Togm+r(9(z)) = g*Tgmer(x) = R™HF
The map
™ 2 M — G (R™TR) o 7y (2)

represents the classifying map

™ @ M —lim G, (R™) = BO(m) .
k
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The orthogonal complements with respect to the standard inner product on
R™** define a map
v 2 M = GR(R™) o= vy () = my(2)t
representing the classifying map
va i M — ling GrL(R™*) = BO(k) ,
such that
™ Qvy = €™ M — BO(m + k).
Example 5.61 The normal bundle of S™ is trivial
vgm = € . S™ — BO(k)
since already the standard embedding S™ < S™*! has trivial normal bundle
Vgme,gm+1 = € : S™ — BO(1) .
The stable normal bundle is also trivial
vgm = €* : S™ — BO . a
Proposition 5.62 The normal bundle vy : S™ — BO(m — n) of an immersion
g:S™ % M™ is such that :

Vg®Tsn = g*'Tm € m,(BO(m)) ,
vg @ et = g*(Ty De) € My (BO(m+1))
vg = —g"(vm) € T (BO) .

Proof Stabilise the identity given by 5.49
vg®Ten = gty 2 S — BO(m)

by adding € and using the isomorphism 7g» @ € = €**! given by 5.61 to obtain
the isomorphism

ntl o g (T De) .

vgDe
Stabilise further by adding g*vy; to obtain a stable isomorphism

~ OO

*
Vg@B g vy = €
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5.4 Surgery and bundles

Recall from 2.5 that an n-surgery on an m-dimensional manifold M™ removes a
framed n-embedding g : S™ x D™ ™" — M to obtain the m-dimensional manifold

M’ = cl.(M™\g(S™ x D™ ™)) Ugnygm-n—1 D"t x gm=n=1

The n-surgery kills the homotopy class [g] € m,(M) of the core n-embedding
g=7g|: 5" x {0} — M.

Theorem 5.63 Let M™ be an m-dimensional manifold. The following condi-
tions on an element x € m, (M) are equivalent :

(i) x can be killed by an n-surgery on M,

(ii) = can be represented by a framed n-embedding g : S™ x D™~ " — M,

(iii) « can be represented by an n-embedding g : S™ — M™ with trivial normal
bundle vy : S* — BO(m —n).

Proof (i) <= (ii) By definition.

(ii) <= (iii) By 5.58 the framings b (if any) of an embedding g : S™ < M™ are in

one-one correspondence with extensions to an embedding g : S” x D™™" — M™.
0O

It follows that below the middle dimension the possibility of killing an element
of 7, (M™) is entirely determined by the stable normal bundle vy, : M — BO.

Corollary 5.64 If 2n < m an element x € m,(M) can be killed by surgery if
and only if (vpr)«(x) =0 € m,(BO).

Proof The Whitney Embedding Theorem (1.7,7.2) shows that  can be repre-
sented by an n-embedding g : S™ < M. The result now follows from the identity
vg = —g*(vm) € T, (BO) given by 5.62 and the stability result m,,(BO(m—n)) =
T, (BO) of 5.33. O

Here are some examples of homotopy classes which cannot be killed by
surgery :

Example 5.65 For m > 2 the generator 1 € m (RP"™) = Z, is represented by
the standard 1-embedding
g : ' = RP' < RP™

with normal bundle
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-~ - B H@em*Q . . even
vg = (m—1)p = {m_l lfmls{odd,

€

with @ ST — BO(1) the nontrivial 1-plane bundle. The first Stiefel-Whitney
class is
wi(vy) = (1)t e HY(SYZy) = Zy = {*1}.

Thus if m is even the generator 1 € w1 (RP™) cannot be represented by a framed
1-embedding, and so cannot be killed by a 1-surgery on RP™. O

The 1-embedding S' < RP™ in 5.65 cannot be framed since it is not even
orientable. There exist n-embeddings S™ <— M™ with orientable non-trivial
normal bundles, as in:

Example 5.66 For m > 2 the generator 1 € mo(CP™) = Z is represented by
the standard 1-embedding
g: 8% =CP' —-CP™

with oriented normal bundle

vy = (m—1)n = {”@6

6277172

2m—4 even

. 2 . . .
28— BSO(2m —2) if mis {odd,

with 1 : S — BSO(2) the Hopf bundle (5.41). The second Stiefel-Whitney class
is

IU2<V9) = (—l)m_l EHZ(SQ;ZQ) = Zo = {:l:l} .

If m is even 1 € mo(CP™) cannot be represented by a framed 2-embedding, and
so cannot be killed by a 2-surgery on CP™. For odd m = 2n + 1 it is possible to
kill the generator 1 € mo(CP?"*1) = Z by surgery; the map

CP*" ' S HP" ; (21,22, 20n+2] — (21 + 22, 23 + 24, - - -, 22041 + Zon+27)

is the projection of a fibre bundle with fibre S?, and the total pair of the corre-
sponding fibre bundle

(D3,8?) — (E,CP?"t!) — HP"
defines a null-cobordism of CP?"+1, o
The following result describes the number of ways of killing an element = €

(M) by surgery on M, and also describes the behaviour of 73 and v, under
surgery.

Theorem 5.67 Let g : S™ — M™ be an n-embedding in an m-dimensional
manifold.
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(i) The extensions of g to a framed n-embedding g : S™ x D™~™ — M are in one-
one correspondence with the framings G : vy = €™ ™ of vy : S™ — BO(m — n).
(ii) An extension of g to a framed n-embedding g determines a stable framing
ag: g T BeXemTl of g*ray 1 S — BO(m).

(iii) Let (W; M, M’) be the trace of the n-surgery on M determined by an exten-
sion of g to g. The tangent bundle of W is classified by

W ~ TM®eUag : W~ MU, D" — BO(m+1) .
(iv) Let vpr : M — BO(k) be the normal bundle of an embedding M™ — S™+k
(k large). An extension of g to § determines a framing cg : g*var = e of g*var
S™ — BO(k). The embedding M — S™F extends to an embedding
(W7 2m) s (D 5
with normal bundle
vw ~ vmyUc; © W ~ MU, D"t — BO(k) .
Proof (i) By the Tubular Neighbourhood Theorem (5.50).
(ii) Stabilise the identity of m-plane bundles over S™
Tsn @vy = gty 8" — BO(m)
by adding €
(Tgn D e)Dry = g"(tm®e€) : S" — BO(m+1)
and combine the framing g : v4 = €™~" with the framing given by 5.57,5.61

+1

Tgn DE = Tgnti|gn = €

to obtain the stable framing ag : g* (T @ €) = ™.
(iii) The tangent bundle of

W = MXIUgDn-i-l x pm—n
is obtained by glueing together
Tvx: = (M @®e€)x 1 : M xI— BO(m+1)

and
Tpntixpm-n = €T . DTl pm=n . BO(m 4 1)

using the framing

. m+1
ag TMXI‘E(SnXDm—n) = € .

(iv) The normal bundle of W < D™*#+1 is obtained by glueing together
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VUM x[esDm+k+l = (VM@E) xI : MxI— BO(IC)

and
= ¢ . D" x D™ — BO
VDn+1><D7n—n;,Dm,+k+1 = € N X — (k)

using the framing

. k
Cﬁ . V]V[X]<_,Dm+k+1|§(SnXDm—n) = V.

Here are the effects of the n-surgeries on S™ removing all the extensions of the
standard n-embedding S™ < S™ (5.57) to a framed n-embedding S™ x D™~ ™ «—
S,

Proposition 5.68 An element

wem(O(m—n)) = 41 (BO(m —n))

classifies an (m—n)-plane bundle over S+ with an associated (D™~", S™m="=1).
bundle
(D™, 8m ) = (D(w), S(w) — 8™

The effect of the n-surgery on S™ removing the framed n-embedding
Gw @ S"XD™T e § = ST D™TUD T ST (1 y) v (2, w(2) (y))
is the (m —n — 1)-sphere bundle over S™+!
S(w) = D"t x gmmnmly, Dl gmenel
The trace (W (w)™1; 8™ S(w)) is given by
W(w)™ ! = cl.(D(w)\D™) |
with tangent and stable normal bundle

TWw) ~ 0V (Tgnn ®w) : W(w) ~ §™VS" — BO(m+1),
MWWw ~ 0V-w : Ww) ~ S™Vv S — BO

for any stable inverse —w : S"*1 — BO of w: S"™ — BO(m —n).

Proof The zero section is an embedding z : S"*! < D(w) with normal bundle
w: 8™ — BO(m — n), such that

Tgnt1 Bw = 2°Tpy : S"T = BO(m+1) .
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The sphere bundle S(w) of w : S"™! — BO(m — n) is an m-dimensional
manifold which is orientable if and only if w is orientable; this is the case if
n#0,orifn=0and w(w)=0¢€ H (S Zs) = Zs.

Example 5.69 Let m = 1, n = 0 in 5.68. The two elements in 71 (BO(1)) = Zo
correspond to the two 1-plane bundles over S! (5.37)

wo, w1 @ St — BO(1)
with wg trivial and w; non-trivial. The corresponding 0-embeddings
Guo > Gy : SO x D' — St
have the same core embeddings
Jool = Gun| + 87— S
but different framings, exactly as in 2.8 (ii). The effects of the O-surgeries are

S(wo) = the trivial double cover of S1 = S x S0 = Sty st

S(w1) = the non-trivial double cover of S = S! .

Example 5.70 Let m =2, n =0 in 5.68. The two elements in m1(BO(2)) = Zo
correspond to the two 2-plane bundles over S! (5.37), say

wo , wp @ St — BO(2)

with wg = €2 the trivial bundle and w; = ;@ € the nonorientable 2-plane bundle,
with g : S — BO(1) the non-trivial 1-plane bundle (as in 5.51). The (D!, SY)-
bundle

(D', 8% — (D(n), S(n)) = (M?,8) — 5*

has M? the Mé&bius band. The total spaces of the S'-bundles over S! associated
to wo, w1

St — S(w;) — S (i=0,1)
are given by
S(wp) = S'x S' = the torus T2,
S(w1) = {(z,y) € D(n) x S(e) US(p) x D(e) | [2] = [y] € S'}
= M?x S°US! x D! = the Klein bottle K2

(cf. Example 4.22). The torus T2 is obtained from S? by the O-surgery removing
the 0-embedding

o - S %x D? < S x D?UD! x St = O(DIXD2) = 5?2,
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and the Klein bottle K? is obtained from S? by the 0O-surgery removing the
0-embedding

Gor + S'xD?* = 8" xD*uUD'xS' = 9(D' x D*) = S*.

Example 5.71 Let m =2n 4+ 1 in 5.68, and let
w = Tgn+1 € T(SOMM+1)) = 711 (BSO(n+1)) .
The total space of the tangent S™-bundle over S™*+!
S0(n+1)/50(n) = 8™ — Vpyao — SO(n+2)/50(n+1) = S"+
is the Stiefel manifold of orthonormal 2-frames in R"*2 (5.24)

SW)? = Vyyas = SO(n+2)/S0(n) . O

Proposition 5.72 An element
(bw,w) € Tp41(0,0(m —n)) = Tpy2(BO, BO(m —n))

classifies an (m —n)-plane bundle w : S"*' — BO(m —n) together with a stable
framing 6w : w =~ {x} : S"Tt — BO. As in 5.68 the effect of the n-surgery on
S™ removing the framed n-embedding

G @ S"XD™T" s §™ = St DTTPUDM T x ST (2,y) = (2, w() ()
is the (m —n — 1)-sphere bundle over S"T!

S(w) = D"t x gmmn-ly, prtl x gmonel
with (m — n)-disk bundle

D(w) = D"t x D™ "y, D"t x D™
The trace (W (w)™+1; 5™, S(w)) is given by

W)™ = . (D@)\D"*)
with stable normal bundle
M) ~ 0Vw @ W(w) =~ §™VvS" — BO .

The stable framing dw of w determines an extension of the standard framing of

Tsm to a framing bs., of Tw (w)-

Proof By construction. o
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Definition 5.73 An m-dimensional manifold M is parallelisable if the tangent
bundle 757 : M — BO(m) is trivial. |

Bott-Milnor Sphere Parallelisability Theorem 5.74 ([9], [51])
The sphere S™ is parallelisable if and only if n =1,3,7. O

Example 5.75 The element (1,1) € H,(S™ x S™) = Z @& Z is represented by
the diagonal embedding A : S™ — S™ x S™ with va = 7gn : 8™ — BO(n). For
n # 1,3,7 it is not possible to kill (1,1) by surgery. |

5.5 The Hopf invariant and the J-homomorphism

Definition 5.76 (i) The Hopf invariant H(f) € Z of amap f : §?"+! — gntl
with n > 1 is determined by the cup product structure of the mapping cone

X — Sn+l Uf D2’n+2
with
aUa = H(f)be H™ (X)),

where a =1€ H"" (X)=2Z,b=1¢€ H*"(X) = Z.
(ii) The mod2 Hopf invariant H(g) € Zs of a map g : S* — S™ with
¢ > m > 1 is determined by the Steenrod squares on the mod2 cohomology of
the mapping cone

Y =S™u, D!

with
Sgt—mtl = Hy(g) : H™(Y;Z2) = Zo — HZJFI(Y;ZQ) = L.

If { =2n+1, m = n+1 then Hs(g) € Z2 is the mod2 reduction of the Hopf
invariant H(g) € Z in (i). O

Example 5.77 The Hopf maps n: S% — S%, n: 87 — §4 5 : 8% — 88 (5.7)
each have Hopf invariant H(n) = 1. O
Proposition 5.78 (i) The Hopf invariant defines a morphism of groups

H @ w1 (S") = Z5 e H(f)

which is an isomorphism for n = 1.
(ii) The mod2 Hopf invariant defines an isomorphism

Hy : 7Tm+1(5m) — 2Ly g— HQ(g) (m 2 3) :

(iii) The Hopf invariant is such that H(f) = (=1)"* H(f), so that
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H =0 : 7r2n+1(5"+1) — Z for even n .

(iv) The suspension map E and the Hopf invariant map H fit into an exact
sequence

H

Tan(S™) —L i (574 sz Loy (57)

Proof (i) See Proposition 4B.1 of Hatcher [31]. The homotopy exact sequence
of the Hopf fibration S — $% — S§2 is

71'3(51) = O*>7T3(SS) = 7 *>7r3(52) *>7T2(Sl) =0.

(ii) See Theorem VII.8.3 of Bredon [10].
(iii) The cup product pairing for any space X

U : HP(X) x HI(X) — H"*(X) ; (2,y) —zUy
is such that

TUy = (—D)M(yUs) .
Now take X as in 5.76, with p=¢=n+ 1.
(iv) This is part of the EH P exact sequence of homotopy theory
E H P
oo T (X)) = 1 (BX) - T (XA X) = a1 (X) — oo

which holds for any (n — 1)-connected space X with m < 3n — 2 (Whitehead
[96], p.548). Here X = S™, m = 2n. O

Hopf Invariant 1 Theorem of Adams 5.79 ([2])
There exists a map f : St — S"H with Hopf invariant H(f) = 1 if and only
ifn=1,3,71. o

It follows that for odd n the image of the Hopf invariant map is

' ' I _ 39y
1m(H : 7T2n+1(5 ) - Z) - { 27 ifn=#1,3,7.

Definition 5.80 The J-homomorphism
J ¢ Tm(SO(K)) = Tmin(S*) 5 wis J(w)

sends the homotopy class of a map w : S™ — SO(k) to the homotopy class of
the composite

0j.

J(w) : Stk = §mx DR U DL gh=1 22 (gmo DRy /(5™ x k1)
bo T0j.
=5 (S™ x DF)/(Sm x gk=1) T phygk-l — gk
with b, : €¥ = €* the automorphism of the trivial k-plane bundle over S™ adjoint
to w

bo + B(e") = S™xR" — " xR ; (2,y) = (z,0(2)(y)) - =
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In other words, the J-homomorphism sends w : S™ — SO(k) to the com-
ponent J(w) : S™T* — S* of the self-homeomorphism of the Thom space of
€ : S™ — BSO(k) induced by b,

(bo)s = (J(lw) ?)

T(eF) = (S™ x DF)/(S™ x §k=1) = §mtky gk _, gmtky gk

Example 5.81 The Hopf bundle n over S? (5.7) is the normal bundle of the
embedding
CP' = G1(C? = S? = CP?* = G4(C?

(extending the terminology of 5.22 to complex vector spaces), that is
n = vs2ecp S — BSO(2) .

In this case, the J-homomorphism J : 71 (SO(2)) — 73(S?) is an isomorphism
sending the generator

w = 1em(S02) = m(S") = Z
to the element 7 € m3(S?) of Hopf invariant 1, with inverse
H : 713(5%) — m(SO(2)) = Z; n— H(n) .
The Hopf bundle n has Euler number
x(n) = e(m) = 1€Z
and Thom space
T(n) = S*u, D* ~ CP?. m
Proposition 5.82 (i) The Euler number map
X @ T (BSO(n+1) = Z ;5 wi x(w)
is the composite
J L H
X = HJ : mp4+1(BSO(n+1)) = map41(S" )= Z .

(ii) The inclusion SO(k) — SO(k + 1) corresponds under the J-homomorphism
to the suspension E in the homotopy groups of spheres, with a commutative
square

T (SO(k)) ——— 1, (SO(k + 1))

J J

FE
7Tm+k(5k) - 7Tm+lc+1(5k+1) )
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and there is also defined a stable J-homomorphism
J @ mu(SO) = lim 7,(SO(k)) — 75 = lim 7y x(S*) .
k k

Moreover,
Tm(SO(Mm+2)) = 1, (SO(m+3)) = ... = 71,(50),
7T2m+2(Sm+2) = 772m+3(5m+3) = ... = 7'('7‘?; .

(iii) The Thom space of the bundle w : S™1 — BSO(k) with clutching map
w: 8™ — SO(k) is given up to homotopy equivalence by

T(w) = GF Us(w) DR
Proof (i) For any (n+ 1)-plane bundle w : S"*! — BSO(n+1) the Euler class
x(w) € H"T1(S"*1) = Z is the obstruction to the existence of a non-zero section
of w, and the Hopf invariant HJ(w) € Z is the obstruction to desuspending
J(w) : §2nHt — gntl,

(ii) By construction and the Freudenthal Suspension Theorem (3.10).
(iil) See Milnor [50]. a

Here is some basic information concerning the Stiefel manifold of orthonormal
2-frames in R"*+?2
Vo222 = O(n+2)/0O(n) = SO(n+2)/S0(n)

which will play an important role in the bundle theoretic aspects of surgery on
n-spheres in 2n-dimensional manifolds (Chapters 10,11).

Proposition 5.83 (i) The Stiefel manifold V122 fits into a fibration
Vat2,2 — BSO(n) — BSO(n + 2)
with a long exact sequence of homotopy groups
oo = T (Viga,2) = i (BSO()) — T (BSO(n+2)) — Tm—1(Vag2,2) — - .. .

An element © € 7y (Vig22) is an equivalence class of pairs v = (dw,w) with
w: 8™ — BSO(n) an oriented n-plane bundle over S™ and dw : w @ €2 = "+2
a 2-stable trivialisation.

(ii) The Stiefel manifold V, 129 is the tangent n-sphere bundle of S™1

S" = Voyao = S(rgnsr) — S

An element of Vyi22 can be regarded as a pair (x € STy € Tont1(z)) with
lyll =1, so that
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Vig2,2 — gt i (y) =

Vita22 s an orientable (n — 1)-connected (2n + 1)-dimensional manifold with

Z if1=0,2n+1
Hi(Vigo2) = § Q-1(Z) ifi=n
0 otherwise

where
Z  if n is even

Quun@ = () = {3 T
(iii) The projection
p: SO(n+1)— SO(n+1)/SO(n) = S"
induces the map
Ps ¢ T(SO(n+1)) = m(BSO(n+1)) - m,(S") = Z
which sends an (n + 1)-plane bundle w : S"** — BSO(n + 1) to the obstruction
p:(w) = HI(w) = x(w) € H"TI($") = Z

to the existence of a non-zero section of w: St — BSO(n + 1).
(iv) The homotopy groups of V42,2, BSO(n), BSO(n+1), BSO(n+2) fit into
a commutative braid of exact sequences :

0 TSn

3

i1 (™) (™) m(BSO(n))  ma(BSO(n +2))

N N

Tn1(BSO(n+1))  mn(Vagaz) T (BSO(n + 1))

7 SN TN

7Tn+1(BSO(’Il)) 7Tn+1(BSO(

—

3
+
K
3

3
nn
3
+
=
Il
o
3
3
|
[@5)
=
\
o

with
0 = x(S") = 1+ (- o1 (S = Z - a, (ST = Z,
Tn(S™) = Z — 7, (BSO(n)) ; 1 — 1gn ,

T (BSO(n+1)) = m,(BSO(n+2)) = ... = m,(BSO) ,
Tnt1(BSO(n+2)) = m,41(BSO(n+3)) = ... = m,41(BSO)
Tn(Vag2,2) = mpnt1(BSO(n +2), BSO(n))

= Tp+1(BSO(n +3),BSO(n))

= ... = 1,41(BSO,BSO(n)) = Q(_1)=(Z) .
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(v) The morphism

Tn(Viyo2) = Qiyn(Z) = mp(BSO(n)) 5 1+ 7gn
. [ injective n#1,3,7
’5{0 f‘”{n:l,;;,?.

Proof (i)+(ii)+(iii)+(iv) See Chapter 25.6 of Steenrod [86].
(v) Immediate from the Bott-Milnor Sphere Parallelisability Theorem (5.74).
0O



6

COBORDISM THEORY

We have already seen in Chapter 2 that every cobordism is a union of the
traces of a finite sequence of consecutive surgeries. However, this result is not
useful in the cobordism classification of manifolds, since there are so many possi-
bilities of performing surgeries. This chapter describes the Sard-Thom Transver-
sality Theorem, the Pontrjagin-Thom construction of a homotopy class of maps
from a bordism class of manifolds, and the Thom Cobordism Theorem establish-
ing the isomorphism between the cobordism groups and the homotopy groups
of Thom spaces. In Chapter 13 the isomorphism between the framed cobordism
groups and the stable homotopy groups of spheres will be used in the surgery
classification of exotic spheres. More generally, the surgery exact sequence will
make use of the expression of the bordism set of normal maps as a homotopy

group.

6.1 Cobordism and transversality

The basic definition of cobordism (1.1) is now repeated.

Definition 6.1 A cobordism of closed m-dimensional manifolds M™, M'™ is
an (m + 1)-dimensional manifold W™ with boundary

oW = Mu-M'

where —M’ denotes M’ with the opposite orientation. a

Remark 6.2 The definition of homology due to Poincaré was motivated by
the invariance of integration on cobordant submanifolds. If w is a closed differ-
ential n-form on an m-dimensional manifold M"™ then for any closed oriented
n-dimensional submanifold N™ < M™ it is possible to define the integral

/w€R.
N

For disjoint submanifolds N™, N'* — M™ related by an oriented cobordism
(W; N, N') which is also a submanifold W"+1 < M™

/w—/wz/dszER
N ' w
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by Stokes’ theorem. In modern terminology integration along submanifolds gives
the isomorphism of the R-coefficient Universal Coefficient Theorem

H™(M;R) — Homg (H, (M:R),R) ; [u] — ([N] — /N W)

with [w] € H"(M;R) the deRham cohomology class of the form w, and [N] €
H,(M;R) the homology class of a submanifold N® < M™ (cf. Remark 4.10).0

Proposition 6.3 Cobordism is an equivalence relation on manifolds.

Proof Every manifold M is cobordant to itself by the product cobordism
M x (I;{0},{1}) = (M x I; M x {0}, M x {1}) ,
with I = [0, 1] the unit interval. The union of adjoining cobordisms
(Wi M, M") , (W' M', M")
is a cobordism

(Wi M, M'YU(W's M',M") = (W Upp W' M, M") .

Diffeomorphic manifolds are cobordant.

Definition 6.4 The m-dimensional bordism set B,,(N, X, n) is defined for
an n-manifold N™ and a k-plane bundle n : X — BO(k) to be the set of

equivalence classes of pullback bundle maps from m-dimensional submanifolds
M™ < N™ (m=n—k)

(f,0) «+ (M,vpyen) — (X,n)

with respect to the bordism relation :

(M, (f,0)) ~ (M', (f',0'))
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if there exists a submanifold W™+ < N x I with a pullback bundle map
(F,B) = (Wov) = (X,n) (v=rvwenxi)
such that
(F, Bl = (f,0) = (Wov)n (N x{0}) = (M,vme.n) — (X;n),
(F, B[y = (f,0) = (Wow)n(N x{1}) = (M, vamrean) — (Xom) -

O

In particular, there is defined a cobordism (W™*1; M™ M'™) such that the
normal 1-plane bundles vy, vy w are trivial. Only cobordisms with this
property will be considered.

The computation of the bordism sets only became feasible with the develop-
ment of transversality.

Definition 6.5 A map g: N® — T'(n) from an n-manifold N to the Thom space
(5.18) of a k-plane bundle n : X — BO(k) is transverse at the zero section
X < T(n) if the inverse image is a closed (n — k)-dimensional submanifold

Mk = g7HX)C N

with normal k-plane bundle

vy = f'n: M i X h BO(k)

the pullback of 7 to M along the restriction f = g| : M — X, so that there is
defined a pullback bundle map

(fvb) : (MaVJW‘—JV)*)(Xvn)' d

Sard-Thom Transversality Theorem 6.6 ([88])

Every continuous map N™ — T'(n) from an n-dimensional manifold to the Thom
space T'(n) of a k-plane bundle n : X — BO(k) is homotopic to a map g : N —
T(n) which is transverse at the zero section X — T(n), with a pullback bundle
map

(f?b) : (M’VM;’N) - (X>77)
with f =g|: M =g }(X) — X.

Proof See Bredon [10,11.6] or Hirsch [33, Chapter 3]. O
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Example 6.7 Let f : N — K* be a differentiable function from an n-dimension-
al manifold N to a k-dimensional manifold K, withm =n—k > 0, and let x € K
be a regular value. The normal bundle of X = {z} < K is the (trivial!) k-plane
bundle * : X — BO(k) with Thom space

T(") = Sk
If U 2 R¥ C K is a neighbourhood of 2 € K then the composite
f
g: N> K—K/(K\U) = T(F = s*

is transverse at the zero section X < T(¢F). The inverse image is the m-
dimensional submanifold

with normal bundle
vpe.n = € : N — BO(k) ,

as already considered in the Implicit Function Theorem (2.12). ad

Pontrjagin-Thom Construction 6.8 Given an embedding f : M™ — N"
with normal bundle vy : M — BO(n—m) and tubular neighbourhood E(vy) — N
the projection defines a map

g+ N—= N/(N\E(vy)) = D(vy)/S(vy) = T(vy)
which is transverse at the zero section M — T(vy), with

gl =id. : g7 (M) = M — M . O

Example 6.9 Apply the Pontrjagin-Thom construction to an embedding f :
SY < 8™ (n > 1), to obtain a map

g i 8" S"/(S"\(S° x D)) = S"v S"

representing

Zx7Z ifn=1

1,1) € mp(S"V §7) =
(L,1) € m (S 5%) {Z@Z ifn>2.

Here is a picture for n = 1:

g
St ——=g5tv st
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Thom Cobordism Theorem 6.10 ([88])

For any n-dimensional manifold N™ and k-plane bundle n : X — BO(k) the
bordism set B,,(N, X,n) (m = n—k) is in natural one-one correspondence with
the homotopy classes of maps N — T'(n)

%m(Nvan) = [N7T(77)]

Proof The function in one direction is given by the Sard-Thom Transversality
Theorem (6.6)

[N, T(n)] = Bm(N, X,n) ; g— (M, (f,b)),
with g transverse at the zero section X «— T(v), and f the restriction
=gl M" =g (X)—X.
The inverse function is defined by the Pontrjagin-Thom construction (6.8)
B (N, X,n) — [N, T(n)] 5 (M, f,b) — h

with h the composite

T(b)

The identification B,,(N, X, n) = [N,T(n)] of 6.10 is already interesting in
the case m = 0,X = {x},n = €* when T(n) = S™, when the bordism set
Bo(N, X,n) = [N,S™] is an abelian group isomorphic to Z by the degree, as
follows.

Definition 6.11 The degree of a map of oriented connected n-dimensional
manifolds f : N — M™ is the integer deg(f) € Z characterised by

£IN] = deg(f)[M] € Ho(M) = Z . o

Example 6.12 Given a differentiable map f : N — M" of oriented connected
n-dimensional manifolds and a regular value x € M let

=) = {yiv2 -, SN .

Foreachi =1,2,...,k there is defined an isomorphism of oriented n-dimensional
vector spaces

df(yi) + ™~ (i) — Tm(w)
Set
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1. . orientation-preservi
e = { L itdpye) s { Crientntion-preserving
1 orientation-reversing.

It follows from the commutative square

H,(N)=7Z deg(/) H,(M)=7Z
1
: 1
1
v (1 ... €)
Hy(N,N\f!(x)) = Z* Hyn (M, M\{x}) = Z
that the degree is given by
k
deg(f) = Zei €z,
i=1
as in the original definition of Brouwer. o

Proposition 6.13 (Hopf)
For any connected oriented n-dimensional manifold N the degree (6.11) of maps
f: N — S" defines an isomorphism

d : %O(Nﬂ{*}aen) - [stn} —Z; fHdeg(f) .
Proof The inverse isomorphism d=! : Z — [N, S"] sends 1 € Z to the homotopy

class of the degree 1 map f : N — S™ constructed using any embedding D™ — N
and the Pontrjagin-Thom construction (6.8)

FoN 2 Nv\Dr) = Drystl = s

See Chapter 6 of Milnor [56] for a more detailed exposition. a

6.2 Framed cobordism

The identification of 6.13 for N = S™
Bo (5", {*},€") = m(S") = Z

can be viewed as the computation of the O-dimensional framed cobordism group.
Framed cobordism was an important early special case of bordism :

Definition 6.14 A framing of an m-dimensional manifold M™ is an embed-
ding M «— S™** together with a framing of the normal bundle

~ _k

b : vy €

The pair (M, b) is a framed manifold. a
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A manifold M™ can be framed if and only if the tangent bundle 75; : M —
BO(m) is stably trivial.

Example 6.15 Let f : R™** — RF be a differentiable function for which 0 € R*
is a regular value. The inverse image

M = f7H0) CR™F = §mFR\[pt.}

is a framed m-dimensional manifold, by Example 6.7. O

Definition 6.16 The framed cobordism ring

o0
o = Y o
m=0
is the graded ring of cobordism classes [M, b] of framed m-dimensional manifolds
(M, b). The addition is by disjoint union
[M,b] + [M',b] = [MUM' bUb] e,
and the multiplication is by cartesian product

Qfr sl -l s (IM,b],[N,¢]) — [M x N,bxd] . m

m4+n

Pontrjagin Framed Cobordism Theorem 6.17 ([66])
The framed cobordism ring is isomorphic to the ring of the stable homotopy
groups of spheres

Qr = x5 (m>0).

m m

Proof For each k > 0 6.10 gives identifications
B (ST, {5}, €") = Tmyr(SY)

and
QO = lim Bou(S™F, {1}, ) = lim 1 ys(SY) = 75,
k k

Proposition 6.18 (i) In terms of framed cobordism the J-homomorphism (5.80)
is the map

J i (SO(k)) —>7Tm+k(5k) = %m(5m+k7*,6k) ;wi (8™ by)

which sends the homotopy class of w : S™ — SO(k) to the framed cobordism
class of the submanifold S™ — S™%F with the framing
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o k

by @ Vgme,gm+k = € €,

where Vgmo,gm+r = €° refers to the standard framing given by the standard
embedding

Sm ey gmtk — gm o pky DML g1

(ii) The image of J : mn(SO) — 73 = QI consists of the framed cobordism
classes of spheres (S™,c¢) with a choice of framing.

Proof (i) The inverse image J(w) () = S™ C S™** has the framing b,,.
(ii) Immediate from (i). a

Remark 6.19 Surgery theory grew out of the classification of homotopy spheres,
i.e. manifolds ¥™ homotopy equivalent to S™. Given a framed m-dimensional
manifold (M, b) one can ask two questions:

(i) Is (M,b) framed cobordant to a sphere (S™,c)?
(i) Is (M,b) framed cobordant to a homotopy sphere (X™,¢)?

By (6.18) question (i) is equivalent to asking if (M,b) € Qf" is in the image of
J, and is thus answered by homotopy theory. (The image of J was much studied
in the 1960’s, notably by Adams.) Question (ii) is answered by surgery theory :
the simply-connected surgery obstruction morphism

or 2 U = 75 = L(Z) (m>0)

is such that o.(M,b) = 0 if (and for m > 5 only if) (M,d) is framed cobordant
to a homotopy sphere — see Section 13.3 for a further discussion. o

Example 6.20 The J-homomorphism
J : 1(SO(n)) — mpy1(S™) = B(S"M %, (n>1)

is an isomorphism.
(i) The inverse of the isomorphism for n = 2

J : m(SO(2)) = m(SY) = Z — 7w3(5%) = B1(S% %, 6%)

is given by the Hopf invariant (5.76), as follows. Given an embedding k : S* < S3
(which in general may be knotted) extend k to an embedding E(v;) — S as
a tubular neighbourhood. Let X = S$3\k(S!) be the knot complement, and
let p: X — S! be a map representing the generator 1 € H(X) = Z. (The
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computation H'(X) = Z is an easy application of the Mayer-Vietoris exact
sequence to
93 = E(l/k) US(uk) Cl(Sg\E(Vk)) R

noting that the inclusion cl.(S3\ E(vy)) — X is a homotopy equivalence). Given
a framing b : v, = €® use the diffeomorphism

b : E(w) = S'xR?
to define a disjoint embedding
ky © St 8% b (2, (1,0)) .
The degree of the composite map

k
poky : 514b>Xi>Sl

is the linking number of i(S), k,(S*) — 93, defining an invariant
H(SYk,b) = d(poky) €Z

of the framed cobordism class (S',k,b) € B1(S3, %, €?). The Hopf invariant iso-
morphism

H : m3(S%) = Z; (f:8°—= 8%~ > H(S" kD)
£

sends a map f : S% — 52 to the sum of the invariants for the components of the
framed submanifold

i) = USl<—>S3.

The isomorphism
J @ m(S0(2)) = m(SY) = Z — m3(S?) = B1(S% % ¢?)

sends a map w : ST — SO(2) = S! (5.13) with degree d to a map J(w) : $3 — 52
with Hopf invariant d. In particular, the map 1 : S — S! of degree 1 has image
the map n = J(1) : S* — S? of Hopf invariant 1, with J(1)~!() = S* — S3 the
standard embedding with a nonstandard framing b, : vgi, g3 = €.

(ii) The inverse of the isomorphism for n > 3
J : m(SO(n)) = Zy — mupi1(S™) = Bi(S"T x,€)

is given by the stable (i.e. mod 2) Hopf invariant. The stable J-homomorphism
is an isomorphism

J : m(S0) = Zy— Q" = 7

and Q{T is generated by (S',b,). |
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Example 6.21 The J-homomorphism
J : m(SO(n)) = 0— m,2(S™) = Bo(S" T2 %,€") (n>1)

is an isomorphism for n = 1, but not an isomorphism for n > 2. Pontrjagin [66]
showed that (in modern terminology)

Q= mpa(S) = w5 = La(Z) = Zn (n>2),

detected by the Arf invariant, with the generator represented by 72 with an
exotic framing b (cf. Example 11.77 below). m|

6.3 Unoriented and oriented cobordism

Definition 6.22 The unoriented cobordism ring

N, = i N
m=0

is the graded ring with 9, the abelian group of cobordism classes [M] of closed
m-dimensional manifolds M, with addition by disjoint union and multiplication
by cartesian product. O

The Thom space of the universal k-plane bundle 1, : BO(k) — BO(k) is
denoted by MO(k). The effect on the Thom space of passing from a k-plane
bundle  : X — BO(k) to the stabilisation n ® e : X — BO(k + 1) is such a
suspension

Thnde) = XT(n) .
In particular, the classifying map BO(k) — BO(k + 1) for 1) @ e induces a map
of Thom spaces
T(lp®e) = IMO(k) —» T(1lg41) = MO(k+1),

defining a spectrum

MO = {SMO(k) — MO(k+1)|k >0} .

Unoriented Cobordism Theorem 6.23 (Thom [88])
The unoriented cobordism groups are isomorphic to the homotopy groups of the
spectrum MO

N, = hTH)l Tmak(MO(K)) (m > 0) .

Proof For each k > 0 6.10 gives
‘Bm(sm+kaBO(k)a 1) = Tmir(MO(K)) .
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For every m-dimensional manifold M the disjoint union M UM is the bound-
ary of M x I, so that every element of M, is of exponent 2.

By reducing the geometry to homotopy theory and algebra Thom computed
N, to be the polynomial algebra over Z,

Mo = Zofzg|i>1,i#27"

with one generator z; in each dimension i # 27 — 1, with x; = [RP?] if i is even.
The unoriented cobordism class of an m-dimensional manifold M™ is determined
by the Stiefel-Whitney numbers

wr(M) = (wy (M) s (M) .. w, (M), [M]) € Z
defined for any sequence I = (41,19, ...,1,) of integers i; > 0 such that
i1+ 2y 4. iy, =m
with w;(M) = w;(tpr) € HY(M;Zs) the ith Stiefel-Whitney class of the tangent

bundle 757 : M — BO(m).

Definition 6.24 The oriented cobordism ring

oo

0, = Z_:OQ,,,

is the graded ring with Q,,, the abelian group of cobordism classes [M] of closed
oriented m-dimensional manifolds M™. ]

The Thom space of the universal k-plane bundle 1 : BSO(k) — BSO(k) is
denoted by M SO(k). As in the unoriented case there is defined a spectrum

MSO = {EMSO(k) - MSO(k+1)|k >0} .
Oriented Cobordism Theorem 6.25 (Thom [88])

The oriented cobordism groups are isomorphic to the homotopy groups of the
spectrum M SO

U = lin Ty sk (MSO(k)) (m >0) .
k

Proof For each k > 0 6.10 gives

B,,(S™F BSO(k),11) = Tpmyr(MSO(E)) .
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Thom showed that
2.0Q = Qlyili=1]

with one generator y4; = [CP?] in dimension 4i for each i > 1. Milnor and Wall
then sharpened the result, proving that €, only has 2-torsion, and that the ori-
ented cobordism class of an oriented m-dimensional manifold M™ is determined
by the Stiefel-Whitney numbers w; (M) € Zs and the Pontrjagin numbers

ps(M) = (pr(M)"pa(M)=...pa (M), [M]) € Z
defined for any sequence J = (j1, jo, ..., jn) of integers j > 0 such that

with p; (M) = p;j(Tar) € H¥ (M) the jth Pontrjagin class of the tangent bundle
v+ M — BO(m). The forgetful maps from framed to oriented cobordism

Q{,:Hflm (m=>=1)

are 0, since the Stiefel-Whitney and Pontrjagin numbers of a framed manifold
are 0.

Remark 6.26 The low-dimensional cobordism groups are given by :

Mo | Za | 0| Zy [ 0| (Z2)? | Zo | (Z2)3 | Z | (Z2)°
Q.1 Z 10010 Z [Zs| O 0| z2

6.4 Signature

Definition 6.27 (i) A symmetric form (K, \) over R is a finite-dimensional
real vector space K together with a bilinear pairing

A KxXK—>R; (z,y) — Az,y)

such that
AMz,y) = My,z) €R.

The form is nonsingular if the adjoint linear map
adjoint(\) : K — K* = Homg(K,R); z— (y— Aax,y))

is an isomorphism.
(ii) A morphism of symmetric forms over R
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o (BN — (K XN)
is a linear map f : K — K’ such that

N(f(@), f(y) = Ma,y) €R (z,y € K) .

The morphism is an isomorphism if f : K — K’ is an isomorphism. O
Diagonal forms are particularly important :

Definition 6.28 Given \; € R (1 < i < n) define the diagonal symmetric form
over R

diag(A1, Az, ..., An) = (R",A)
with

A((wlvm%'”a‘rn)a(ylvy%"wyn)) = Z)\zxzyz eR. u
i=1

Spectral Theorem 6.29 For every symmetric form (K, ) over R there exists
a basis {vi,va,...,0n} of K with
Ai ifi=y
Moz, v;) = I
(vi-43) {0 ifi#]
for some A\; € R, corresponding to an isomorphism

f : diag(Ah)‘Qu .. 7)\n) - (K7 )‘)

with .
f iR K (x1,29,...,2,) HZQ?Z"UZ‘ .
i=1
Proof For an arbitrary basis {uy,us,...,un} of K choose a basis for each

eigenspace of the symmetric n x n matrix (A(u;, u;)). Apply the Gram-Schmidt
process to each of these bases, to obtain an orthonormal basis for K consisting
of eigenvectors {vi, v, ..., Un}. ]

Definition 6.30 (i) A symmetric form (K, ) over R is positive definite if
Mz, z) >0 (xz € K\{0}),
in which case it is nonsingular. Similarly for negative definite with A(z,z) < 0.
(ii) The positive index of a symmetric form (K, \) over R is
Ind{ (K,)\) = maxdim(U) >0,
the maximum dimension of a subspace U C K such that the restricted form

(U, A|) is positive definite. Similarly for the negative index Ind_ (K, \).
(iii) The signature of a symmetric form (K, \) over R is

o(K,A) = Indy(K,\) —Ind_(K,\) €Z. O



SIGNATURE 137

Remark 6.31 (i) Nonsingular forms are sometimes called nondegenerate forms.
The index of a symmetric form is usually defined to be the negative index. Sig-
nature used to be called the inertia of a symmetric form, and (confusingly) also
the index.

(ii) An inner product space (K, \) is a vector space K together with a positive
definite symmetric form A. The signature of an inner product space is

o(K,\) = Indy(K,\) = dim(K) . O

Example 6.32 The diagonal form diag(A1, A, ..., \,) is such that
Indy (diag(A1, Ag, ..., An)) = It
with I (resp. I_) the number of strictly positive (resp. negative) \;’s. o
The indices and signature are isomorphism invariants, so that for any sym-

metric form (K,)\) and any diagonal form diag(\q, s, ..., \,) isomorphic to
(K, M) (with n = dimg(K))

Ind:i:(Ka)‘) = Indi(diag()‘la)\%-'w)\n)) = I,
o(K,\) = o(diag(A1, Aa, ..., ) = I —1_ .

Furthermore
Indy (K,A\) +Ind_(K,\) = I +I_ = n—r

where
r = dimgp{z € K|A(z,y) =0€R forall y € K}
{i xi = 0}

with = 0 if and only if (K, \) is nonsingular.

Symmetric forms over R are classified by rank and index, according to the
following classic 19th century result.

Sylvester’s Law of Inertia 6.33 Two symmetric forms (K, \), (K',X") over
R are isomorphic if and only if

dimg(K) = dimg(K’) , Indi(K,\) = Indy(K',)\).
Proof By the Spectral Theorem 6.29 every symmetric form (K, \) is isomorphic

to diag(l,...,1,—-1,...,—1,0,...,0), with Indy(K) 1’s, Ind_(K) (—1)’s and
dimg(K) — Ind4 (K) — Ind_(K) 0’s. o



138 COBORDISM THEORY

Definition 6.34 The nonsingular hyperbolic symmetric form over R
H(L) = (L& L*,\)
is defined for any finite-dimensional real vector space L by
A LoL*xLoL” —R; ((z,f), (y.9) = fly) +9(z) ,

with

Ind;H(L) = Ind_H(L) = dimg(L)eN |, o(H(L)) = 0€Z. O
Proposition 6.35 Two nonsingular symmetric forms (K,\), (K',\') over R
are related by an isomorphism

[ (K,ZN)@H(L) — (K' ) N)® H(L)
for some finite-dimensional real vector spaces L, L’ if and only if
o(K,\) = o(K',\)€eZ.

Proof Immediate from the Spectral Theorem 6.29 and Sylvester’s Law of Iner-

tia 6.33, on noting that for any real numbers A, p with g < 0 < A there is defined
an isomorphism of symmetric forms

1 1
\? Ql? . H(R) — diag(\, p) -

Vi

Definition 6.36 (i) Given a symmetric form (K, \) over R and a subspace L C
K let
Lt = {z€K|\z,y)=0€Rforallye L} .

(ii) A lagrangian of a nonsingular symmetric form (K, \) over R is a subspace
L C K such that
L =L+, m

Proposition 6.37 The following conditions on a nonsingular symmetric form
(K, M) over R are equivalent :

(i) (K, ) is isomorphic to a hyperbolic form,
(i) o(K,\) =0€17Z,
(iii) (K, \) admits a lagrangian L.
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Proof (i) <= (ii) Immediate from 6.35.
(i) = (iii) The hyperbolic form H(L) has lagrangian L.
(iii) = (i) Choose a direct summand M to L in K. The linear maps
fro M= L5 we(y = AM,y) ,
Al h
g M= M —5 > = L,

0 f

are such that h: (K,\) & H(L) is an isomorphism of symmetric forms. O

h o= <1 9/2> K = LeM—LaL*

Definition 6.38 The intersection form of a closed oriented 4k-dimensional
manifold M#* is the nonsingular symmetric form over R (H?*(M;R), \) with

Ao HP(M;R) x H*(M;R) = R ; (2,y) — (x Uy, [M]) .
The signature of M is the signature of the intersection form

o(M) = o(H**(M;R),\) € Z . O

The intersection form (H2*(M;R),\) is just the R-coefficient version of the
homology intersection form of Definition 4.11, identifying H2*(M;R) = Hoy,(M;R)
by Poincaré duality.

Example 6.39 The intersection form of S?* x S%¥ is hyperbolic (6.34)

(sz(SZkXSZk;R>7)\) = H(R> = (R@R’((l) (1)))’

so that the signature is

o(5% x §?%) = ¢(H(R)) = 0. O

Example 6.40 The intersection form of the complex projective space CP?* is
the symmetric form

(H*(CP*";R),\) = (R,1),
and the signature is

o(CP?) = ¢(R,1) = 1. a

We refer to Hirzebruch [34] and Chapters 15,19 of Milnor and Stasheff [61]
for the definition of the .Z-genus of an oriented vector bundle n : M — BSO

Ln) = Api(),p2(n),...) € H*(M;Q)
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The 4k-dimensional component
L (M) = Z(p1(M),p2(M),....pr(M)) € H*(M;Q)
is a polynomial in the Pontrjagin classes of the form
Zr(p1,p2,.-.,Pk) = Skpr + terms with p; for j < k

with

22k,(22k—1 _ 1)
S N .
o (2k)! b

involving the kth Bernoulli number Bj. The .Z-genus of an oriented manifold
M is defined by

AM) = Arm) = Apy(M),p2(M),...) € H*(M;Q)

with px(M) = pi(7ar) € H**(M) the kth Pontrjagin class.

Hirzebruch Signature Theorem 6.41 (1952)
The signature of a closed oriented 4k-dimensional manifold M** is given by

o(M) = (Zr(M),[M]) € Z

Proof The first proof was a direct consequence of Thom’s computation

200Q = Qyux|k>1]

with ysr = [CP?*]. For any n > 1 the Pontrjagin classes of the n-dimensional
complex projective space CPP™ are given by

m+1

pi(CP™) = pj(repn) = ( ]

) e HUCEN) = 2 (0<j<m/
(Milnor and Stasheff [61,p.177]). For m = 2k the evaluation

(Zr(CP) [CP?*])) = 1€Z
coincides with the signature of CP?*

o(CP?*) = o(H?**(CP*),)\) = 0(Z,1) = 1€Z.

See Hirzebruch [34] and Chapter 19 of [61] for further details. O
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Example 6.42 The first three .Z-polynomials are given by

1
ZLi(p) = 3P
1
ZLo(p1,p2) = E(7P2—P12)>
1
ZL3(p1,p2,p3) = %(62p3—13p2p1+2pf’)~

and

p1(CP?) = 3, o(CP?) = (&1 (CP?),[CP?]) = 1,

p1(CPY) = 5, po(CP*) = 10, o(CP*Y) = (ZL(CPY),[CPY)) = 1,

p1(CPS) = 7, pa(CPY) = 21, p3(CP¥) = 35,

o(CP%) = (Z3(CPS),[CPS)) = 1.

The signature is also defined for an oriented 4k-dimensional manifold with
boundary (M,9M), but there is no corresponding expression in terms of the
L-genus AM) € H*(M;Q). (For one thing, it is not possible to evaluate
L. (M) € H*(M;Q) on the fundamental class [M] € Hy.(M,0M;Q), and in
any case H**(M;Q) = Ho(M,0M;Q) = 0 if 9M and M have the same number
of path components).

Proposition 6.43 The signature of closed oriented 4k-dimensional manifolds
is an oriented cobordism invariant, with

for any oriented (4k + 1)-dimensional cobordism (W; M, N).

Proof Tt suffices to prove that (OW) = 0 for an oriented (4k + 1)-dimensional
manifold with boundary (W,0W). Let

(K,\) = (H*™(0W;R),[oW] N —)

be the intersection form of OW, with [0W] € Hy,(OW;R). The Poincaré duality
isomorphisms define an isomorphism of exact sequences

Z‘*

H?(W;R)

H2(OW; R) —= H2*+1(W, 0W;R) — - --
Win-—|= [8W]m—i~ [W]m_lw

= Hopyr (W, 0W; R) — > Hay (OW; R) — = Hop (WiR) —— - .-
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with i : OW — W the inclusion. It follows that the inclusion j : L — K of the
subspace

L = im(i* : H*(W;R) — H**(OW;R)) C K = H?*(0W;R)
is such that there is defined an exact sequence

) )
0 L] K] L* 0

and L is a lagrangian (6.36) in (K, \). By 6.37 j extends to an isomorphism of
symmetric forms

@ = @wor (g ),

and the signature of OW is

o(OW) = o(K,\) = o(H(L)) = 0€Z.

In particular, the signature defines morphisms on the 4k-dimensional oriented

cobordism group
o : Qu—Z; [M)—o(M).

Example 6.44 The signature map is an isomorphism
c: Q—7; [M—oM),

with o(CP?) = 1. 0
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EMBEDDINGS, IMMERSIONS AND SINGULARITIES

The one-one correspondence between algebraic and geometric surgeries below
and in the middle dimension is central to surgery theory. This chapter describes
the algebraic and geometric intersection properties of submanifolds used to es-
tablish this one-one correspondence in subsequent chapters.

Section 7.1 states the Whitney Embedding and Immersion Theorems: every
map of manifolds f : N® — M™ is arbitrarily close to an embedding if 2n <
m, and arbitrarily close to an immersion if 2n = m. Section 7.2 treats the
algebraic and geometric intersections of immersions, including self-intersections.
Section 7.3 describes the Whitney trick for removing pairs of double points in
manifolds of dimension m > 5. Section 7.4 is a brief account of the Smale-Hirsch
classification theory of immersions. Finally, Section 7.5 describes the unique type
of singularities arising for generic maps f : N* — M?"~1,

7.1 The Whitney Immersion and Embedding Theorems

Here are the statements:

Whitney Immersion Theorem 7.1 (]97],[99])
For 2n < m every map f : N — M™ is homotopic to an immersion N & M,
and for 2n + 1 < m any two homotopic immersions are reqular homotopic. O

Whitney Embedding Theorems 7.2 ([97],[99])

(i) For 2n+1 < m every map f : N™ — M™ is homotopic to an embedding
N — M, and for 2n + 2 < m any two homotopic embeddings are isotopic.

(ii) For n > 3 and m (M) = {1} every map f: N* — M?>" is homotopic to an
embedding N — M. O

A map f: N — M™ with 2n > m cannot in general be approximated by
embeddings. Example 11.33 gives an explicit map which cannot be approximated,
with m = 2n.

A map f: N® - M™ with 2n — 1 > m cannot in general be approximated
by immersions. See Section 7.5 below for the unique type of singularity arising
in the case m = 2n — 1.
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The essential difference between immersions and embeddings are the double
points:

Definition 7.3 (i) The ordered double point set of a map f : N — M is
the set

S2(f) = {(z1,22) E N x N|zy # a2 €N, f(21) = f(22) € M} .
(ii) The unordered double point set of a map f: N — M is the set
Salf] = Sa(f)/2Z2
with Zs acting by (1,2) — (22,21). The projection
Sa(f) = Salf] s (21, 32) = [m1, 2]

is a double covering map. a

Proposition 7.4 An embedding N — M is an immersion N & M with no
double points. O

If f: N® 3 M™ is a generic ‘self-transverse’ immersion of an n-dimensional
manifold N in an m-dimensional manifold M then Sa(f) is a (2n—m)-dimensional
manifold. Thus for 2n < m a generic immersion is an embedding.

The approximation theorems (7.1,7.2) for maps of manifolds are global ver-
sions of the following results for linear maps of vector spaces.

Let My, »(R) be the vector space of m x n matrices (a;;)1<i<m,1<j<n With

coefficients a;; € R, with m rows and n columns. The function

M,.n(R) — Homg (R™,R™) ;
n n n
A = (aij) — <fA N (1’1,1’2, e ,xn) — (Z aljxj, Z agjl'j, ey Z amjxj)>
=1 =1 j=1
is an isomorphism of vector spaces, such that
fap = fafp : RP = R" - R™

for A € My, n,(R), B € M, ,(R). Regarding M,, ,(R) as a differentiable manifold
there is an evident identification

Mp,n(R) = R™" .

The invertible elements of M,, ,,(R) define the general linear group under mul-
tiplication
GLm(R) = My m(R)\det™(0) C My, (R)

an open m2-dimensional submanifold.
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Proposition 7.5 For k < n < m the subset Ry, C My, »(R) consisting of the

m X n matrices having rank exactly k is an open submanifold of My, n(R) of
dimension

dim(Rk)

k(m+n—k).

Proof The m x n matrix

(Ix O
5= (4 o)
has rank k. An m x n matrix X has rank k if and only if

X = ALB™!
for some A € GL,,(R), B € GL,(R). Now AJyB~t = A'J, B'~! if and only if

(A71A)J(B~'B)~!

= Jk )
so that Ry is the coset space

R, = G/H
with

G = GLn(R) x GL.(R) ,
H = {(A7B) S GlAJkB_l = Jk} .

Invertible matrices
A1 AQ Bl BQ
A = GL,R), B = GL,(R
(4 ) ectam .5 = () ) ecn®
with Aj, By € My, ,(R) are such that (A, B) € H if and only if

Ay B, € GL,(R) , As
Bo

0¢ Mm—k,k(R) ) A4 € GLm—k(R) )
0e Mk,n—k(R) s B, € GLm_k(R) s

so that H is the subgroup of G consisting of the pairs of the form

wo - (5 ) (5 8))

with
LeGL,(R), M € My m-r(R),
NeGLy—xR), Pe M,_1xR), Q € GL,_k(R) .
Thus
dim(G) m? +n? |
dim(H) = K>+ k(m—k)+ (m—k)*>+ (n—k)k+ (n—k)?
= m?2+n?—k(m+n-—k),
and

dim(Ry,) = dim(G) — dim(H) = k(m+n—Fk) .
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Note that k(m +n — k) is an increasing function of k for k < n < m, so that

/

dim(Rp) = 0 < dim (R;) = m+n—1 <
dim(R,—1) = (m+1)(n—1) < dim(R,) = mn .

/A

Example 7.6 (i) If m = 2n then
dim(R,_2) = 2n* —2n—4, dim(R,_;) = 2n+1)(n—1).
(ii) If m = 2n — 1 then

dim(R, ) = 2n* —3n—2, dim(R,_1) = 2n(n—1). i
Here is a sketch proof of the Whitney Immersion Theorem (7.1):

Proposition 7.7 If 2n < m every map f: N™ — M™ is arbitrarily close to an
immersion f': N & M.

Sketch proof Arbitrarily close means that given a metric d on M and € > 0
there is an immersion f’ : N & M such that

d(f(z),g(z)) <eforal z e N .

First, it is possible to approximate f arbitrarily closely by a C°*° map, which will
also be called f. Near each point of IV it can be assumed that local coordinates
chosen, so that f can be regarded as a differentiable map f : R™ — R™. The
differential of f is a differentiable map

df : R®" 5> Mpn(R) = RyURU...UR,, ; z+— (y— df(x)(y))

which is arbitrarily close to a map F' : R” — M,, ,(R) which is transverse at
each of the submanifolds Ry, C M, »(R) (0 <k < n — 1) with

dim F~Y(Ry,) = n — (mn — dim(Ry,))
n— (mn —dim(R,_1))
=n—-mn+n—-1)(m+1) = 2n—m—-1<0.

N

Thus df is arbitrarily close to a map F : R — M, ,(R) with
FR™) C My n(R\N(R)UR1U...UR,_1) = R,

(i.e. each F(z) : R® — R™ is injective). Any map F with F(R") C R, is the
differential of an immersion R™ — R™. Also, the set of immersions is open in
the C"-topology (for any r > 1) on the set of differentiable functions R™ — R™.
Hence, using standard pasting arguments the result follows. ]

Here is a sketch proof of the Whitney Embedding Theorem (7.2) (i) below
the middle dimension :
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Proposition 7.8 If 2n+ 1 < m every immersion f: N™ & M™ is arbitrarily
close to an embedding f': N — M.

Sketch proof The diagonal A(M) C M x M is an m-dimensional submanifold
of the 2m-dimensional manifold M x M, and

m(fxf:NXN—->MxM)CMxM
is a union of submanifolds of dimension < 2n. As m + 2n < 2m an arbitrarily

small modification of f will avoid A(M). O

Definition 7.9 A double point © = (z1,z2) € S2(f) of an immersion f : N
M?" is transverse if the linear map of tangent spaces

(df (z1) df(z2)) : 75 (1) © T (22) — Tar(f(2))

is an isomorphism. O

The triple point set of a map f: N — M is defined by

S3(f) = {(w1,22,73) € NXNXN |x; # xjfori # j, f(x1) = f(wa) = f(x3) € M} .

Definition 7.10 An immersion f : N” & M?" is self-transverse if it has no
triple points, and only a finite number of transverse double points. m]

Proposition 7.11 Every immersion f : N™ & M?" is arbitrarily close to a
self-transverse immersion.

Proof The triple point set S3(f) of an immersion f: N™ & M™ is generically
(3n — 2m)-dimensional, and 3n — 2m < 0 in our case m = 2n.
By general position arguments it can be assumed that

m(fx f:NxNMxM)NAM)

is a set of dimension 0, so that So(f) must be discrete. If there exists a double
point which is not transverse then an arbitrarily small modification of f will
either remove the double point or change the map to one for which this rank
condition holds. a

See Theorems 2.12, 2.13 of Hirsch [33] for more detailed proofs of the Whitney
Immersion and Embedding Theorems.
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The figure 8 immersion S 4+ S2 has the following high-dimensional general-
isation to immersions with a single double point :

Proposition 7.12 For each n > 1 and € = +£1 there exists a null-homotopic
self-transverse immersion fS : S™ 9 S?" with an ordered double point x¢ €
Sa(f<) such that

n

I(x) = e, Sfi] = {[=]},

and oriented normal bundle

vie = —eTgn @ S" — BSO(n) .

Proof For n = 1, take f;" : S! & S? to be the figure 8 immersion, and let
fi = fifr: S' & S% with

r: S*— 81 (cosf,sinf) — (cos, —sinf) .

For n > 2 use the following construction of immersions S™ 4 R?", which may
be composed with the standard embedding R2" < §27. Start with

Dy = {(a1,...,20,0,...,0) €R™ | Y02 < 1}

i=1

Dy = {(0,...,0,y1,...,yn) ER*"| 3T yZ < 1}.

i=1
The intersections
S2n71 mD'{L _ S?fl , Sanl QDS _ 371
are linked spheres in $2"~1. For 0 < ¢t <1 let

B cos(mt/2)I,, sin(mt/2)I,\ o, om
o1 = (—Sin(ﬂ't/Q)In cos(7rt/2)fn> RS R

The embeddings

Gi i ST RE g /14 sind(nt) - u(@) (0 << 1)

define an isotopy between ¢o(S?"~1) = §2"~1 and ¢;(5%"~1) = S2"~! in the
complement of the unit ball in R?”. The map
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(xla" '7xn70) = (mla" .7337“07...,0)
8" = D"x{0,1}US™" I xT = R*™; { (y1,.. s yns 1) = (0,..., 0,51, ..., Un)
(2,1) = ¢(2)
is the desired immersion of S™ in R?". To obtain the immersion f,; with a double
point of complementary index modify ¢; to

Infl 0 0 0
0 cos(mt) sin(mt) 0
/ — h =
foh pedr where fu 0  —sin(nt) cos(wt) 0
0 0 0 In—l

7.2 Algebraic and geometric intersections

The homology intersection pairing (4.66) of an oriented cover (M ,m,w) of an
m-~dimensional manifold M

A Hy(M) x Hp_n(M) — Zl]
will now be related to the geometric intersections of transverse submanifolds and
immersed submanifolds. The two most important cases are:

(i) the identity cover, with M = M, 7 = {1},
(ii) the universal cover, with 7 = m (M), w = w(M).

Definition 7.13 A n-trivial map f : N* — M"™ is a map from an oriented
manifold NV such that the composite
I+

m(N) —m (M) ——7

is trivial, so that the pullback cover N = f *.7\:/.7/ of N is trivial, together with a
choice of m-equivariant lift f : N =7 x N — M of f. O

A m-trivial map f: N® — M™ represents a homology class

f.IN] € H,(M)

which will usually be denoted [N] € H,(M). The normal bundle vy : N —
BO(m — n) of a m-trivial immersion f : N — M™ is oriented, since 7y is
oriented (by hypothesis),

™~ @®vs = f'ru : M — BO(m)
and

— w(M
’w(Vf) : 7T1(N) u> ’/Tl(M) ¥' ZQ .
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Definition 7.14 The algebraic intersection of w-trivial maps f1 : NJ"' —
MmMtnz ) s NP2 — MMtz g

NI (N, Ny) = M[N1],[No]) € Z[r] . O

In terms of the Z[r]-module Umkehr chain maps (4.67)
AN N2) = (i @ f3)AIM] € Ho(C(N)' ©gp C(Na)) = Zfm]
with C'(Ny)* as defined in the proof of 4.58, and
(f)' 2 C(M) = C(N)uemin, (i=1,2).
In 7.22 below the algebraic intersection A9(Ny, No) of transverse immersions
will be identified with the geometric intersection.

Example 7.15 Let n : N — BSO(n) be an oriented n-plane bundle over an
oriented connected n-dimensional manifold V. The total pair of the fibre bundle
(D", 8"7) — (D(n),S(n) — N

is an oriented 2n-dimensional manifold with boundary
(M,0M) = (D(n),S(n)) -
The zero section of 7 is an embedding
f i N—=M = D(n); z—(z,0),
which is a homotopy equivalence with an Umkehr chain equivalence

f*

' o(M,oM) ~ C(M)*™—* C(N)*™* ~ C(N)u_n

and
AN, N) = (f ®f!)A(M,8M)[M] € Hy(NxN) = Z

with [M] € Ha,(M,0M) the fundamental class. The Umkehr chain equivalence
is just the Thom chain equivalence

fl=U,n—: C(T(n) = C(M,0M) —= C(N)up
with a commutative diagram

Ao
Hy,, (M, 0M) (A.OM) Hon(M x M, M x M UM x M)

e fert|

() SO vy B

Hy(N x N)

I
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The algebraic intersection of f : N — M with itself is therefore the Euler number
of

A(N,N) = An(e(n)N[N]) = x(1) € Hy(N xN) = Z,
the image of the Euler class e(n) € H™(N) under the Poincaré duality isomor-

phism

~

[NJNn— : H*(N) — Hy(N) = Z. O

Example 7.16 For any k& > 1 define the embedding of complex projective spaces
N%* = CPF — M* = CP* ; [20,21,..., 2k — [20, 21, -+, 2k, 0,...,0]

with [20, 21, . . ., 2] C CF*! the 1-dimensional subspace spanned by (zo, 21, - . ., 2x) €
Ck+1. The normal bundle

veprecpe = kn @ CP* — BSO(2k)
is the Whitney sum of k copies of the canonical (complex) line bundle
veprecpier = 1 : CPF— BSO(2) = CP™
with S(n) = S%+1 and
[N] = 1€ Hy(M) =Z , MN,N) = x(kn) = 1€Z. O

Definition 7.17 (i) The double point set of maps f; : N; — M (i = 1,2) is
defined by

Sa(f1, f2) = {(z1,22) € N1 x Nao| fi(z1) = fa(z2) € M}
= (f1 x f2)"H(A(M))

with
AM) = {(z,z)|lre M} C M x M
the diagonal subspace.

(i) A double point z = (z1,22) € So(f1, f2) of immersions f : NJ'* ¢ M™1 72
fo i NJ'* & M™*"2 is transverse if the linear map

df(x) = (df1(z1) df2(x2)) : 7w, (21) ® TN, (22) — Tar (f(2))

is an isomorphism.
(iii) Immersions f; : NJ* ¢ M™*"2 (§ = 1,2) have transverse intersection
(or are transverse) if each double point is transverse and Sa(f1, f2) is finite. O
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At a transverse double point x = (21, z2) € Sa2(f1, f2) of m-trivial immersions
fi1 o NT't o Mmtn2 fy 0 NJ'2 g M™+72 et g(x) € m be the unique covering
translation M — M such that

foz2) = g(@)fi(z1) € M .

The lifted immersions g(z)f1 : Ny & M, fo : Ny & M have a transverse double
point

F = (v1,22) € So(g(@) fi, fo)

and there is defined an isomorphism of oriented m-dimensional vector spaces

df(e) = (dg(@)f1) df2) : T, (1) ® 7w, (w2) — 77 (fa(21)) -

Definition 7.18 The equivariant index I(x) € Z[r] of a transverse double
pOth xTr = (ZZ?1,132) S Sg(fl,fg) is

I(z) = w(z)g(x) € {£n} C Z[n]
with ~
w(z) = { +1 if df(x) preserves orientations
—1 otherwise .

Remark 7.19 (i) The definition of the double point set in 7.17 also applies in
the case fi = fo = f: N — M. In this case

Sa(f, f) = A(N) U Sa(f) (disjoint union)

with S2(f) the ordered double point set of 7.3. The definition of the equivariant
index I(z) € Z[r] in 7.18 applies just as well to a transverse ordered double point
x = (x1,72) € So(f) of a w-trivial immersion f : N™ 9 M?".
(ii) The effect on the equivariant index of a change of order in the double point
is given by

I(zg,z1) = (—1)™"21(x1,22) € Z[r]

with Z[r] — Z[r]; a — @ the w-twisted involution (4.55), since there is defined a
commutative diagram of isomorphisms of oriented m-dimensional vector spaces

(dfi dlg@)™'f2)) -

N (T1) © T, (72) T
T (

(¥ o)

TN, (Z‘Q) D TN, (xl)

(dfz d(g(x) 1))

1(z1))
‘dg(ﬂc)
i (fa(22))

(iii) If f/ : N; 9 M (i = 1,2) are other lifts of f; let h; € 7 be the unique
elements such that
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flly) = hifiy) € M forally € N .
The effect of changing the lifts is given by

I'(z) = hol(z)w(hi)hi* € Z[x] . O
Definition 7.20 The geometric intersection of transverse w-trivial immer-

sions f1 : N™ G M™*n2 fo 0 NJ'2 65 M™172 g

XNy, Ny) = > I(x) € Zln] .
z€S2(f1,f2)

Likewise for a self-transverse 7-trivial immersion f : N™ 9» M?"
NN, N) = Y I(x) € Zlx] . O
z€Sa(f)
For any immersion f: N™ & M™ there exists a differentiable function
e : M —RP = DP\SP~! (p large)
such that the immersion
"t N MxDP; zw (f(z),e(z))
is an embedding approximating f, with a regular homotopy to the immersion
fx0: NeMxDP; z— (f(z),0)
and normal bundle
vp = Vixo = V@€’ : N—BO(m—n+p).
Definition 7.21 (i) The stable m-equivariant geometric Umkehr map of
an immersion f: N™ & M™
F o SPMy — YPT(v5)
is defined by collapsing the complement of E (Vf,) C M x D
F : (M x DP)/(M x §¢=1) = SPM,
— (Mx Dp)/((ﬁx DPN\E(vy)) = T(vy) = SPT(vy)

with M+ =MU {pt.}. The geometric Umkehr map F induces the m-equivariant
homology Umkehr map

Fo=f" = f' ¢t Hep(SPMy) = Ho(M) = Hoy(T(v7)) = Heoman(N) .
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(ii) For an embedding f : N — M take p = 0 in (i) to obtain the unstable
m-equivariant geometric Umkehr map

F = projection : M+ H/M//(M\E(Vf)) = T(Vf)

which is just the m-equivariant map given by the Pontrjagin-Thom construction
(6.8) for the embedding f : N — M. a

Proposition 7.22 The algebraic and geometric intersections of transverse -
trivial immersions f; : N{"™* & M™*72 fo : N2 45 M™ 12 coincide

A9 (Ny, Ny) = N(Ny, No) € Z[n] .

Proof Approximate the immersions f; by embeddings

fi+ Ni—= M x DV xp— (fi(zi),ei(x;) (pi large) ,

3

which determine geometric Umkehr maps for f;

Fi o ¥PMy, — 3P T(vy) (1=1,2) .

i

Let p = p1 + p2. The embedding
fl : N = Sg(fl,fg)%MXDp = MXDPIXDPZ;

z = (21,32) = (f(2), e1(21), e2(22))
approximates f, and determines a m-equivariant geometric Umkehr map F :
YPMy — ¥PT(v5) inducing the Umkehr Z[r]-module chain map flo(M) —

C(N)s—m+n- The Umkehr Z[r]-module chain maps
£l C(M) = C(N))sin,—m (i=1,2)
are induced by stable m-equivariant geometric Umkehr maps
F; « (M x DPi)) (M x SPi=1) = SPi)M, —
(M x DP\E(v5,)/(M x SP=1) = SPT(vg) .

The commutative square of geometric Umkehr and diagonal maps

SPA — —
SPMy —==— $01 M, A, SP2 0,
F Fy A B

YPA

ZPT(Vf) _— EPIT(I/f”l) N ZPZT(sz)

induces a commutative square of morphisms in homology
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L . H(COD) @y COD))

H,(M;Zv)

f Lok
A _ -
Hy (N3 Z%) ——25 H,_ 1 (C(N)" @51z C(N2))

with N N N
A12 : N = N/ﬂ' = SQ(fl,fg)‘—>N1 Xﬂ—NQ

the inclusion. (Terminology: If a group 7 acts on spaces X,Y then
Xx,Y = (X xY)/{(z,y) ~ (9z,9y) |gem,z € X,y eY}.
If a group 7 acts on pointed spaces X,Y by base point preserving maps then
XNY = (XAY)/{(z,y) ~ (gz,9y)|lgemx e X,yeY}.
The smash product of pointed spaces X, Y is the pointed space
XAY = (X x V)/(X x {yo} U{zo} x V) ,

with 29 € X, yo € Y the base points.) The evaluation of the fundamental class
[M] € H,,,(M;Z") both ways round the square gives

AMI(Ny, Na) = (fi ® f3)A[M] = Awpf'[M] = Aja[N]

= )\geO(NhNQ) € Z[’IT] .

Example 7.23 For any oriented manifolds N{"*, N> and points z1 € Ny, x5 €
Ny the submanifolds

NI = Ny x{m}, NJ* = {21} x No C M™*" = N; x Ny
are transverse with a single point of intersection
(N1 x {a2}) N ({21} x N2) = {(x1,22)} € N1 x Ny,
and 7.22 applies with
ANy, No) = N9°(Ny,Np) = 1€Z. O
Proposition 7.24 For any m-trivial immersions of manifolds f1 : N{'* & M™+n2

fo : NJ2 & M™ T2 there erists a regular homotopy fo ~ f5: No = N) — M
such that f1, f4 are transverse, with

AN, Ny) = AY(Ny, Nj) = N°(Ny, Nb) € Z[nr] .

If f1, fo are embeddings the regular homotopy can be chosen to be an isotopy.
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Proof Adapt Corollary I1.15.6 of Bredon [10] (which deals with embeddings)
to immersions. O

Proposition 7.25 (i) The algebraic self-intersection of a w-trivial embedding
f i N™ — M?" is the Buler number (5.44) of the normal n-plane bundle vy s :
N — BSO(n)

)\alg(N,N) = X(VN;»]W) EZ‘—>Z[7T] .

(ii) For any oriented n-plane bundle n : N — BSO(n) over an n-dimensional
manifold N the zero section in the D™-bundle

N <= D(n) ; x— (z,0)

is isotopic to a submanifold N' C D(n) intersecting N transversely in x(n) points
(counted algebraically), so that the algebraic self-intersection of N in D(n) is
given by

AN, N) = M(N,N') = x(n) €Z.

Proof (i) Use the Tubular Neighbourhood Theorem (5.50) to embed the total
space of the normal bundle vy, s : N — BSO(n) as a codimension 0 subman-
ifold E(vny—n) € M, and apply 7.15.

(ii) Apply 7.22 (with 7 = {1}), 7.24 and (i), noting that isotopic embeddings
have isomorphic normal bundles. O

Example 7.26 For any r-trivial immersion f : N 9 M?" take

in 7.24, to obtain a regular homotopic immersion f’: N & M such that f and
f! are transverse, with

NN N) = A9(N,N') = N°°(N,N’) € Z[x] . m

7.3 The Whitney trick

Whitney trick for removing double points 7.27 ([99])
(i) Let f1 : N — M™, fo : NJ* — M™ be m1(M)-trivial embeddings with
n1 + ne =m and N1, Ny connected, such that

either ni,ny > 3,
or n1:2, n2>3wzth’f[‘1(M)g7T1(M\Nl)
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Given two transverse double points

r = (z1,22) , ¥y = (y1,92) € Sa2(f1, f2)
such that
I(z) = —I(y) € Z[m(M)] .

There ezists an isotopy of fi to an embedding f] : Ny — M with double point
set

So(f1, f2) = Sa(fr, f)\{[z], [v]} -

(i) Let f : N™ & M?" be a w1 (M)-trivial immersion with n > 3, with N
connected. Given two transverse ordered double points

r = (z1,22) , ¥ = (Y1,y2) € Sa2(f)

such that
I(z) = —1(y) € Z[m(M)] , [z] # [y] € Sa[f]

there exists a regular homotopy of f to an immersion f' : N™ o M>*" with
unordered double point set

Salf'] = SalfI\{[z], [y]} -

Proof See Theorem 6.6 of Milnor [57] for case (i), generalising the removal of
transverse double points of curves in the plane by sliding over the closed area
bounded by the portions of the curves between the double points.

Q OC

The condition I(z) = —I(y) means that
w(z) = —wly) € {£1} , g(x) = g(y) e m(M),

and the dimension conditions ensure the existence of a ‘Whitney disc’ D? C M.
The proof of case (ii) is essentially the same.

The following proof (of (ii)) is due to Jim Milgram, and is a bundle-theoretic
interpretation of the original construction ([99]).

Choose differentiable maps

vi + I =1[0,1]] =N (i=1,2)

with endpoints
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such that both curves avoid the double points of f except at their endpoints.
Consequently, the map

fr(2t) if0<t
fr@21-1t) ifl/2<

is an embedding which is differentiable except at two points. Consider the pull-
back w*Tys @ ST — BO(m) of the tangent bundle 77 : M — BO(m). Let

<1/2
w:SII/{ONI}HMQn;tH{ . /

<1

g = g(@) = g(y) € m (M)
and lift w to an embedding in the universal cover M of M

o St = I/{0~1}HM; t,_>{9f71(2t) if0<

t<1/2
Fra(21— 1) if1/2 <t

<1
such that ~

Y~
w: S - M-—M.

Now M is simply connected, so that both @ and w are null-homotopic, and the
pullback bundle
W'ty = Wit S' — BO(2n)

is trivial. Choose a metric on M™ so that at the double point x = (z1, 22) € Sa(f)
the subspaces

df (z1)n (21)" , df (w2)7n (22)" C Tar (f(2))*"

are orthogonal, and similarly at the double point y € Sa(f). This gives a splitting
of the orientable 2n-plane bundle

W'ty = a1 @ay @ S — BO(2n)
as a Whitney sum of nonorientable bundles
a1 = TN|y UVply, , a2 = vply, UTn|y, - St — BO(n) .

The condition I(xz) = —1(y) is exactly what is needed to ensure that

~

o X M@En_l

with g the nonorientable line bundle over S*.

Next, extend the 1-dimensional tangent section along v; to a Mdébius band
section (3; — a7 and the 1-dimensional tangent section on 7» to a 1-dimensional
Mobius band section 33 < aq, defining non-trivial line bundles 31, 35 : S* —
BO(1) (with 81 & By = p) such that

o = Bi@" ! ap = Foa ! 1 S' = BOMn) .

Moreover
Bi®f = € : S'— BO(?2),

since 31, (2 are perpendicular at every point. This defines, using the Tubular
Neighbourhood Theorem (5.50), an embedding D? x St — M?" extending w(S?!)
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which we can use to construct a differentiable embedding D' x S' — M?"
containing w(S') in its interior and contained in the image of D? x S'. We
regard this D' x S as a closed collar neighborhood of the boundary in the unit
ball D? C R?, and we now want to extend this embedding to an embedding
D? c M*".

Lemma 7.28 Let f: N™ & M™ be an immersion with image V = f(N) C M.
Ifm>=5 and m —n > 3 then

7T1(M\V) = 71'1(M) .

Proof The morphism m (M\V) — m1(M) induced by inclusion is surjective,
since every map S' — M can be moved away from V by general position. In order
to prove that the morphism is injective consider an element x € ker(m (M\V) —
m1(M)), which may be represented by a commutative square

7

M\V

|

D?——M

Sl

with 4 an embedding. Since m > 5 j is homotopic to an embedding (leaving the
embedding i fixed). Now ensure that V N j(D?) = (). By general position move
j(D?) away from V by an arbitrarily small perturbation leaving j an embedding,
and leaving i alone on S'. The result is an embedded j(D?) C M\V with
9(3(D?)) = i(S'), so that x = 1 € m (M\V). O

Returning to the proof of 7.27, apply 7.28 to obtain a differentiably embedded
disk D? C M\ f(N) with 9(D?) one of the two boundary components of the
embedded D! x S above. It can even be arranged that this disk together with the
S x D! gives an embedding D? < M including + in its interior and intersecting
f(N) only in a small extension of v beyond the corner points.

The obstruction to extending the splitting vpz.ps|, = €71 @ "1 to the
entire normal bundle of D? is an element in 71 (O(2(n — 1))) = Z. Moreover,
m1(O(n—1)) maps onto this group since n > 3. Thus the framing can be changed

n=lg over S! to extend the framing across D?.

on one of the two €

Finally, leave the immersion alone near v; in N and change it near vs using
the isotopy given on p. 74 of Milnor [57]. This defines a regular homotopy of
f N & M to an immersion without this pair of unordered double points,

completing the proof of 7.27. O

The Whitney trick in the embedding case (i) is the key ingredient in the
handle cancellation of the (m + 1)-dimensional h- and s-Cobordism Theorems
(m = 5) — see Chapter 8.
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The Whitney trick in the immersion case (ii) is the essential geometric ingre-
dient of the surgery classification theory of manifolds of dimension m > 5.

Remark 7.29 In certain cases it is also possible to perform the Whitney trick
for m = 4, and so extend the theory to 4-dimensional manifolds. But this is
much harder — see Freedman [25], Freedman and Quinn [26]. O

In order to kill an element z € m,(M) by surgery on a 2n-dimensional man-
ifold M?2™ it is necessary to represent x by an embedding S — M?" with
trivial normal bundle. By Proposition 7.11 it is possible to represent x by a self-
transverse immersion S™ 4 M?”. In order to further deform such an immersion
to an embedding it is necessary to remove the double points.

The Whitney trick gives the geometric realizability of algebraic intersections :

Corollary 7.30 Let fi : N{'* < M™ T2 fo 0 NJ2 — M™*"2 pe 1y (M)-trivial
embeddings with algebraic intersection

AN N) = > agg € Z[m(M)] (ag € Z) .
gem1 (M)

If the dimension hypotheses of Theorem 7.27 are satisfied (either ny > 3, na > 3
orny =2, ng = 3, m(M\f1(N1)) = m(M)) there is an isotopy of fa to an
embedding f5 : Ny = N5 — M such that f1, f5 are transverse and Sa(f1, f3) =

N1 N Nj has exactly Y |ag| points.
gem1 (M)

Proof By 7.24 it may be assumed that fi, fo intersect transversely, so that by
7.22

/\alg(Nl,Ng) = )\geo(Nl,Ng) GZ[T('l(M)]

and

Yoo I@) = ) agg € Zm(M)].

z€S2(f1,f2) gem (M)

For each g € m (M)

{z € Sa(f1, f2) [9(x) = g} = lag|+2b, >0

for some by > 0. There are b, pairs of algebraically cancelling double points,
which can be geometrically cancelled by 7.27 (ii). O

The Whitney trick is necessary for the proof of the middle-dimensional Em-
bedding Theorem 7.2 (ii) :
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Corollary 7.31 If n > 3 and m (M) = {1} every map f : N* — M?>" is
homotopic to an embedding.

Proof By 7.11 it may be assumed that f is a self-transverse immersion. Define
the self-intersection number of f by algebraically counting the unordered
double points

wf) = Y @) €Qran(@) = Z/{1+(-1)"} = {Z ﬁﬁij EZZH.

z€S2(f]

(See Chapter 11 for a more extensive account of the self-intersections of an
immersion N & M?"). Let ¢ € {&1} be the sign of —u(f) for n even, and
e = —1 for n odd. The connected sum of f and wu(f) copies of the standard
single double point immersion f¢ : S™ & $?" (7.12) is an immersion

o= f#uf)fy + N = N#S" - M = M#S™

which is homotopic to f with

u(f) = 0€Q1y(Z) .

The unordered double points of f’ can be paired off in algebraically cancelling
pairs. These can be cancelled by 7.27 (i), so that f’ is regular homotopic to an
immersion f” : N & M with no double points, i.e. an embedding. ]

The self-intersections of immersions f : N™ 9+ M?" in the non-simply-
connected case m (M) # {1} will be considered in Chapter 11.

7.4 The Smale-Hirsch classification of immersions

The Theorem identifies the regular homotopy classes of immersions N™ ¢ M™
for n < m with the homotopy classes of injective bundle maps 7y — 7Tas. See
Smale [81] and Hirsch [32] for the original sources, and Adachi [1] for a more
recent account of immersion theory.

Definition 7.32 (i) For any m-dimensional manifold M and n < m the n-
frame bundle F,, (M) is the Stiefel n-frame bundle (5.24) of the tangent bundle
™

Vinn = Fo(M) = Vi(ta) = M

)

with total space

Vita) = U Volrae (%))

zeM

and fibre the Stiefel manifold of orthonormal n-frames in R™
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In particular, for m = n this is the principal O(m)-bundle of m-frames in 754
Vinm = O(m) — Fp,(M) — M .

(ii) For any m-dimensional manifold M and n-dimensional manifold N with
n < m the frame bundle F(N, M) is the fibre bundle

Fo(M) — F(N,M) = F,(N) Xom) Fo(M) = F(N)/O(n) = N. O

Example 7.33 For any n > 1 there is a natural identification
F,(S") = O(n+1).

An element (z,a) € F,(S™) is given by « € S™ together with an orthonormal
n-frame a = (a1, ag,...,ay,) of

Tgn(x) = span(z)t C R
which can be identified with an orthonormal (n + 1)-frame (a;,az, ..., an,z) of
Ton(z) @ span(z) = R

and hence with an element of O(n + 1). a

Proposition 7.34 Let n < m.
(i) For any m-dimensional manifold M there is defined a homotopy commutative
braid of fibration sequences

TN

F,. (M) M o
O(m) F,(M) BO(m)
Vinn BO(m —n)

NS

(ii) For any n-dimensional manifold N there is defined a fibre bundle
Vm,n — Vm,n ><O(n) Fn(N) - N

which fits into a homotopy commutative braid of fibration sequences
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)

F,(N) N .
O(n) Vinn Xo(n) Fu(N) BO(n)
\ A
Vinn Gn(R™)

(

with Gp(R™) = Vi /O(n) the Grassmann manifold (5.22) of n-dimensional
subspaces of R™.

(iii) For any m-dimensional manifold M and n-dimensional manifold N there is
defined a homotopy commutative braid of fibration sequences

; o~
-

F(N, M)

L

Vm,n XO(n) Fn(N) N

~_

Smale-Hirsch Immersion Classification Theorem 7.35 ([81], [32])
Let M™ N"™ be manifolds, with 1 < n < m. The following sets of equivalence
classes are in one-one correspondence :

(i) the reqular homotopy classes of immersions f : N & M,

(ii) the homotopy classes of injective bundle maps TN — Tpr,

(iii) the homotopy classes of sections of the frame bundle F,,(M) — F(N, M) iN,
i.e. maps s: N — F(N, M) such that ps=1: N — N.

Sketch proof. In fact, only the correspondences will be stated.
An element [x,y,a,b] € F(N, M) is an O(n)-equivalence of quadruples

xe€M,yeN,acV,(tm(x)), be Valtn(y))
with w € O(n) acting by
w(z,y,a,b) = (z,y,w(a),w(b)) .

Define vector bundles over F'(N, M)
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a : F(N,M)— N = BO®m) ,
g8 : F(N,M)— BO(m—n),
v : F(N,M)— BO(m)

with total spaces

E(a) = U span(a) ,
[z,y,a,b]€EF(N,M)

E@pB) = U span(a)*t
[z,y,a,b]€EF(N,M)

E(y) = U ™™ (2)

[z,y,a,b]€F(N,M)

and such that
a®pf = v : F(N,M)— BO(m),

a: F(N,M)—~N = BO(n).

(i) <= (ii) The differential of an immersion f : N — M is an injective bundle
map df : Ty — Tar.
(i) = (iii) An immersion f: N & M determines the section

s 1 N—F(N,M); y—[f(y),y,df (y)(D),0]

of the frame bundle, for an arbitrary b € V,,(7n(f(y))). The pullbacks of «, 3,
along s are then such that

s*a = 75 : N — BO(n),

s* = vy : N— BO(m—n),

s*y = f*ry © N — BO(m) .
(iii) = (i) A section s : N — F(N, M) determines an immersion f : N & M
given up to regular homotopy by

f: N -2 F(NNM) —= M

with a (homotopy) commutative diagram

N
s /
TN X Vf F<N7M) M
ax f3 ™

BO(n) x BO(m —n) BO(m) .
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The Immersion Classification Theorem (7.35) relates the regular homotopy
groups of immersions S™ — M™ for n < m — 2 to the homotopy groups of M
and of the stable Stiefel space V;,_.,.

We shall also need the regular homotopy groups of framed immersions :

Definition 7.36 The n-dimensional framed regular homotopy group /" (M)
is the Z[m1(M)]-module of regular homotopy classes of framed immersions f :
S™ x D™ 9 M™ with addition by connected sum. ]

Definition 7.37 The stable Stiefel space is defined for d > 0 to be

Vo = |JVasnn
k
the space of orthonormal k-frames in R¥* (k large). 0

Lemma 7.38 The stable Stiefel space Vy is (d—1)-connected, fits into a fibration
Va — BO(d) — BO ,
and

mi(Va) = mj(Vayrr) (G<d+k-2).

Proof By 5.25 and 5.33 the unstable Stiefel manifolds Vyir are (d — 1)-
connected and fit into commutative braids of fibrations

SN TN

Vaatk,k BO(d) BO(d+k+1)
Vit k+1,k+1 BO(d+ k)
\ /
Sd+k

Proposition 7.39 (i) For n < m — 2 the regular homotopy groups I,(M),
I (M) fit into commutative braids of exact sequences
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Tn(Vinn) Tn(BO(m — n)) I (M)
N N
I,(M) mn(BO)
e N
I{LT(M) T (M) Tn-1(Vin—n)

with
T (Vin—n) = In(S™) = L,(M); (g:S" % S™)— (g: 5" > M#S™ = M) .
(ii) For2n+1 < m mp(Vip—rn) =0 and

[,(M) = mn(M)

with every element of I,,(M) represented by an embedding S™ — M. For 2n+2 <
m I, (M) = m,(M) is the group of isotopy classes of embeddings S™ — M.

Proof (i) By the Whitney Immersion Theorem (7.1) for every map g : S™ — M
there exists a map h : S — RF (k large) such that g x h: S — M x R¥ is an
embedding, with the normal bundle
Vgxh @ 8" — BO(m —n+k)
such that
Tgn D Vgxn = §Tm @ AR LN BO(m+k) .

By the Smale-Hirsch Immersion Classification Theorem (7.35) the regular ho-
motopy classes of immersions ¢’ : S™ & M homotopic to g are in one-one
correspondence with the reductions of vgxp @ " — BO(m —n + k) to an
(m — n)-plane bundle v = vy : S" — BO(m — n). The stabilisation map
BO(m —n) — BO(m — n + k) fits into a fibration (as in 5.25)

Vi—n+tk ke — BO(m —n) — BO(m —n + k)
so there is defined an exact sequence

v = T (Vinentkk) = In(M) — 7 (M) = Tt (Vi—ntk ) — - - -

which can be written as

o= Ty (Vi) = In(M) = (M) — 71 (Vip—n) — <.+ .
Similarly for If"(M).

(ii) From 5.33 Vy,—p is (m — n — 1)-connected, and 2n + 1 < m, so that there is
an exact sequence

Tn(Vinen) = 0= I,(M) - (M) = 7p—1(Vin—n) = 0.

The connection with embeddings is given by the Whitney Embedding Theorem
(7.2). a
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Example 7.40 For M = S™, n < m — 2 Proposition 7.39 gives

In(Sm) = 7Tn(‘/7n—n) = 7TTL+1(B07BO(m_n))7
/(8™) = s (BO(m)) = s (BO) .

In particular

I,(S™) = 0if2n+1<m
and

Z if n=0(mod?2)

Zo if n=1(mod 2) (583).

L(8%) = 14a(BO,BO() = Qi (2) = {

O

7.5 Singularities

In Chapter 11 we shall be considering the self-intersections of immersed n-
manifolds in 2n-manifolds, in order to decide which n-dimensional homology
classes can be killed by surgery. In order to compare the self-intersections of
homotopic immersions we shall need to consider maps of the type f : N**! —
M?"+1 In these dimensions the general position arguments used to deform f
into an immersion (7.1) do not apply, and f has generic singularities. These were
first described by Whitney [100]. (This section was written by Jim Milgram).

By the dimension count in 7.6 a map f : N**1 — M?"*! can be deformed by
an arbitrarily small modification to a map which intersects the singular set only
in isolated points, and there intersects regularly (so it has rank n and the two
tangent planes together span the tangent space of May41.,41(R) at the point).
Note that changing local coordinates in N1 and M?2"*! affects the description
of the singular point via the faithful action of GLap+1(R) X GLp41(R) on the
2n(n + 1)-dimensional submanifold R,, C M2, 41 n+1(R) of the (2n+1) x (n+1)

matrices of rank n. Hence it can be assumed that the intersection is at the matrix
n

0 0)°

Lemma 7.41 The tangent space g, (J) at the (2n+ 1) x (n+ 1) matriz

1
J = n O
0 0

can be identified with the subspace of Mapi1,n+1(R) consisting of all matrices of

the form <A

o 0> where A isnxn, Bisnx1, and C is (n+1) x n.
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I, 0
Proof An infinitesimal transformation (Io,114+A, I, +1+A’) acts on ( 0 O>
I, + A1 - All _A/Q

by sending it to ( As 0

>. From this the lemma is immediate.
O

Taking account of the fact that the two tangent planes span 7r, (J) (and
which can even be assumed to be orthogonal in the usual metric), there are
obtained two generic forms for the map near the singular point differing only by
an orientation :

Definition 7.42 The generic singularities

fT—Li- , fn_ . Rn-{-l _>R2n+1

are given by

(1,20, Ty Tig1)

= (T1, @25+, T, T2 1, Ty 18, T 1Tn— 15 - - -5 T 121)
fo (X1, @, .0 Xy 1)

= (z1,29,... ,xn,xiﬂ, Tt 1%ny T 1Tn—1y -« - s Tnt1L1) -

Remark 7.43 The double point locus of f is the z,, ;-axis, where

fEO,...,0,241) = f50,...,0,—2p11)

g

n+1
Moreover, if N(z) = Y x?, then
i=1

N(fy(2)) = N(z) - 25,1 (1 - N(2)) .

It follows that the unit sphere is taken to the unit sphere under & and there is a
single double point immersion. More generally, it can be checked that for all n the
indices of the immersions are (—1)"*! for ;7 and (—1)" for f, . Additionally,
for each sphere S” of radius r < 1, f£(S") is an immersed sphere with a single
double point, in a surface contained in the ball of radius r in R?*+1. O

Next, consider a general differentiable map f : N* ™1 — M?" ! with n > 1,
and N™*! compact. By working as in Proposition 7.11 it may be assumed that f
has no triple points, and the singularities are generic, looking locally like either
f;F or f, in appropriate local coordinate systems. Moreover, if N"*! has a
boundary, it can be assumed that f is an embedding on the boundary. The
double point locus is the set of all the double points of f in M2 +! which can
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be assumed to consist of a series of differentiable curves, either closed or with
endpoints. The singularities must all occur as endpoints of double point curves,
and conversely, every endpoint must be a singularity.

At each end assign an index according to the index of the double point on
restricting to spheres near the singularity, as above. Moreover, if n > 2, then draw
non-intersecting paths disjoint from the double point locus in im(f) between
singular points of + and — types, and modify the map in a neighbourhood of
these paths to replace the pair of singularities by a path of double points joining
their images.

A neighbourhood T of the path consists of the unit ball near each singularity,
and a tube D?" x [ joining the two balls. The intersection of 9T with im(f) is a
D™ immersed with a single double point on the upper hemisphere of each sphere,
and S™~! x I along the boundary of the tube. Now, give a new extension of f
along the interior of T' by making it be the single double point immersion of
D™ x t at each level D?" x t of the tube, and filling in appropriately on the
upper and lower balls. This modification has the effect of removing the pair
of singularities, and replacing them by a path of double points. In particular,
this shows that all double point paths in the image which begin and end at
singularities can be replaced by non-singular double point paths. But since the
boundary was assumed to be embedded this shows that the original map could
in fact be deformed to an immersion.

Slightly more generally :

Whitney Singularity Theorem 7.44 ([100])

If f: (N"T1 ON) — (M?"+1 OM) is a map withn > 2 and f|ON an embedding,
then f is homotopic to an immersion leaving the boundary fized. Additionally,
if f|ON is merely an immersion with k index +1 and s index —1 double points,
then f is homotopic relON to a map (also denoted by f) which is an immersion
except at precisely |k — s| interior points where it has a generic singularity, and
each singularity has the same index. a
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WHITEHEAD TORSION

Algebraic K-theory deals with modules and their automorphisms, while alge-
braic L-theory deals with quadratic forms and their automorphisms. Whitehead
torsion is an algebraic K-theory invariant comparing the cell structures of ho-
motopy equivalent finite C'W complexes, while the surgery obstruction is an
algebraic L-theory invariant of the handlebody structure of the kernel of a nor-
mal map. In fact, there are many formal similarities between the applications of
algebraic K- and L-theory to manifolds, and the applications of Whitehead tor-
sion to manifold structures are precursors to the applications of surgery theory.

This chapter outlines the proofs of the h- and s-Cobordism Theorems stated
in Chapter 1, which use Whitehead torsion to study the possible handle de-
compositions of an h-cobordism (W™*1: M, M’). There are no handles precisely
when (W; M, M’) is diffeomorphic to M x (I;{0},{1}). The Whitehead torsion
T =7M — W) € Wh(m(W)) is an algebraic K-theory invariant such that
7 = 0 if (and for m > 5 only if) there exists a decomposition with no handles.
The vanishing 7 = 0 was the first systematic condition for deciding if a homotopy
equivalence M — M’ is homotopic to a diffeomorphism.

Section 8.1 describes the algebraic properties of the Whitehead group, and
constructs the Whitehead torsion of a homotopy equivalence. Section 8.2 de-
scribes the proofs of the h- and s-Cobordism Theorems, which realize geometri-
cally the algebraically allowed handle cancellations.

8.1 The Whitehead group

See Milnor [58] and Cohen [19] for more detailed accounts, and Rosenberg [78]
for a general introduction to algebraic K-theory.

Let A be an associative ring with 1. As in Section 4.4 regard an m x n matrix
(¢ij) with entries ¢;; € A as an A-module morphism

n n n
¢+ A" = AT (21,22, Tp) (ij¢1jazxj¢2ja---azxjﬁbmj) :
=1 =1 i=1

The A-module isomorphism

Mm’n(A) — HomA(A",Am) ; ((b”) — ¢
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will be used as an identification. A morphism f : L — K of based f.g. free
A-modules is determined by the m x n matrix ¢ = (¢;;) of the coefficients

m

fleg) = D b€ K (1<j<n)

i=1

with (b1, b2, ..., by) the basis of K and (¢, ¢a,...,¢,) the basis of L.

Let A® — A be the multiplicative group of units in the ring A.

Definition 8.1 (i) The nth general linear group of A
GL,(A) = M, ,(A)* — M, ,(A4)

is the multiplicative group of units in the ring of n x n matrices in A. The

injections
¢ 0
Mn,n(A) i n+1,n+1(A) ; ¢ i 0 1
preserve matrix multiplication, and restrict to injections of groups GL,(A4) —
GL,41(A).

(ii) The infinite general linear group of A is the union

GL(A) = G GLn(A) . O

Whitehead Lemma 8.2 The commutator subgroup of the infinite general lin-
ear group

E(A) = [GL(A),GL(A)] <« GL(A)

1
is the normal subgroup generated by the elementary matrices <0 ?)

Proof See Proposition 2.1.4 of Rosenberg [78]. O

Definition 8.3 (i) The torsion group K;(A) is the abelian group
Ki(A) = GL(A)/E(A) .
(ii) The reduced torsion group of A is the abelian group

Ki(4) = Ki(A)/{r(-1)} . =

In dealing with Whitehead torsion it is convenient to assume that the ring
A is such that A™ is isomorphic to A™ if and only if m = n. (This is the case if
A = Z[r] is a group ring). The rank of a f.g. free A-module is then well-defined,
and the matrix of an isomorphism f : L — K of based f.g. free A-modules of
rank n is an element ¢ € GL,(A).
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Example 8.4 (i) For a commutative ring A the inclusion A* — K;(A) is split
by the determinant map

det : K1(A) — A®; 7(¢) — det(9) ,

and the torsion group of A splits as
Ki(A) = A* @ SK1(A)

with

SKi(A) = ker(det: K1(A) — A®) .
(i) If A is a field then det : K7(A) — A® is an isomorphism and

SKi(A) = 0. m]

Definition 8.5 The torsion of an isomorphism f : L — K of based f.g. free

A-modules of rank n is the torsion of the corresponding invertible matrix ¢ €
GL,(A)

7(f) = [0l € Ki(A).
The isomorphism is simple if 7(f) =0 € K;(A). O

The geometric applications of Kj(A) make use of :

Definition 8.6 The Whitehead group of a group 7 is the abelian group

Wh(r) = Ki(Z[x])/{r(+g)[g € 7} . o

Example 8.7 (i) The Whitehead group is trivial
Wh(r) = 0

in the following cases:

(a) m = {1} is trivial,

(b) m = w1 (M) is the fundamental group of a surface M = M(g) or N(g) (Section
4.3),

(¢c) m =2Z™ is a free abelian group, for any m > 1.

(ii) The Whitehead group version of the Novikov conjecture is that Wh(r) =0
if # = m (M) is the fundamental group of a compact m-dimensional manifold
M with universal cover M = R™ (as in (b) above with ]\//[\(;) = N(/g\—i—/l) =R?
(g = 1), and (c) with M =T™, M™ = R™). The conjecture has been verified in
many cases — see Ferry, Ranicki and Rosenberg [24] for a survey of results. O
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Example 8.8 (i) The Whitehead group Wh(w) of a finite group 7 is finitely
generated, with rank r(m) — ¢(7) the difference between the number r(7) of
irreducible real representations of m and the number ¢(7) of irreducible rational
representations of 7w (Bass [6]). More explicitly, () is the number of conjugacy
classes of unordered pairs {g,¢g~'} in 7, and ¢(7) is the number of conjugacy
classes of cyclic subgroups of .

(ii) For a finite abelian group 7 the determinant is a split surjection

det : K;(Z[r]) — Z[x]*® .

(iii) The Whitehead group Wh(Z,,) of a cyclic group Z,, is trivial for m =
2,3,4,6, and is a free abelian group of rank > 1 for m # 2, 3,4, 6. (See Proposition
8.37 below for the precise formula). In particular, Wh(Zs) = Z with generator
(1 —t+t2).

The following properties of contractible finite chain complexes are necessary
for the definition of torsion.

Lemma 8.9 Let C be a contractible finite based f.g. free A-module chain com-
plex.
(i) For any chain contraction ' : 0~ 1: C — C the A-module morphism

d+T =

d 0 0
' d 0
0O T d : Oodd = 016903@65 el Ceven = 00@02@04 e

is an isomorphism of based f.g. free A-modules, so that 7(d +T) € Ky1(A) is
defined.
(i) IfT,T:0~1:C — C are two chain contractions then

7(d+T) = 7(d+T') € Ki(4) .

Proof (i) The inverse is given by

1 0 0 I d 0
. rz.1 o0 0 I d
(d + F) = 0 ™ 1 0 0 T : Ceven — UCodd -

(ii) The A-module morphisms
Ai = (F/—F)F : Cl — Ci+2

are such that
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(d + F/) = (1 + Aeven)(d + F)(]- + Aodd)i1 . C’odd - Ceven

with
T(l + Aeven) = T(l + Aodd) = 0¢ Kl(A) .

Definition 8.10 The torsion of a contractible finite chain complex C' of based
f.g. free A-modules is

T(O) = T(d+ I': Coqa — Oeven) S Kl(A)

for any chain contraction I': 0 ~1:C — C. a

Torsion is such that

r(fef) =1H+7(f),
m(gf) = 7(f) +7(9) € Ki(A)

for any isomorphisms f : L — K, f' : L' — K', g : K — J of based f.g. free
A-modules. Also, for any contractible finite chain complexes C, D of based f.g.
free A-modules

7(Ce D) = 7(C)+7(D) € K1(A) .

Proposition 8.11 The reduced torsion 7(C) € I~(1(A) of a contractible finite
chain complex C of based f.g. free A-modules is such that 7(C) = 0 if and only
if C' is simple isomorphic to a direct sum of elementary complexes

0 A—1sa 0 0

The torsion of a chain equivalence is defined to be the torsion of the algebraic
mapping cone:

Definition 8.12 (i) The torsion of a chain equivalence f : C — D of finite
chain complexes of based f.g. free A-modules is

m(f) = 7(€(f)) € Ki(4) .

(ii) The Whitehead torsion of a homotopy equivalence f X =Y of ﬁnije
CW complexes is the torsion of the induced chain equivalence f : C(X) — C(Y)
of the cellular chain complexes

T(f) = 7(¢(f)) € Wh(m (X)) .

The homotopy equivalence is simple if 7(f) = 0 € Wh(m(X)). 0
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Example 8.13 (i) A diffeomorphism f : M™ — N™ is a simple homotopy
equivalence. A complete proof requires the verification that any two handle de-
compositions are related by a sequence of elementary modifications — this uses
the triangulability of differentiable manifolds and the combinatorial invariance
of Whitehead torsion.

(ii) It follows from (i) that a homotopy equivalence of closed manifolds which is
not simple cannot be homotopic to a diffeomorphism. O

8.2 The h- and s-Cobordism Theorems

This section contains a brief account of the h- and s-Cobordism Theorems stated
in Chapter 1. See Milnor [57], [58], Kervaire [37] for further details.

By Theorem 2.22 every cobordism (W; M, M’) has a handle decomposition
W = MxIURh°UR"U...UR™

which determines a CW structure on W relative to M with one i-cell for each
i-handle. The Z-coefficient handle chain complex C(W, M) (3.33) will now be
generalised to a Z[m; (W)]-coefficient handle chain complex, and the differentials
will be interpreted in terms of intersections of the core spheres. The handle
decomposition expresses W as a union of a finite sequence

(Wi M, M") = (Wy; My, M1)U (Wo; My, Ma)U ... U(Wy; My_1, My,)
of adjoining elementary cobordisms (W;; M;_1, M;) with
W; = Mj_y x IUR% | h% = D% x D™1%
such that
0<iy <in<...<ip<m-+1, My = M , M,=M.

We shall call W; an i;-handle, although strictly speaking it is h% which is the
ij-handle. For each ¢ = 0,1,...,m + 1 let (W (i); M, M(i)) be the cobordism
defined by the union of all the ¢’-handles with i’ < 4

W) = (Jw;.
i;<i

Regard all the (i + 1)-handles W; as being attached simultaneously at an em-
bedding
Js? x D™= M)

so that
W(i+1) = W()ul D™ x D™
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It is also possible to reverse the i-handles W/, and regard them as dual (m+1—1)-
handles W of (W; M’, M) attached simultaneously at an embedding

D" x 5™ — M(i)
such that the cores {0} x S™~% C M(i) of these handles intersect the cores
St x {0} C M(i) of the (i + 1)-handles W; transversely.
Definition 8.14 The handle chain complex C’(W7 M) of an (m+1)-dimensional
cobordism (W; M, M) with a handle decomposition
W = MxIUR°UR"U...UR™

is the cellular Z[r1 (W)]-module chain complex of the relative CW pair C(W, M)
with W the universal cover of W, M — W the induced cover of M — W, with
71 (W) i-cells for each i-handle h! = D x D™+1-¢, O

Example 8.15 The handle chain complex of RP™ = hOUhlU...UR™ (2.25) is

C[RP") : Cpn = Z[Zs) L+ (VT

Cm—1 = ZLZ] —

1+7T
E—— CQ == Z[ZQ} L Cl = Z[ZQ] H CO == Z[ZQ]

with RP = §™. 0

The differentials in the handle chain complex are determined by the algebraic
intersections of the handles of successive index. The embeddings of the cores
S — M(i) are m(W)-trivial, since they extend to maps D*t! — W. (For
i # 0,15 is simply-connected, anyway).

Definition 8.16 The algebraic intersection of an (i 4+ 1)-handle W; and an
i-handle W; in an (m+1)-dimensional cobordism (W; M, M") is the intersection
of the core S® x {0} — M (i)™ of W; and the core {0} x S™~% < M (i)™ of the
(m + 1 —i)-handle W, of (W; M’, M) dual to W;,

AW, Wy) = XS, 8™ € Zm(W)] .

In view of 7.22 there is no need to distinguish between the algebraic and geo-
metric intersections here.

/
51w o= (W % s [\ x5

- - k D ot (i w st
/
W(i)

\
M) W(@E+1) M@E+1)

M(i—1)
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Proposition 8.17 (i) The homotopy theoretic effect of attaching an i-handle to
an (m+ 1)-dimensional manifold with boundary (W,0W) is that of attaching an
i-cell, that is

W' = WuD'x D" ~ WuD".

(ii) A handle decomposition of a cobordism
(W, M, M’) = (Wl, ]\4—07 Ml) U (WQ, Ml,Mg) u ... u (I/Vk7 Mk—h Mk)

as a union of k adjacent elementary cobordisms determines a relative CW struc-
ture on the pair X = (W, M)

W ~ MUD®"uUD?2U...UD%

with ij the index of (Wj; Mj_1, M;). The differentials in the cellular Z[mi(W)]-
module chain complex C = C(W, M) are given by the algebraic intersections of
the handles of adjoining index

d: Ciy1 = Hi+1()?(i+1)’)?(i)) = Zlm (W))bin

= C; = Hi(XO,X0D) = Z[m(W)" ; Wyl 35 AW, W) [W] .

15=1

(iii) Let (W; M, M’) be an (m + 1)-dimensional cobordism. Given a Morse func-
tion f: W — I and a corresponding handle decomposition

(W;M,M/) = (Wl;Mli)U(WQ;Ml,Mz)U U(Wk;Mk,th)

let f/ =1—f:W — I be the opposite Morse function, corresponding to the dual
handle decomposition

(W' M', M) = (Wy; My, M) U (Wy; My, M3)U ... U (W My, M)
with
W = -W , W = —Wi , M = My_; (0<i<k)

where —W denotes W with the opposite orientation on the universal cover w.
The relative cellular Zlm (W)]-module chain complexes of (W, M), (W, M') are
related by

CW,M") = C(W,M)" 1+

Proof (i) The inclusion
(D', 5 x {0} — (W', W)

is a relative homotopy equivalence.
(ii) By (i) attaching an i-handle has the homotopy theoretic effect of attaching
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an i-cell.

(iii) The dual of an i;-handle W is the (m+ 1 —i;)-handle Wj_;. The algebraic
intersection of an i;-handle W; and an i;,-handle W; with i, = 7; + 1 is related
to the algebraic intersection of the dual (m + 1 —i;)-handle W,_; and the dual
(m + 1 —ij)-handle Wj_; by

AW;, W) = AW i—j, Wi—_j) € Zm (W)] .

Recall that an h-cobordism (W; M, M’) is a cobordism such that the inclu-
sions M — W, M’ — W are homotopy equivalences, and that an h-cobordism
is trivial if there exists a diffeomorphism

(WM, M"Y = M x (I; {0}, {1})

which is the identity on M. The s-Cobordism Theorem asserts that for m > 5
an (m+ 1)-dimensional h-cobordism (W; M, M’) is trivial if and only if the con-
tractible based f.g. free Z[my(W)]-module chain complex C (W, M) is such that
the bases can be modified by elementary operations to be such that the differ-
entials send basis elements to basis elements. The h-Cobordism Theorem (1.9)
states that for m > 5 every (m + 1)-dimensional h-cobordism (W; M, M') with
m1 (W) = {1} is trivial. The s-Cobordism Theorem (1.11) is the generalisation
of the h-Cobordism Theorem to non-simply-connected h-cobordisms.

Definition 8.18 The torsion of an h-cobordism (W; M, M’) is

TW;M,M") = 7(M — W) € Wh(m (W)) . |

Proposition 8.19 The torsion of an h-cobordism (W; M, M') is the torsion
T(W; M, M) = (C(W,M)) € Wh(m (W)

of the contractible cellular Z[mi(W')]-module chain complex C = C(W,M) de-
termined by any handle decomposition

(W; M, M') = (Wy; Mo, My) U (Wa; My, Ma)U ... U (Wy; My_1, My,) ,

with W, M the universal covers of W, M, and C; = Z[mi(W))% the based f.g. free
Z[m (W)]-module of rank b; = the number of i-handles. O

Definition 8.20 An s-cobordism is an h-cobordism (W; M, M’) such that

T(W;M,M") = 0 Wh(m (W)) . O
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Proposition 8.21 (i) A trivial h-cobordism is an s-cobordism.
(ii) An h-cobordism is trivial if and only if it admits the empty handle decompo-
sition.

Proof (i) A trivial h-cobordism (W; M, M’) admits the empty handle decom-

position, with cellular chain complex C’(W, M) =0.
(ii) Trivial. a

The s-Cobordism Theorem is the converse of 8.21 (i) in dimensions > 6: an
s-cobordism is a trivial h-cobordism.

Proposition 8.22 Let m > 5, and let M be a closed m-dimensional manifold
with fundamental group m (M) = . For every element T € Wh(r) there exists
an h-cobordism (W; M, M") with T (W; M, M") =1 € Wh(m).

Proof Represent 7 € Wh(w) by A € GLy(Z[r]), and let (W;M,M') be the
(m 4+ 1)-dimensional h-cobordism with k 2-handles and %k 3-handles attached to
the 2-handles using A

W = MxIulJD?x D™t us|JD? x D72
k k

The condition m > 5 is required to realize the prescribed algebraic intersections
in A by geometric intersections in

M(@2) = (M\|JS' x D™ ul JD* x 5m2,
k k
using the non-simply-connected Whitney trick as in 7.30. O

Definition 8.23 A cobordism (W; M, M’) has an (7,7 + 1)-index handle de-
composition if it has a handle decomposition involving handles of index 4,7+ 1
only, so that

(W;M,M'") = (Wy; Mo, My) U (Wo; My, Ma)U ... U(Wj;;M;_q, M)
U (W1 My, Mja) U U (Wi M1, M)
with Wi, Wa, ..., W, elementary cobordisms of index ¢ and W1, Wjta,..., W
elementary cobordisms of index ¢ + 1, for some j with 0 < j < k. o
Here is a picture of a cobordism with an (¢, ¢+ 1)-index handle decomposition
(W;M,M") = (Wy; Moy, My) U (Wa; My, Ms)

consisting of an elementary cobordism W; of index ¢ and an elementary cobor-
dism W5 of index 7 + 1.
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The following handle cancellation result is the geometric step in the proofs
of the h- and s-Cobordism Theorems :

Handle Cancellation Lemma 8.24 Let (W;M,M') be an (m + 1)-dimen-
stonal cobordism with an (i,i+ 1)-index handle decomposition

(W; M, M'") = (Wy; Mo, My) U (Wa; My, M)

involving a handle W1 of index i and a handle Wy of index i + 1. If the core
of the attaching framed i-embedding S* x D™~* — M of the (i + 1)-handle Ws
and the core of the attaching framed (m — i)-embedding D* x S™~% — M of the
(m — i+ 1)-handle W1 on My x I dual to the i-handle Wy on My x I intersect
transversely with a single double point

(8" x {0}) N ({0} x §™7") = {pt.} C My
then (W3 M, M') is a trivial h-cobordism with a diffeomorphism

(Wi M,M") = M x (I;{0},{1}) .
Proof See Milnor [57] and Kosinski [42,V1.7]. ]

Example 8.25 The letter S is a 1-dimensional cobordism, such that vertical
projection is a Morse function with a critical point of index 0 and a critical point
of index 1, so that S has a handle decomposition with a 0-handle and a 1-handle.
The handles satisfy the hypothesis of 8.24, so that .S is diffeomorphic to the unit
interval I. O

Example 8.26 (i) For any i < m regard S™ as

Sm _ a(Dz % D’m—i-‘rl) _ Si—l % Dm—i+1 UDi % SnL—i

as in 1.3 (ii), and define (m + 1)-dimensional elementary cobordisms of index
ii+1
(Wi; Mo, M)
(Wa; My, Mo)

(S™ x U D x Dm—itl, gm gi o gm—iy
(St x SmTt x [U D't x DM~ 81 x §m—i gm) |



THE H- AND S-COBORDISM THEOREMS 181

The cores of the attaching embeddings of the (i + 1)-handle W5 and the dual
(m — i+ 1)-handle W intersect transversely with a single intersection point

S x {0} N {0} x S™ " = {pt.}— M; = S x ™"
and there is defined a diffeomorphism

(W1 UWa; Mg, M2) = 8™ x (I;{0},{1}) .

) 7
1=t x prti=if() Dt x pr+i=i [\ i x gm—i

st s pm=i\() Ditt x pm=i\()/Di+1 x gm=i=1
7 L

Mo W1 M1 Wz M2

(ii) For m = 0,i = 0 the cancellation of a 0-handle on S° x I and a 1-handle is
given by

Mo = SO Wl M1 = SO X SO W2 M2 = SO

(iii) For m = 1,i = 1 the cancellation of a 1-handle on S* x I and a 2-handle is
given by

St Wi Stx 80 Wa St

(iv) For m = 2,i = 1 the cancellation of a 1-handle on S? x I and a 2-handle can
be viewed as follows. Embed the solid torus S' x D? in the interior of D3, and

embed a smaller copy of D? inside S x D?. The space between the two D3’s
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is a union of a 1-handle on S2? x I and a cancelling 2-handle, which is a trivial
h-cobordism diffeomorphic to the product S% x (I;{0}, {1}). O

Translating the Handle Cancellation Lemma 8.24 into the language of surgery :

Corollary 8.27 Let (Wy; My, My) be the trace of an (i — 1)-surgery on an m-
dimensional manifold M = My removing the framed (i — 1)-embedding S~ x
D™=t < M. Let (Wa; My, Ms) be the trace of an i-surgery on My removing a
framed i-embedding S* x D™~ — M;. If the core of S* x D™~* — M, and the
core of D' x S™~ < M, intersect transversely with a single intersection point
then the union

(W; M, M") = (Wi; Mo, My) U (Wa; My, M)
is a trivial h-cobordism, with a diffeomorphism
(Wi M, M) = M x (I; {0}, {1}) . 0

Definition 8.28 A m;-cobordism is a cobordism (W; M, M’) such that the
inclusions M — W, M’ — W induce isomorphisms

I

7T1(M) 7T1(W) , ﬂl(M/)gﬂ'l(W). O

Example 8.29 (i) An (m+1)-dimensional cobordism (W; M, M’) with a handle
decomposition involving only handles of index > 3 and < m—2 is a 7m1-cobordism.
(ii) An h-cobordism is a 7;-cobordism. a

Proposition 8.30 An (m+ 1)-dimensional m1-cobordism (W™t M, M') is an

h-cobordism if and only if the cellular Z[m1(W)]-module chain complex C(W, M)
is contractible, with W, M the universal covers of W, M.

Proof By J.H.C.Whitehead’s Theorem (3.6) the inclusion M — W is a homo-
topy equivalence if and only if the chain map C(M) — C(W) is a Z[m (W)]-
module chain equivalence, which is the case if and only if C(W,M ) is con-
tractible. By Poincaré duality (4.4) there is a chain equivalence

C(W,M')y™~* ~ C(W,M),

so that M — W is a homotopy equivalence if and only if M’ — W is a homotopy
equivalence. O

The first step in the proofs of the h- and s-Cobordism Theorems is to arrange
an (¢,7 + 1)-index handle decomposition :
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Proposition 8.31 Form > 5 every (m~+1)-dimensional h-cobordism (W; M, M')
admits an (i,7 + 1)-index handle decomposition

(W;M,M/) = (Wl;Mo,Ml)U(WQ;Ml,Mg)U U(Wk;Mk,th)

for any i with 2 <i<m — 2.

Proof Let W, M be the universal covers of W, M, and let
m(M) = m(W) = m.

The cellular chain complex of C(W, M) is a contractible Z[r]-module chain com-
plex

CW,M) = C : Cpyr— Cp— ... — Cy ,

with C; = Z[r]" the based f.g. free Z[r]-module generated by the b; handles of
index i.

The proof that for any ¢ < m — 2 there exists a handle decomposition for
(W; M, M') with handles of index > i proceeds by cancelling handles of in-
creasing index, as follows.

Assume inductively that (W; M, M’) only has handles of index > j, so that
C; =0fori < jand d: Cjy1 — C; is onto. Choose a splitting Z[r]-module
morphism I' : C; — Cj11, so that

dl =1 : Cj—>Cj7

and let C’,C” be the contractible based f.g. free Z[r]-module chain complexes

deﬁned by
d 0

¢ = Cips - Ciys — Cjp2 8 Cy

(g —F1> (d 1)

—— 1 ®C; —— C;—=0— ...,

.
C Dolls ™ j+4_)Cj+3

(o) 1)

—— (4280 C; —> Cjp1 —0— ...

with C/ =0 for i < j and C/ =0 for i < j. If j < m — 3 then by the Whitney
trick (7.27) it is possible to realize C’ by a handle decomposition of (W; M, M)
with b1 + b; handles of index j + 1 and b;42 + b; handles of index j + 2. The
b; handles of index j + 1 cancel with the b; handles of index j (by 8.24, using
m > 5), so that (W; M, M’) has a handle decomposition realizing C".

Thus for any ¢ < m—2 there exists a decomposition for (W; M, M') with handles
of index > i only. The proof that there exists a decomposition for (W; M, M")
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with handles of index < 7 4+ 1 now follows by duality : the handles of index j in
(W; M, M') are the handles of index (m + 1 — j) in (=W ; M’, M).

In fact, for any chain contraction I' : 0 ~ 1 : C — C there exists an (i, + 1)-
index handle decomposition of (W; M, M') with ¢ i-handles and ¢ (i+1)-handles,

where
c = Zbi+2r = Zbi+2r+1 ,
s s

and cellular chain complex
d+7T
.= 0= Zx)¢ = @Ci+2r+1 — Zr]¢ = @Ci+2rp —-0—...
(cf. Definition 8.10). ad

Proposition 8.32 An (m + 1)-dimensional m-cobordism (W; M, M') with an
(1,1 + 1)-index handle decomposition

(W,M,M/) = (Wl;M07M1)U(W2;M17M2)U U(Wk;Mk_th)

is an h-cobordism if and only if the number of i-handles is equal to the number of
(i + 1)-handles, say ¢, and the ¢ X ¢ matriz of intersection numbers with entries
in Z[r)

A= (MW, Wie)) € M o(Z[m (W)

is invertible, with W; (1 < j < ¢) running over all the i-handles and Wi
(1 < k < ¢) running over all the (i 4+ 1)-handles.

Proof This is a special case of 8.30, with

C(W,M) : ...HOHZ[T(:[(W)]C#Z[Wl(W)]CHOH... .

The s-Cobordism and h-Cobordism Theorems (1.9, 1.11) are now stated again,
and their proofs are outlined :

s-Cobordism Theorem 8.33 (Barden-Mazur-Stallings)
An (m+1)-dimensional h-cobordism (W™ M, M') with m > 5 is trivial if and
only if it is an s-cobordism.

Proof A trivial h-cobordism is an s-cobordism (8.21).
Conversely, suppose that (W; M, M’) is an s-cobordism, so that by 8.31 there



LENS SPACES 185

exists an (7,7 4+ 1)-index handle decomposition for some i with 2 < i < m — 2,
with 2¢ handles, and intersection matrix A € GL.(Z[r1(W)]) such that

T(W;M,M') = 7(\) = 0 Wh(m (W)) .
For some b > 0 there exist elementary matrices
By, B, ..., By € GLyy o(Z[m (W)])

such that

It is possible to realize this identity by adding b trivially cancelling i- and (i+1)-
handles, and to rearrange the handles in such a way that the new intersection
matrix A € GLpyo(Z[m1(W)]) of the i- and (¢ + 1)-handles is diagonal with
entries g € 71 (W). Apply the Whitney trick (7.27) to realize these algebraic
intersections geometrically : each of the (b + ¢) pairs of i- and (i + 1)-handles is
such that the core and the core of the dual handle intersect transversely in a single
point, and so may be cancelled (8.24) leaving the empty handle decomposition
of a trivial h-cobordism. ]

h-Cobordism Theorem 8.34 (Smale [83])
An (m + 1)-dimensional h-cobordism (W™t M, M") with m > 5 and (M) =
{1} is trivial.

Proof This is the special case m; = {1} of the s-Cobordism Theorem, noting
that Wh({1}) = 0. d

8.3 Lens spaces

Lens spaces are 3-dimensional manifolds which provided the first examples of
a divergence between the homotopy and diffeomorphism classifications of man-
ifolds. See Milnor [58], deRham et al. [20] and Cohen [19] for a more detailed

exposition.

The classification of lens spaces depends on the computation of the White-
head group Wh(Z,,) : indeed, this application was one of the original motiva-
tions for the development of Whitehead torsion. See Chapter 14E of Wall [92]
for the surgery classification in the PL category of the high-dimensional ‘fake
lens spaces’, which are manifolds with cyclic fundamental group and universal
cover a sphere of dimension > 5. This led to the classification of free actions of
finite groups on high-dimensional spheres (Madsen, Thomas and Wall [46]), one
of the early triumphs of non-simply-connected surgery theory.
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Write

m—1
Lp = (t|t™) |, N = >t €Z[Zn],
1=0

Ap = ZZn) . Bm = QZp] , Ryn = By/(N).

The determinant map det : K7(A) — A® is an isomorphism for each of the rings
A=A, B, Q, R,. Define the augmentation

€ : An—7; ZnitiHZni
i i
and similarly for € : B,, — Q. Use the ring isomorphism
B, = QX Ry, 5 2+ (e(x),x — Ne(z)/m)

to identify
B, = QxR,, .

Definition 8.35 The Whitehead group of R,, is
Wh(Rm) = Ry, /{q(t—N/m)"[qeQ®,necZ}. o

The computation of Wh(Z,,) uses the inclusion 4,, — B, = Q x R, and
the composite

Ki(An) = A%, — Ki(Bp) = By = Q" x RS — Ki(R) = R?

m

It turns out that Wh(R,,) is a free abelian group detected by Reidemeister
torsion, and that Wh(Z,,) — Wh(R,,) is an injection with the image detected
by certain congruences.

Every unit r € Z;, determines a unit
u(r) = t" =14+ N/m € By,

with inverse

u(r)™h = > it" "V /m 4+ (1 - m)N/2m € By,

i=1
and such that
u(—r) = t7"(2N/m — L)u(r) € By, .

The unit u(r) is determined by the identity
u(r) = t"—=1€R;, .

Let ¢(m) = |Z?,| be the Euler function counting the number of positive integers
< m coprime to m, and let

1l =rm<rn<...<r, (k= ¢(m)/2)

be the enumeration of the integers r coprime to m with 1 <r < [m/2].
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Proposition 8.36 Every unit u € By, has a unique factorisation
u = t"(pN/m+ q(1 — N/m))u(ry)* u(re)®® ... u(ry)* € By,
withn € Z, p,q € Q°, a; € Z. The Reidemeister torsion function
A @ Wh(R,,) — ZF ;
u = (" =12 —-1)%2...(t" — 1) — A(u) = (a1,a2,...,ax)

is an isomorphism.
Proof The essential ingredient is the Franz independence lemma. a

Proposition 8.37 (i) The units of Ay, = Z|Zy] are of the type £t"u (n € Z),
with uw € A?, the unique unit determined by the equations

w [ -1 = £ J[@#7 -1)% € Ay,

a; <0 aj>0

for a k-tuple (ay,as,...,ai) € ZF satisfying

(a) a1 +as+...+a,=0€2Z
(b) (r1)®(re)®2 ... (rg)* = £1 (mod m).

The sign £ in (b) is such that
ew) = +1€Z° = {£1}.

(ii) The Whitehead group Wh(Z.,) of the cyclic group Z,, is free abelian of rank
[m/2] + 1 — 6(m), with §(m) the number of divisors of m. The Reidemeister
torsion map

A . Wh(Zy) = 22200 L wi(R,,) = 72
is an injection onto the subgroup of Z* consisting of the elements (ay,as, ..., ax) €
ZF satisfying the conditions (a) and (b) of (i).

Proof See Milnor [58,§12]. O

Example 8.38 (i) If m > 3 is prime then
d(m) =2, ¢m) = m—-1, k= m-1)/2 , r;, =3

and
Wh(Zy,) = 2/™3/2 | Wh(R,,) = zmV/2 .
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(ii) For m = 5 the unit u = 1 —t +t> € Z[Zs] is a generator of Wh(Zs) = Z with
u = t*(=142N/5)(t — 1+ N/5)*(t* — 1+ N/5)~2 ,

A(u) = (2,-2) € im(Wh(Zs)) — Wh(Rs) = Z2 .

Given an invertible 2 x 2 matrix with entries in Z

M = <Z Z) € GLsy(Z)

use complex multiplication in S' = {z € C | |z| < 1} to define a diffeomorphism
far 2 Stx St = St xSt (x,y) — (%0, 2%?)
inducing
(fm)s = M @ Hi(S'xSY) = ZOZ — H (S'xSY) = ZaoZ;
(z,y) — (axz + by, cx + dy) .

The identification space

L = S'xD*Uy S'x D?
is obtained by glueing together two copies of the solid torus S' x D? along the
boundary using the diffeomorphism M : 9(S* x D?) = S1 x §1 — S x St
Definition 8.39 The lens space L(m,n) is the closed oriented 3-dimensional

manifold defined for coprime integers m,n > 0 to be the identification space

L(m,n) = S'x D?Uy S' x D?

with M = (z ZZ) € GLs(Z) for any p,q € Z such that np —mqg = 1. a

Proposition 8.40 (i) The oriented diffeomorphism class of L(m,n) depends
only on the class of M under the equivalence relation

10 10
MNAMBfOTAZ(a 1)’B:(b 1)EGL2(Z)

with a,b € Z. In particular, there is an orientation-preserving diffeomorphism
L(m,n) = L(m,am+n)

for any a € Z.

(ii) L(m, —n) is L(m,n) with the opposite orientation.

(iii) L(m,n) is parallelisable, i.e. the tangent bundle Tr(y ny : L(m,n) — BO(3)
is trivial. O
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Example 8.41 (i) L(0,1) = S? x S*.
(i) L(1,n) = S°.
(iii) L(2,1) = SO(3) = RP3, the tangent S*-bundle of S2. |

Proposition 8.42 Form > 2
L(im,n) = S*/Zy,
is the quotient of the free Z.,,-action on the 3-sphere
S% = {(21,2) € C*]z1]* + |22 = 1}

generated by
t 8= 8% (21,22) — (21w, 220™)

with w = exp(2mi/m). The fundamental group is
m(L(m,n)) = Z, = {|t7) .

The cellular Ay,-module chain complex of the universal cover Z(m7 n) = 83 is
given by

C(Bimn) : ... 0 A, B2l g, N i1

with N=14+t+t*+...+tm 1 cA,,. O
For the remainder of Section 8.3 it is assumed that m > 2.

Definition 8.43 The Reidemeister torsion of a lens space L(m,n) with re-
spect to a particular choice of generator t € mi(L(m,n)) = Z, is the torsion
of the induced contractible based f.g. free R,,-module chain complex R,, ®4,,

C(L(m,n))
At(L(m,n)) = T(Rm ®Am C(z(m’n)))

= (=)t —1) € Wh(Ra) = Z* (k= e(m)/2) .

It is clear that m = m’ is a necessary condition for lens spaces L(m,n),
L(m’,n) to be homotopy equivalent.

Proposition 8.44 The following conditions on two lens spaces L(m,n), L(m,n’)
are equivalent :

(i) L(m,n), L(m,n’) are homotopy equivalent,
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(i) there exist units u € AY,,

r € Zy, such that
Wt = 1)(t" 1) = (t"—1)(t—1) € By, ,

(iii) n = £n/r? (mod m) for some r € Z2,,
(iv) for some generators t € m(L(m,n)) = Zpy,, t' € 71 (L(m,n")) = Zm,

Ay(L(m,n)) — Ay (L(m,n")) € im(Wh(Zy,) — Wh(R.,)) .
If L(m,n), L(m,n’) satisfy these conditions there is a unique homotopy class of
homotopy equivalences h : L(m,n’) — L(m,n) with
he(t') = t" € m(L(m,n)) = Zm
and
7(h) = Ay(L(m,n)) — Ap(L(m,n)) = 7(u)
= (" =Dt - = 1) (" — 1)) € im(Wh(Zyp,) — Wh(Rm)) -
The homotopy equivalence h preserves orientations if and only if
n =n'r* (modm) ,

ie if e(u) = +1 € Z°.

Proof (i) = (ii) Given a homotopy equivalence h : L(m,n’) — L(m,n) choose
generators

tem(Lim,n)) = Zp, , t' €m(L(m,n)) = Zp, ,

so that h.(t') =t" € Z,, for some r € Z?,. Regarding ¢,t' as generating covering
translations

t: Limn) = S®— L(mn) = $3,

t' : Lim,n') = 83— L(m,n’) = S3
it is possible to lift h to a homotopy equivalence

h : Lim,n') = S%— L(m,n) = S°

such that N N
M = th: 8—8°.

The induced cellular A,,-module chain map is given by

h.C(L(m,n’)) : 0 A, Ap, A, An,

h ut er NTL 1
t" -1 N t—1

C(L(m,n)) : 0 A, Ap, A, An,
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with
N, = 1+t+...+t"teA,

and u € A}, the unique unit such that
w(t" —1)(t—1) = """ =1t —1) € By, .

(ii) < (iii) <= (iv) Immediate from 8.37
(iii) = (i) See Cohen [19, §29] for the explicit construction of a homotopy equiv-
alence h : L(m,n') — L(m,n) realizing every n = £n'r? (mod m). O

Example 8.45 The lens spaces L(5,1), L(5,2) are not homotopy equivalent,
even though they have isomorphic homotopy, homology and cohomology groups;
L(5,1), L(5,2) have different Reidemeister torsions A (8.36) and different ho-
mology linking pairings (12.44) on H;(L(5,1)) = H1(L(5,2)) = Zs5 . O

Proposition 8.46 The following conditions on two lens spaces L(m,n), L(m,n’)
are equivalent :

or some generators t € m(L(m,n)) = Zy,, t' € m(L(m,n")) = Z,

Ay (L(m,n')) = Ay(L(m,n)) € Wh(R,,) -

If L(m,n), L(m,n’) satisfy these conditions there is a diffeomorphism
h : L(m,n") — L(m,n)
such that hy(t') = t" € w1 (L(m,n)). The diffeomorphism h preserves orientations
if and only if n = n'r? (mod m). O
Example 8.47 (i) The lens spaces L(7,1) and L(7,2) are homotopy equivalent
but not diffeomorphic. The Reidemeister torsions are
AYL(7,1)) = (t=1)% , A(L(7,2)) = (t—1)(*—1),

so that there exists an orientation-preserving homotopy equivalence h : L(7,1) —
L(7,2) with h.(t) = t3. The torsion of h is non-zero

7(h) = (t—1D* =1 —=1)"2 #£0 € im(Wh(Z;) — Wh(R7)) ,

so that h is not homotopic to a diffecomorphism. (In general, it is not possible
to deduce that manifolds M, N are not diffeomorphic just because a particular
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homotopy equivalence M — N is not homotopic to a diffeomorphism).
(ii) The lens spaces L(7,1) and L(7,2) are homotopy equivalent but not h-
cobordant. Milnor [54] showed that the homotopy equivalence

hx1: L(7,1) x 8* = L(7,2) x §*
is realized by a non-trivial 8-dimensional h-cobordism
(W8 L(7,1) x 8* L(7,2) x §%)

(with torsion 7(h)) such that the boundary components L(7,1) x S, L(7,2) x §*
are not diffeomorphic. O
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POINCARE COMPLEXES AND SPHERICAL FIBRATIONS

This chapter describes the homotopy theoretic analogues of manifolds and
vector bundles, namely Poincaré complexes and spherical fibrations. An m-
dimensional Poincaré complex X is a space with the universal coefficient Poincaré
duality properties of an m-dimensional manifold. Any space which is homotopy
equivalent to a manifold is a Poincaré complex. Surgery theory investigates the
extent to which a Poincaré complex is homotopy equivalent to a manifold.

A spherical fibration is a fibration of the type
Sk . FE - B

such as the sphere bundle of a k-plane bundle over B. In general, spherical
fibrations do not come from vector bundles, and Poincaré complexes are not
homotopy equivalent to manifolds.

A Poincaré complex X is homotopy equivalent to a manifold if and only if:

(i) there exists a manifold M with a degree 1 normal map (f,b) : M™ — X,
(ii) there exists (f,b) as in (i) with a sequence of surgeries on M such that the
trace (W™*L; M™ M'™) is the domain of a degree 1 normal bordism

((F,B); (f,0),(f,0)) + (W5 M, M') — X x (I;{0},{1})

with f’: M/ — X a homotopy equivalence.

The Browder-Novikov theory shows that for any dimension m the bordism
classes of degree 1 normal maps (f,b) as in (i) are in natural one-one correspon-
dence with the vector bundle structures (if any!) on the Spivak normal fibration
X. The surgery obstruction theory for deciding if a degree 1 normal map (f,b)
is in fact normal bordant to a homotopy equivalence as in (ii) will be developed
in Chapters 11,12.

Sections 9.1, 9.2 give the basic properties of Poincaré complexes and spherical
fibrations. Section 9.3 describes the Spivak normal fibration vx of a Poincaré
complex X, the homotopy theoretic analogue of the stable normal bundle of
a manifold. Section 9.4 describes the Browder-Novikov theory for deciding if a
Poincaré complex X admits a degree 1 normal map.
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9.1 Geometric Poincaré complexes

Definition 9.1 An m-dimensional geometric Poincaré complex X is a
finite CW complex with an orientation character w(X) : m(X) — Zy and
with a fundamental class homology class [X] € H,,(X;Z*X)) such that the
cap products are isomorphisms

(X]N= : H(X) = Hpn_.(X),

with X the universal cover of X. O

Example 9.2 (i) An m-dimensional manifold M is an m-dimensional geometric
Poincaré complex, by the Poincaré Duality Theorem (4.4).

(ii) If (My,0My), (M_,0M_) are m-dimensional manifolds with boundary and
h:0My — OM_ is a homotopy equivalence then the identification space

M om_ I anr, M,

X = M_u, M,

is an m-dimensional geometric Poincaré complex X. O

Example 9.3 Browder [11] proved that a finite H-space is a geometric Poincaré
complex. This was the example which motivated the development of Poincaré
complexes as a tool for classifying manifold structures in homotopy theory. O

Definition 9.4 The signature of a 4k-dimensional oriented geometric Poincaré

complex X is the signature of the R-coefficient homology intersection form
o(X) = o(H*(X;R),\) € Z,

exactly as for a manifold (6.38). O

Remark 9.5 The following results were obtained by Browder [12], prior to the

development of the general theory for deciding if a geometric Poincaré complex
X is homotopy equivalent to a manifold.
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An m-dimensional geometric Poincaré complex X with (X)) = {1} is
homotopy equivalent to a manifold if and only if there exist a vector bundle
n: X — BSO(j) (j large) and a map p : S™J — T(n) such that the composite

rewicz Upl 0 —
7rm+j(T(77)) L) H7n+j(T(77)) [ ]ﬁ

sends p to the fundamental class [X] € H,,(X), with U, € H/(T(n)) the Thom
class, and for even m subject to the additional condition :

Hpn(X)

(i) in the case m = 4k the signature of X is given by the formula in the
Hirzebruch Signature Theorem (6.41)

o(X) = (Zr(-n),[X]) € Z

with 7 playing the role of the stable normal bundle,
(ii) in the case m = 4k + 2 the Zy-valued Arf invariant (11.60 below) of the
self-intersection quadratic form u : Kog11(M;Z2) — Zo on

Kopy1(M;Zs) = ker(fs: Hopy1(M;Zs) — Hopy1(X;Z2))
is 0.
The proof that such 7, p determine a manifold in the homotopy type of M pro-
ceeded by making p transverse regular at the zero section X < T'(n) to obtain

a degree 1 map
f=opl:M* =pH(X) =X

and a bundle map b : vy — n (i.e. a ‘normal map’ (f,b)) which can always
be made a homotopy equivalence by surgeries on M for odd m, with a surgery
obstruction as in (ii) for even m. a

Example 9.6 It follows from the Hirzebruch Signature Theorem (6.41) that for
a degree d cover M of an oriented 4k-dimensional manifold M

o(M) = do(M)€Z.
Wall [91] constructed 4-dimensional geometric Poincaré complexes of the form

X = DOUD1UUD2UD3UD4
10

with m1(X) = Z, (p prime), and
o(X) # po(X)€eZ

with X the universal cover. Such X are not homotopy equivalent to manifolds.
O
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Example 9.7 Eckmann and Linnell [22] proved that every 2-dimensional geo-
metric Poincaré complex is homotopy equivalent to a surface. ]

See Wall [91] for the basic homotopy theoretic properties of geometric Poincaré
complexes. Chapter 19 of Ranicki [71] and Klein [40] are general surveys of their
properties.

Proposition 9.8 Given an m-dimensional geometric Poincaré compler X and
an oriented cover (X,m,w) there are defined Poincaré duality Z[r])-module iso-
morphisms

X]N— : H*(X) — Hypo(X) .

Proof Let X be the universal cover of X. A chain map C — D of finite chain
complexes of projective A-modules is a chain equivalence if and only if it induces
isomorphisms H,(C) = H,(D) in homology, for any ring A. Cap product with
an m-cycle [X] representing the fundamental class [X] € H,,(X;Z*X)) defines

a Z[m (X)]-module chain map

X]Nn—: C(X)"™* — C(X)
which induces the Poincaré duality isomorphisms in homology, and is thus a
chain equivalence. The morphism of rings with involution Z[m (X)] — Z[n] is
such that

Z[r] @zpry(x) C(X) = C(X)

and the Z[m (X)]-module chain equivalence [X]N—: C (Y)m:* — C(X) induces
a Z[r]-module chain equivalence [X] N —: C(X)™* — C(X). O

Corollary 9.9 An m-dimensional geometric Poincaré complex X has univer-
sal coefficient Poincaré duality, such that for any Z[m (X)]-module A there are
defined Poincaré duality isomorphisms

[X]Nn— : H"*(X;A) - H.(X;A) .

Proof Let X be the universal cover of X, and apply A ®z[r, (x) — to the
Z[m1(X)]-module chain equivalence

X]Nn—: C(X)"™* = C(X)
to obtain a Z-module chain equivalence

19 XN~ : A @ xy CX)™* = C(X; A
— A Qz[m1 (X)) C(Y) = C(Y; A) .
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Example 9.10 Let (M;,0M;), (Ms,0Ms) be m-dimensional manifolds with
boundary, and let f : 9M; — OM> be a homotopy equivalence of the boundaries.
The identification space

X = MUy —M,

is an m-dimensional geometric Poincaré complex. If f is homotopic to a diffeo-
morphism then X is homotopy equivalent to an m-dimensional manifold. O

Given an m-dimensional geometric Poincaré complex X let —X denote the m-
dimensional geometric Poincaré complex with the same underlying CW complex
and orientation character, and

[-X] = —[X] € Hp(X;2%X) .

Definition 9.11 (i) An m-dimensional geometric Poincaré pair is a finite
CW pair (X,0X — X) with an orientation character w(X) : m1(X) — Zy and
with a fundamental homology class

[X] € H,,(X,0X; 775
such that the cap products are Z[m; (X )]-module isomorphisms
[(X]N— : H(X) = Hp_.(X,0X)

with X the universal cover of X and X < X the corresponding cover of 0.X,
and such that 90X is an (m — 1)-dimensional geometric Poincaré complex with

w(X
w(0X) : m(0X) — m (X) L) Zs

[0X] = 0[X] € Hyp1(0X; 70X

(ii) A geometric Poincaré cobordism (X;9X,d;X) is a geometric Poincaré
pair (X, 0X) such that the boundary is a disjoint union

0X =0 X U—-0hX . O

Example 9.12 An m-dimensional manifold with boundary (M,90M) is an m-
dimensional geometric Poincaré pair with the orientation character w(M) =
w1 (var) of the stable normal bundle vy : M — BO. O

Example 9.13 The mapping cylinder of a homotopy equivalence f : X ~ Y of
m-~dimensional geometric Poincaré complexes

Z = (X xIUY)/{(z,1) ~ f(z) |z € X}

defines an (m + 1)-dimensional geometric Poincaré cobordism (Z; X,Y). If X
and Y are m-dimensional manifolds and f is homotopic to a diffeomorphism
then (Z; X,Y) is homotopy equivalent rel 9 to an (m + 1)-dimensional manifold
h-cobordism (W™*1; X V). 0
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A connected m-dimensional manifold M has a handle decomposition with
one (0-handle and one m-handle

M = pulJru.urmtunm.
The following analogue for geometric Poincaré complexes will be useful in dealing

with surgery obstructions in Chapters 10,11,12 below.

Proposition 9.14 FEvery connected m-dimensional geometric Poincaré complex
X is homotopy equivalent to one of the type Xo U D™ for a connected m-
dimensional geometric Poincaré pair (Xo, S™1).

Proof This is the Poincaré Disc Theorem of Wall [91] (Thm. 2.4). O

9.2 Spherical fibrations

Fibrations FF — FE — B with the fibre F' a sphere are to geometric Poincaré
complexes as vector bundles are to manifolds.

Definition 9.15 (i) A (k— 1)-spherical fibration « over a space X is a fibra-
tion sequence

SF1 - S(a) — X,
in which case there is defined a fibration of pairs
(D¥,8*71) — (D(a), S(@) — X
with D(«) the mapping cylinder (3.22)
D(o) = A(S(a) = X) .

(ii) A fibre homotopy equivalence a ~ ( of (k — 1)-spherical fibrations over
X is a homotopy equivalence S(«) ~ S(8) which is compatible up to homotopy
with the maps to X.

(iii) A (k — 1)-spherical fibration o over X is trivial if it is fibre homotopy
equivalent to the (k — 1)-spherical fibration € with

(D(), S(e")) = X x (DF, %=1y .

(iv) A fibre homotopy trivialisation of a (k — 1)-spherical fibration « is a

fibre homotopy equivalence a ~ €. O
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Example 9.16 The sphere bundle of a k-plane bundle 1 over a space X is the
(k — 1)-spherical fibration Jn over X with

S(Jn) = S(n) C E(n)

the subset of vectors of length 1 (with respect to some metric). Isomorphic vec-
tor bundles over the same space X have fibre homotopy equivalent spherical
fibrations. o

A vector bundle over a finite CW complex X is obtained by glueing together
trivial vector bundles U x R* over some neighbourhoods U C X which cover X,
using compatible vector bundle isomorphisms on overlaps. Similarly, a spherical
fibration over X is obtained by glueing together trivial fibrations U x S*~1 over
some neighbourhoods U C X which cover X, using compatible fiber-preserving
homotopy equivalences on overlaps.

Fibration Classification Theorem 9.17 (Stasheff [85])

The fibre homotopy classes of (k — 1)-spherical fibrations over a finite CW
complex X are in one-one correspondence with the homotopy classes of maps
X — BG(k) to the classifying space BG(k) of the monoid G(k) of homotopy
equivalences S*~1 — Sk—1, O

See Chapter 3 of Madsen and Milgram [45] for an account of spherical fibra-
tions and their classifying spaces.

Proposition 9.18 (i) The trivial (k — 1)-spherical fibration €* is classified by
the trivial map * : X — BG(k).

(ii) Every spherical fibration oo : X — BG(k) has a stable inverse, a spherical
fibration —a: X — BG(5) (j large) such that

a®—a = &% . X - BG(j+k) .
(iii) A (k—1)-spherical fibration « can be fibre homotopy trivialised if and only if

the classifying map a : X — BG(k) is null-homotopic, with the choices of fibre
homotopy trivialisation b : o ~ €* classified by [X, G(k)].

Proof By analogy with 5.29. a

The standard vector bundle operations have analogues for spherical fibra-
tions:
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Definition 9.19 (i) The pullback of a spherical fibration o : X — BG(k)
along a map f:Y — X is the spherical fibration f*«:Y — BG(k) with
S(ffa) = {(z,y) € S(e) x Y [[z] = f(y) € X} .
(ii) The product of spherical fibrations a : X — BG(j), 8:Y — BG(k) is the
spherical fibration o x §: X x Y — BG(j + k) with
(D(a x B),S(a x B)) = (D(a) x D(B), D(a) x S(8) U S() x D(B)) -
(iii) The Whitney sum of spherical fibrations
a: X —BG@y) , B : X — BG(k)
is the spherical fibration
adp = A(axf) : X - BG(+k)
with
A: X—>XxX; - (x,2),
so that
Sla®p) = {(z,y) € S(a) x D(B) U D(a) x S(B) | [z] = [y] € X} .
(iv) A section of a (k—1)-spherical fibration « : X — BG(k) is a fibre homotopy
equivalence a ~ o/ @ € for a (k — 2)-spherical fibration o’ : X — BG(k — 1).
(v) A stable fibre homotopy equivalence « ~; 3 between spherical fibrations
a: X — BG(j), f: X — BG(k) is a fibre homotopy equivalence
ade? ~ fde? : X — BG(n)

with p,q,n such that j +p =%k + q=n.
(vi) A stable spherical fibration over X is an equivalence class of spherical
fibrations « over X, subject to the equivalence relation

a ~ [ if there exists a stable fibre homotopy equivalence o ~4 [ . m]

For any ¢ > 1 the (-fold loop space Q¢S of pointed maps S¢ — S* has one
component for each integer, with degree defining a bijection
(S = Z; (f: S — SY) — deg(f) .

For any d € Z let (2°S*)4 be the component of degree d pointed maps S* — S*.
The components are all homotopy equivalent, and the higher homotopy groups
are just the homotopy groups of spheres

T((Q059) = TurelS) (0> 1)
For any k > 1 the monoid of pointed homotopy equivalences S*~1 — Sk—1
F(/f) _ (Qk—lsk—l)l U (Qk_lsk_l),l

is related to the monoid G(k) of homotopy equivalences S*~! — Sk=1 by a
fibration
F(k) — G(k) — %1 .
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Proposition 9.20 (i) The fibre homotopy classes of (k — 1)-spherical fibrations
with a section over a finite CW complex X are in one-one correspondence with
the homotopy classes of maps X — BF(k) to the classifying space BF(k) of
F (k). Moreover, BF (k) is the total space of the universal (k — 1)-spherical fibra-
tion 1y, : BG(k) — BG(k)

S*=1 — BF(k) — BG(k) .
The homotopy groups of BF (k) are given by

Tnsk—2(SF1) ifn>1

T (BF(k)) = m_1(F(k)) = {Zg ifn=1.

(ii) The passage from k-plane bundles to (k — 1)-spherical fibrations defines a
map

J : BO(k) — BG(k) ; n— Jn .

Let J also denote the composite

J : BO() —L~ BG(k) —> BF(k+1)

with
BG(k) > BF(k+1); a—a®e.

The induced morphism of homotopy groups is the J-homomorphism (5.80)
J : m(BO(k)) = m,_1(0(k)) = mn(BF(k+1)) = mpyr_1(5%) (n>1).

(iii) The sphere bundle of the universal k-plane bundle over BO(k) is the pullback
of the universal (k—1)-spherical fibration over BG(k) along J : BO(k) — BG(k).
The mapping fibres

G(k)/O(k) = F(J:BO(k) — BG(k)) ,
F(k)/O(k —1) = Z(J: BO(k —1) — BF(k))

are homotopy equivalent, and fit into a commutative braid of fibrations

TN

y
)

Sk—1 F(k)

—_

Ok —
J

\y/

B
\
BG(k)
/
F(k)/O(k — 1) ~ G(k)JO(k) B

\_’/

inducing a commutative braid of exact sequences

O(k)
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T (S%71) an(BF(k)) Tn-1(G(k)/O(k))
T (BO(k — 1)) an(BG(k))
mn(G(K)/O(K)) Tn(BO(k)) Tn-1(S*71)

(iv) Stabilisation o — « @ € defines maps
..— BG(k) - BF(k+1) - BG(k+1) - BF(k+2) — ...
such that the direct limits
BF = h_;r; BF(k) , BG = hTrr; BG(k)
are homotopy equivalent
BF ~ BG.
The homotopy groups of the stable classifying spaces are given by

li n+k— Sk_l = S : >1
T(BF) = m,(BG) = {%?”+k2( ) = mi i

The space BG classifies stable spherical fibrations; the passage from stable vector
bundles to stable spherical fibrations defines a map J : BO — BG inducing the
stable J-homomorphism

J : m(BO) = 1,_1(0) = 1.(BG) = 72, (x>1). 0

The direct limit
G/O = iy G(k)/O(k)
k

is the mapping fibre of J : BO — BG, so that there is defined a fibration (up to
homotopy)

J
G/O — BO - BG

inducing a long exact sequence

J
.. > 1 (G/0) = 1, (BO) — 7, (BG) — m—1(G/O) — ... .
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Proposition 9.21 (i) For a finite CW complex X the homotopy classes of maps
X — G/O are in one-one correspondence with the equivalence classes of pairs

(a stable vector bundle n over X , a fibre homotopy trivialisation of Jn) .

(ii) A stable spherical fibration o : X — BG over a finite CW complex X admits
a bundle reduction if and only if the classifying map « : X — BG lifts (up to
homotopy) to a map & : X — BO, and the different such reductions are classified
by the maps X — G/O. O

Remark 9.22 The homotopy groups m.(BO) are infinite for * = 0 (mod4)
(namely Z), whereas the homotopy groups 7, (BG) are finite. The low-dimensional
homotopy groups are given in the following table.

| o [1]2]3]45]6[7] 8 | 9 [ 10 |
T(G/O)| 0 | Zo| 0| Z |0]Zy| 0 |Z®Zy | (Z2)2 | 2o ® Zs
Tm(BO) |Zy |Zy| 0| Z (O[O |0 ]| Z Zy Zy

Tn(BG) | Zo | Zy | Ty | Zos |0 0 |Zy | Zoso | (Z2)?| (Z2)?

It is possible to extend the fibration sequence G/O — BO — BG to the right
G/O — BO — BG — B(G/0)

(Boardman and Vogt [7]), so that a stable spherical fibration o : X — BG
admits a bundle reduction if and only if the composite

t) + X -~ B@ B(G/0)

is null-homotopic.

Definition 9.23 The Thom space of a (k — 1)-spherical fibration @ : X —
BG(k) is the pointed space given by the mapping cone (3.22) of the projection
Sla) — X

T(a) = ¢(S(a) > X) . O

Proposition 9.24 The Thom space T'(n) of a k-plane bundle n : X — BO(k)
is pointed homotopy equivalent to the Thom space T(Jn) of the sphere bundle
Jn: X — BG(k)

T(n) ~ T(Jn) .
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Proof The zero section is a homotopy equivalence X — D(n), so that
T(Jn) = ¢(S(Jn) — X)
%(S(n) — D)) ~ Dm)/Sn) = T(n) -

12

Example 9.25 (i) The Thom space of the (k — 1)-spherical fibration over S™
classified by
w € mp(BG(k)) = ma—1(G(k))

with image

Tnak—1(SF) ifn>1

W] € T (BF(k+1)) = my 1 (F(k+1)) = {Zg ifn=1

is given up to homotopy equivalence by
T(w) = Sk Ulw) Dtk
If n =1 then

1) = {

CLAVACLES if w = € is trivial
Sk Uy DML = SEF=1(RP?)  if w = pu @ ¥~ is nontrivial.

(ii) The Thom space of the k-plane bundle over S™ (n > 1) classified by
w € m(BO(K)) = mn-1(O(k))
is given up to homotopy equivalence by
T(w) = S¥Up, D",
with Jw € 7, (BG(k)) classifying the sphere bundle and
[Jw] € im(J) C o (BF(k +1)) = mpyr-1(S")
the image of w under the J-homomorphism J : 7,_1(0O(k)) — muis_1(S*)

(5.80). O

Definition 9.26 The orientation character of a (k — 1)-spherical fibration
a: X — BG(k) is the first Stiefel-Whitney class w;(a) € H'(X;Zs) regarded

as a group morphism
wi(a) @ m(X) —Zy = {£1}. O
Proposition 9.27 (i) The orientation character of a : X — BG(k) is such

that wy(a) = 0 if and only if « can be oriented, i.e. if the homotopy equivalences
Sk=1 — Sk=1 on overlapping product neighbourhoods preserve orientations.
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(ii) The classifying space BSG(k) for oriented (k — 1)-spherical fibrations is the
double cover of BG(k) classified by the first Stiefel-Whitney class

wi(1y) = 1€ HY(BG(k);Zy) = 7o

of the universal (k — 1)-spherical fibration 1; : BG(k) — BG(k). a

By analogy with the Thom Isomorphism Theorem (5.42) for oriented vector
bundles:

Fibration Thom Isomorphism 9.28 An oriented (k — 1)-spherical fibration
a: X — BSG(k) has a Thom class U, € H*(T(«)) such that the cap and cup
products define isomorphisms

Uafi= & HL(T(a) = Ho g(X) |

UaU— : H*(X) = H (T (a)) .

Proof The Thom space T'(«) has the structure of a CW complex with one
0-cell (at the base point) and one (n + k)-cell for each n-cell of X, and

Uy = +1€ H¥T(a) = Z.

Again, there is a twisted version in the nonorientable case :

Twisted Fibration Thom Isomorphism 9.29 A (k — 1)-spherical fibration
a : X — BG(k) with orientation character w = wy (o) € HY(X;Zy) has a w-
twisted Thom class U, € H* (T'(a0); Z") which is unique up to sign, such that the
cap and cup products define isomorphisms

UsN— : H(T(a)) = Ho_1(X;Z%) ,
Uy U— : H*(X) — H*"*(T(a); Z%) .

9.3 The Spivak normal fibration

The Spivak normal fibration of an m-dimensional geometric Poincaré complex
X is a stable spherical fibration vx : X — BG, which is the homotopy theoretic
analogue of the stable normal bundle vy; : M — BO of a manifold M. The
first stage of the surgery programme for deciding if X is homotopy equivalent
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to a manifold is to decide if there exists a degree 1 normal map (f,b) : M — X
from an m-dimensional manifold M™. Such a normal map is called a ‘normal
invariant’ for X, and exists if and only if vx : X — BG admits a vector bundle
reduction 7x : X — BO.

A finite m-dimensional simplicial complex K admits an embedding K —
S™Fk for k > m+1, by the simplicial complex version of the Whitney Embedding
Theorem (1.7). Every finite CW complex X is homotopy equivalent to a finite
simplicial complex K, by the simplicial approximation theorem. It follows that
X can be embedded in SV, for a sufficiently large N, with a closed regular
neighbourhood Y C S™ containing X as a deformation retract and such that Y
is an N-dimensional manifold with boundary 9Y . (Here, closed is in the sense
of topology, not as a manifold). The image of the fundamental class [SV] =1 €
Hy(S™) = Z under the projection

p: SN = SN/(SN\Y) = Y/OY
is the fundamental class of (Y, 9Y)
p[SN] = [Y] e Hy(Y/dY) = Hy(Y,8Y) .

If X is an m-dimensional manifold then (Y, dY) is the (D¥, S¥~1)-bundle over X
determined by the normal k-plane bundle vy, gv : X — BO(k) with k = N—m.

Definition 9.30 A Spivak normal structure (vx, px) for an m-dimensional
geometric Poincaré complex X is a (k — 1)-spherical fibration vx : X — BG(k)
together with a map px : S™** — T(vx) such that the orientation character of
X is the orientation character of vx

w(X) = wi(vy) @ m(X) — Zsy
and the fundamental class of X is given by
[X] = Uy Nha(px) € Hpn(X;2°09)

with )

h, = Hurewicz map : w5 . (T(vx)) = Hmsr(T(vx))

Uy, N— = Thom iso. : Hy k(T (vx)) — Hu(X;ZY) .
The stable spherical fibration vx : X — BG is the Spivak normal fibration
of X. O

Theorem 9.31 (i) A finite CW complex X is an m-dimensional geometric
Poincaré complex if and only if for any closed regular neighbourhood (Y,0Y) of
an embedding X — S™T* (k large) the mapping fibre of the inclusion 0Y — Y
is a homotopy (k — 1)-sphere.
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(ii) For an m-dimensional geometric Poincaré complex X an embedding X —
S™HE with closed regular neighbourhood (Y,0Y) determines a Spivak normal
structure (vx, px) with

Sk=l - S(vx) = Y =Y ~ X,
px = projection : S™k L Y/9Y = T(vy) .
(iil) Any two Spivak normal structures (v,p), (V',p") on an m-dimensional ge-

ometric Poincaré complex X are related by a stable fibre homotopy equivalence
c: v~V such that

T(c)«(p) = p' € Mo (T(V)) -

Proof Let (Y,9Y) be a closed regular neighbourhood of an embedding X
SN (N large). Write

m = m(X) = m(Y) = m((9Y),

and let X , 17, dY be the universal covers of X ,Y,0Y. The reduced cohomology
of the quotient space Y /JY is isomorphic to the homology of X, with

H*(Y)9Y) = H*(Y,0Y) = Hy_,(Y) = Hy_.(X).

Let w : @ — Zs be an orientation character. The following conditions are equiv-
alent :

(i) the mapping fibre
F = Z(0Y —Y)

is homotopy equivalent to S¥~1, defining a spherical fibration
vy : X ~Y — BG(k)

with orientation character wi(vx) = w,
(i) there exists a Thom class U € H*(Y/Y;Z") such that the cup products

UU— : HYY) — H**(Y /aY)
are isomorphisms (using involutions on Z[r] which differ by w to define
H*(Y) and H*T*(Y /9Y)),

(iii) there exists a fundamental class [X] € H,,(X;Z") such that the cap prod-
ucts

(X]N— : H"*(X) — H.(X)

are isomorphisms,
(iv) there exists vx : X — BG(k) such that

(Y,0Y) ~ (D(vx),S(vx))

with w = wy (vx).
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If these conditions are satisfied the Thom class U,, € H*(T(vx);Z%) (w =
wi(vx)) corresponds to the fundamental class [X]| € H,,(X;Z"), the Thom
isomorphisms for vy correspond to the Poincaré duality isomorphisms for X,
with a commutative diagram of isomorphisms

N - U,u-— . o
H"(X) o~ H"(Y) T Hn+k(T('17X)) o~ Hn+k(Y’8Y)

HTYL—TL(X) g Hm—n(i;)
The Spivak normal structure (vx, px) is given by vx with
px = SN = SN/l (SM\Y) = Y/oY = T(vy).
See Atiyah [5], Spivak [84], Wall [91], Browder [15], Ranicki [69] for further
details. 0O
There is also a relative version :
Proposition 9.32 An m-dimensional geometric Poincaré pair (X,0X) carries
an equivalence class of relative Spivak normal structures
(vx : X = BG(K), (px, pox) : (D™, §™F1) s (T(uy), T(vox)) )

with e
vox : 0X — X — BG(kJ),

[X] = U, Nh.(px,pox) € Hn(X,0X;Z") .

Although a homotopy equivalence of manifolds need not preserve the normal
bundles it does preserve the Spivak normal fibrations. This is a special case of:

Corollary 9.33 A homotopy equivalence of geometric Poincaré complexes pre-
serves the Spivak normal fibrations.

Proof The mapping cylinder of a homotopy equivalence X ~ Y of m-dimen-
sional geometric Poincaré complexes defines an (m + 1)-dimensional geometric
Poincaré cobordism (Z; X,Y") (9.11) with Spivak normal fibration

vz ~vx : Z = #MX—-Y) ~ X — BG.
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9.4 Browder-Novikov theory

The isomorphism class of the stable normal bundle vy, : M — BO of an m-
dimensional manifold M™ is a diffeomorphism invariant but not a homotopy in-
variant. If g : M'™ — M™ is a homotopy equivalence of m-dimensional manifolds
then the stable bundles vy, g*vays : M’ — BO are fibre homotopy equivalent,
but not in general isomorphic. (See Example 13.26 for the construction of a homo-
topy equivalence g with vy, not isomorphic to g*vas). Thus the Stiefel-Whitney
classes are the same, but the Pontrjagin classes may be different. Similarly for
the characteristic numbers, so that homotopy equivalent oriented manifolds M,
M’ are unoriented cobordant but not necessarily oriented cobordant.

In order for a homotopy equivalence of manifolds M™ ~ M'™ to be homo-
topic to a diffeomorphism it is therefore necessary that it preserve the normal
bundles. This condition is necessary but not sufficient : the homotopy equivalence
M ~ W ~ M’ determined by an h-cobordism (W™*!; M™ M'™) preserves nor-
mal bundles, but if the h-cobordism is not diffeomorphic to M x (I;{0},{1})
there may not exist a homotopy to diffeomorphism.

In the applications of cobordism theory to the problem of deciding if a space
X is homotopy equivalent to a manifold it is convenient to consider maps f :
M — X such that the stable normal bundle vy, : M — BO is the pullback along
f of a stable bundle  : X — BO.

Definition 9.34 (i) An m-dimensional normal map

(fvb) : (MaVM) - (XJ])
isamap f: M — X from an m-dimensional manifold M to a CW complex X
together with a stable pullback bundle map b : va; — 1 over f, with vy, : M —

BO the stable normal bundle of M and n: X — BO a stable bundle over X.
(ii) A normal bordism is a normal map

((F,B); (f,0),(f,0)) + (W5 M, M) — X x (I;{0},{1})

from a cobordism (W™ +L pm M'™). 0

Proposition 9.35 Let X be a space with a k-plane bundlen : X — BO(k). The
normal bordism classes of m-dimensional normal maps (f,b) : (M,vy) — (X, n)
are in bijective correspondence with the elements of the stable homotopy group

7T7€z+k<T(n)) = li7¥r>17fm+j+k(2jT(77)) .
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Proof Immediate from the identifications
%m(sm+j+k7X7n@€j) = ﬂ-erjJrk(T(nEBej)) (.7 = O)
given by 6.10, and T'(n & €’) = XIT(n). ]

We shall be mainly concerned with normal maps (f,b) : M — X from mani-
folds M to Poincaré complexes which are of degree 1. Degree is defined by :

Definition 9.36 The degree of a map f : M — X of connected m-dimensional
geometric Poincaré complexes such that f*w(X) = w(M) € H'(M;Zs) is the
integer deg(f) € Z such that

filM] = deg(f)[X] € Hn(X;2") = Z. O

Definition 9.37 A normal homotopy equivalence is a normal map (f,b) :
(M,vyr) — (X, n) such that f: M — X is a homotopy equivalence.
O

A normal homotopy equivalence has degree 1.

Surgery obstruction theory investigates the extent to which a normal map is
bordant to a normal homotopy equivalence. Browder and Novikov applied the
Spivak normal structure and the transversality construction of normal maps to
the existence and uniqueness of manifold structures in the homotopy type of a
geometric Poincaré complex, dealing with the following questions:

When is an m-dimensional geometric Poincaré complex homotopy equivalent to
an m-dimensional manifold?

When is a homotopy equivalence of m-dimensional manifolds h-cobordant to a
diffeomorphism?

In both cases there is a two-stage obstruction theory, with a homotopy-theoretic
primary obstruction and a surgery-theoretic secondary obstruction.

A geometric Poincaré complex X has a Whitehead torsion
7(X) = 7([X]N—: C(X)™™* — C(X)) € Wh(mi (X)) .

A manifold M has 7(M) = 0, so that there is also a version of surgery theory
for answering the questions:

When is an m-dimensional geometric Poincaré complex X with 7(X) = 0 simple
homotopy equivalent to an m-dimensional manifold?
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When is a simple homotopy equivalence of m-dimensional manifolds s-cobordant
to a diffeomorphism?

By the s-Cobordism Theorem (8.33) for m > 5 the last question is equivalent
to asking if the simple homotopy equivalence is homotopic to a diffeomorphism.
The version of surgery theory taking into account Whitehead torsion will be
considered (briefly) in Chapter 13.

By the results quoted in Section 9.3, the obstruction to a bundle reduction
of the Spivak normal fibration vy : X — BG of a geometric Poincaré complex
X is the homotopy class of a map t(vx) : X — B(G/O).

Proposition 9.38 An m-dimensional geometric Poincaré complex X is homo-
topy equivalent to an m-dimensional manifold if and only if there exists a null-
homotopy t(vx) ~ {x} : X — B(G/O) such that the corresponding bordism class
of degree 1 normal maps (f,b) : M™ — X contains a homotopy equivalence. O

For m > 5 a degree 1 normal map (f,b) : M™ — X is bordant to a homotopy
equivalence if and only if the surgery obstruction o.(f,b) € L,,,(Z[r1(X)]) to be
defined in Chapter 11 (m even) and Chapter 12 (m odd) is o.(f,b) = 0.

The criterion of 9.38 for the existence of a manifold structure in a homotopy
type also applies in the relative case:

Corollary 9.39 Let (X,0X) be an m-dimensional geometric Poincaré pair.

(i) (X,0X) is homotopy equivalent to an m-dimensional manifold with boundary
if and only if there exists a null-homotopy t(vx) ~ {*} : X — B(G/O) such that
the corresponding bordism class of degree 1 normal maps (f,b) : (M™,0M) —
(X,0X) contains a homotopy equivalence.

(ii) If 0X is already an (m — 1)-dimensional manifold, then (X,0X) is reld
homotopy equivalent to an m-dimensional manifold with boundary if and only
if there exists a null-homotopy t(vx) ~ {x} : X/0X — B(G/O) such that the
corresponding reld bordism class of degree 1 normal maps (f,b) : (M™,0M) —
(X,0X) contains a homotopy equivalence. O

A normal invariant is a realization of the Spivak normal structure by a vector
bundle:

Definition 9.40 (i) A normal invariant (7, p) for an m-dimensional geometric
Poincaré complex X is a vector bundle n : X — BO(k) (k large) with orientation
character wy(n) = w(X) € H'(X;Zs,), together with a map p : S™* — T(n) to
the Thom space of i such that
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U, Nha(p) = [X] € Hp(X;2°H0) .

(ii) An equivalence of normal invariants (7, p), (7, p’) on an m-dimensional
geometric Poincaré complex X is a stable bundle isomorphism ¢ : 5 ~ 1’ such
that

T()«(p) = p' € Mo (T()) -
(iii) The normal structure set .7(X) of an m-dimensional geometric Poincaré
complex X is the set of equivalence classes of normal invariants. O

Example 9.41 Any embedding M < S™** of an m-dimensional manifold M™
with tubular neighbourhood (Y, 0Y") determines a normal invariant (n, p) with

N = Vpe,gm+k M — BO(k) s
(D*, 8¥1) — (D(n),S(n) = (Y.0Y) - M,
p = projection : S™k - Y/9Y = T(n) .

Any two such embeddings determine equivalent normal invariants. The Spivak
normal fibration of M is the stable sphere bundle Jvy; : M — BG of the stable
normal bundle vy : M — BO. O

When does a geometric Poincaré complex admit a normal invariant ?

Browder-Novikov Normal Invariant Theorem 9.42 ([14], [63])

The following conditions on an m-dimensional geometric Poincaré complex X
are equivalent :

(i) The normal structure set 7(X) is non-empty, i.e. X admits a normal invari-
ant.

(ii) There exists a degree 1 normal map (f,b) : M™ — X.

(iii) The Spivak normal fibration vx : X — BG admits a bundle reduction
n:X — BO.

(iv) The composite

Vx

Hox) - X BG B(G/0)

is null-homotopic.

Proof (i) = (ii) Given a normal invariant (1, p) on X make p : S™** — T(n)

transverse at the zero section X < T'(n), obtaining a degree 1 normal map
(f,b) : M™ = p7H(X)— X .

(ii) = (i) Given a degree 1 normal map (f,b) : M — X with b : vy — 7 use an
embedding M™ < S™*k of an m-dimensional manifold M to define a normal
invariant (v, par), with
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UM = Vppesgmts @ M — BO(k)
pv = proj. : S™HE — gmAk /(GMER\ D(vy)) = T(vr) -

Define a normal invariant (7, p) on X by

PM T(b)

p = Ty : S™F T(vy) —— T(n) -

(if) = (iii) For any normal invariant (7, p) of X the sphere bundle Jn : X — BG
is the Spivak normal fibration vy, by 9.42.

(iii) <= (iv) The fibration sequence BO — BG — B(G/O) induces an exact
sequence of pointed sets

[X,BO] — [X,BG| — [X,B(G/0)] .

Thus the first obstruction to an m-dimensional geometric Poincaré complex
X being homotopy equivalent to a manifold is the homotopy class of the com-
posite
Vx

tox) + X BG B(G/O) .

Proposition 9.43 Let X be an m-dimensional geometric Poincaré complex which
admits a normal invariant.

(i) The normal structure set 7(X) is in natural bijective correspondence with
the set of normal bordism classes of degree 1 normal maps (f,b) : M — X for
varying reductions 1 : X — BO of the Spivak normal fibration vx : X — BG.
(ii) The normal structure set F(X) is in unnatural bijective correspondence with
the set [X,G/O)] of fibre homotopy trivialised stable vector bundles over X .

Proof (i) Immediate from the transversality construction of a normal map
(f,b) : M — X from a normal invariant (n, p), with M = p~1(X).

(ii) An element («,3) € [X,G/O] is a vector bundle « : X — BO(j) (j large)
together with a fibre homotopy trivialisation 3 : Ja ~ {x} : X — BG(j). Given
a normal invariant (n: X — BO(k), p : S™** — T(n)) define a normal invariant

(n',p") by

" =n&a: X —BO(j+k),

o stk 20 S = The d) el ().
The construction defines a bijection

tnp ¢ [X,G/O] = T(X) 5 (. 8) = (0, p) -

The bijection is unnatural in that it depends on the choice of normal invariant
(n,p)- O
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Example 9.44 See Milnor [50] for the original identification

T(S™) = 1(G/O) . O

Example 9.45 The Spivak normal fibration vy; : M — BG of a manifold
M has a canonical vector bundle reduction, namely the stable normal bundle
Uy ¢ M — BO, and the normal structure set 7(M) is in natural bijective
correspondence with [M, G/O]. The bijective correspondence

T(M) — [M,G/O]; ((f,b) : N = M) — (a, 5)

is defined by sending a normal map (f,b) : N — M to the fibre homotopy
trivialised stable vector bundle («, 3) over M with b: vy — Upr @ . a

Example 9.46 The following construction exhibits a geometric Poincaré com-
plex X without a normal invariant, i.e. such that the Spivak normal fibration
vx : X — BG is not reducible to a vector bundle vx : X — BO. A fortiori X is
not homotopy equivalent to a manifold. The construction uses the fact that the
total space of a fibration

F—-F—B

with the base B an m-dimensional geometric Poincaré complex and the fibre F’
an n-dimensional geometric Poincaré complex is an (m + n)-dimensional geo-
metric Poincaré complex E (Gottlieb [28]). In particular, the total space of an
n-spherical fibration w : S™ — BG(n + 1) over S™ is an (m + n)-dimensional
geometric Poincaré complex S(w)

S"— S(w) — S™.
If w admits a section, say
w=wde: S - BF(n+1)
for some wy : S™ — BG(n), the total space S(w) has a cell structure
Sw) = (S™VS™) Up,unl+o(e) DT

With [tm, tn] € Tman—1(S™ V S™) the Whitehead product of ¢,,, € 7, (S™) and
tn € m,(S™) (the attaching map of the top cell in S(e"*!) = S™ x S™) and

O(w) = adjoint of w : ST g™,
The Thom space of w has a cell structure
T(w) = Sn+1 UEO(w) pmntl

The Spivak normal fibration of S(w) is classified by
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—Ww

Vsw) @ Sw) S BF (k) (k large) ,

and the Thom space of vg.) has the cell structure
T(Vs(w) = (S* Usp(ewy D™TF) v SRy gmtnth
In the special case
m=3,n=2,w=1€m3(BF3) = m(S?) = Z

there is obtained a 5-dimensional geometric Poincaré complex X = S(w) such
that the Spivak normal fibration vy : X — BG does not have a vector bundle
reduction — see Gitler and Stasheff [27] and Madsen and Milgram [45, p.33]. In
this case the composite

twx) : X 2% Ba B(G/0O)

does not admit a null-homotopy. O
Next, consider the uniqueness of manifold structures in a homotopy type.

Proposition 9.47 A homotopy equivalence f : M' — M of m-dimensional
manifolds determines a fibre homotopy trivialisation

t(f) « Jm — (" (vmr)) ~ {+} + M — BG
of the stable bundle
var — () (var) = var @ (—(f 1) (var)) + M — BO .

The classifying map t(f) : M — G/O is null-homotopic if and only if there exists
an extension of f to a degree 1 normal bordism

((F,B);1,(f,0)) + (WMHLM™ M™) — M x (I;{0}, {1}) .

Proof Let
(var : M — BO(k), par 2 S™F — T(vay))

(VM/ : M/ — BO(k),pM/ : Serk — T(I/M/))
be the normal invariants determined by embeddings M, M’ < S™*+¥ The fibre
homotopy trivialisation ¢(f) of J(var — (f71)*(varr)) : M — BG is defined by

the unique map of stable spherical fibrations a : Jvy; — Jvpy over f: M’ ~ M
such that

T(a)«(pm) = pum € 7751+k(T(VM))

given by 9.31 (iii). There exists an extension of f to a degree 1 normal map
(f,b) : M — M if and only if there exists a null-homotopy
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v — (Y (var) ~ {¥} : M — BO,
with the bordism class given by 9.43 to be
(f,0) = T(0)s(par) € im(my 41, (T(var)) — T(M)) = im([M,G] — [M,G/O)).

The following conditions on (f,b) are equivalent :

i) (f,0)=(11) e T(M),
(i) T®)(prr) = pur € mop(T(var))
(iii) Jb~a: Juyy — Jupy .

There exists an extension (f,b) satisfying these conditions if and only if there
exists a null-homotopy t(f) ~ {*}: M — G/O. O

The necessary and sufficient condition ¢(f) ~ {x} : M — G/O for a homotopy
equivalence f : M'™ ~ M™ of m-dimensional manifolds to be bordant to 1 : M ~
M is non-trivial — see the classification of exotic spheres in Section 13.3.

Assuming t(f) ~ {*} : M — G/O the next stage of the surgery programme
to decide if a homotopy equivalence f : M’™ ~ M™ of m-dimensional manifolds
is homotopic to a diffeomorphism is to investigate the extent to which a degree
1 normal bordism

(F,B) : (W;M,M') — M x (I;{0},{1})

determined by a choice of null-homotopy ¢(f) ~ {*} is bordant rel d to a homo-
topy equivalence (F',B"): (W'; M, M") ~ M x (I;{0},{1}).

Proposition 9.48 A homotopy equivalence f : M'™ ~ M™ of m-dimensional
manifolds is h-cobordant to a diffeomorphism if and and only if there exists a
null-homotopy t(f) ~ {x} : M — G/O such that the corresponding reld bordism
class of degree 1 normal maps

((F,B);1,(f,0)) = (WML M™, M™) — M x (I;{0}, {1})
contains a homotopy equivalence. O
For m > 5 the degree 1 normal map (F,B) : (W; M, M') — M x (I;{0},{1})
in 9.48 is bordant to a homotopy equivalence rel 0 if and only if the rel 0 surgery

obstruction o, (F, B) € Ly,1+1(Z[m1(M)]) defined in Chapters 11 and 12 is 0, (F, B) =
0.

The formal similarity between the criteria of 9.38 and 9.48 for the existence
and uniqueness of manifold structures in homotopy types has a straightforward
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explanation. The mapping cylinder of a homotopy equivalence f : M'™ ~ M™
of m-dimensional manifolds defines an (m + 1)-dimensional geometric Poincaré
bordism (W; M, M') with Spivak normal fibration

vw ~ Juy : W ~ M — BG.

Now f is h-cobordant to a diffeomorphism if and only if (W; M, M") is rel @ homo-
topy equivalent to an (m + 1)-dimensional manifold cobordism (W™*1; M, M"),
which is necessarily an h-cobordism. The primary obstruction ¢(f) : M — G/O
for f to be h-cobordant to a diffeomorphism is identified with the primary ob-
struction
tlvw) : W/OW ~ ¥M — B(G/O)

for (W, 0W) to be rel @ homotopy equivalent to an (m+ 1)-dimensional manifold
with boundary

t(f) = tw) € [EM,B(G/0)] = [M,G/O].
If this primary obstruction vanishes there exists a degree 1 normal map
(F.B) : (WM ,M'") — M x (I;{0},{1})

with f| =id. : M — M, F| = f : M’ — M. The secondary obstruction is the
rel 0 surgery obstruction o (F, B) € Ly,41(Z[m1(M)]) to the existence of a rel 9
normal bordism of (F, B) to a homotopy equivalence.

The main result of surgery obstruction theory is that for m > 5 an m-
dimensional degree 1 normal map (f,b) : M — X is bordant to a homotopy
equivalence if and only if an algebraic L-theory obstruction

0. (f,b) € Lin(Z[m (X))

is 0. There are two distinct ways of obtaining the surgery obstruction:

(i) The original method of Wall [90],[92], using geometric surgery below the mid-
dle dimension. In Chapter 10 it will be shown that for m = 2n (resp. 2n+1)
(f,b) is bordant to an n-connected degree 1 normal map (f',v') : M’ — X,
with K;(M') = 0 for i # n (resp. n,n + 1). The L-group Lo, (A) (resp.
Lon41(A)) of a ring with involution A is the Witt group of nonsingu-
lar (—1)™-quadratic forms (resp. formations), which will be described in
Chapter 11 (resp. 12). The surgery obstruction

o.(f,0) = U*(flv bl) € L (Z[m(X)])
is the class of the form (resp. formation) associated to the kernel Poincaré
duality K*(M') 22 Ky (M').
(ii) The chain complex method of Ranicki [69],[76] in which the surgery ob-
struction o, (f,b) € L, (Z[r1(X)]) is obtained directly from the chain level

version of the kernel Poincaré duality K*(M) = K,,_.(M), without pre-
liminary geometric surgeries below the middle dimension.
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SURGERY ON MAPS

An m-dimensional normal map (f,b) : M — X is an m-dimensional manifold
M™ together with a map f : M — X and a bundle map b : v)y — 7 from a
stable normal bundle of M to a vector bundle n over X.

Section 10.1 extends the notion of surgery on a manifold to surgery on a
normal map. An n-surgery on a normal map (f,b) : M — X killing « € 7, 41(f)
starts with an embedding S™ x D™~" < M such that (f,b) extends to a normal
map

((F,B); (f,0), (f,0) + (W; M, M') — X x (I;{0},{1}) ,
with (W; M, M’) the trace of the n-surgery on M removing S™ x D™~ ™ — M
and killing 9z € m,(M). The main result of this chapter is Theorem 10.30: if

m = 2n or 2n+ 1 it is possible to kill the homotopy groups 7. (f) for * < n, and
(f,b) is normal bordant to an n-connected normal map.

Which elements « € m,,41(f) can be killed by an n-surgery on an m-dimensional
normal map (f,b) : M™ — X ? By definition, z is a homotopy class of commu-
tative squares

Sn > Mm

¢ f

prtt ——— X

and x can be killed by surgery on (f,b) precisely when there exists a rep-
resentative with g : S™ — M an embedding such that the normal bundle
vg 1 8™ — BO(m—n) can be framed compatibly with the bundle map b : vy — 7.
There are two distinct ways of proceeding :

(i) First embeddings then framings.
The “b-framing obstruction” of any representative ¢ with g : S™ 3 M an
immersion is an element

vp(¢p) € Tpt1(BO, BO(m —n))

measuring the extent to which the normal bundle v, : S — BO(m—n) can
be framed in a way compatible with the stable framing of v, determined
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by b: vy — nand h: D" — X. The element x € 7, 1(f) can be killed
by an n-surgery on (f,b) if and only if it has a representative ¢ with g
an embedding and b-framing obstruction v4(¢) = 0. This is the method
favoured by Kervaire and Milnor [38] and Browder [14]. It is particularly
effective in the simply-connected case m (M) = m(X) = {1} for 2n < m
with m > 5, since by the Whitney Embedding Theorem (7.2) every element
x € mry1(f) has a representative ¢ with g an embedding.
(ii) First framings then embeddings.

By the Smale-Hirsch Immersion Classification Theorem (7.35) it is possible
for n < m—2 to represent each x € m,4+1(f) by a diagram ¢ with g : S™ &
M™ an immersion such that v, : S — BO(m — n) is framed in a manner
compatible with b (so that 1,(¢) = 0). Any two such representatives are
regular homotopic. Section 10.2 gives the basic properties of the regular
homotopy groups of immersions and their applications to surgery theory.
An element z € m,41(f) can be killed by an n-surgery on (f,b) if and only
if there exists such a representative ¢ with g : S™ — M™ an embedding.
This is the method favoured by Wall [92]. It is more elaborate than (i), but
it is better suited to the classification of the effects of the surgeries.

The kernel Z[m (X)]-modules of a map f: M — X
K.(M) = Heor(F: M = X)

are defined in Section 10.3, with X the universal cover of X and M = f *X the
pullback cover of M. A map f of CW complexes is a homotopy equivalence if
and only if f, : 7 (M) — m1(X) is an isomorphism and K,.(M) = 0.

Given an m-dimensional degree 1 normal map (f,b) : M™ — X we should like
(if possible) to construct a bordant degree 1 normal map (feo,bo0) : Moo — X
which is a homotopy equivalence, with K,(Ms) = 0. The standard operating
procedure of surgery theory is to try and kill the successive kernel homology
modules K;(M) for i = 0,1,2,... by surgeries on (f,b), to obtain a sequence of
bordant degree 1 normal maps (f;,b;) : M; — X which are i-connected, with
K,;(M;) =0 for j < i. Start with
(anbO) = (fab) : MO = M-X.

Assume inductively that (fo,b0), (f1,b1), --., (fi,b;) have already been con-
structed. At this stage we have the question:

Is it possible to kill K;(M;) by surgery, to obtain a bordant (i + 1)-connected
degree 1 normal map (fix1,bi41) : M1 — X2

In Section 10.4 the Whitney Embedding Theorem (7.1) will be used to prove
that for 2 +1 < m every element x € m;1(f;) can be killed by an n-surgery. In
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Section 10.5 it will be proved that m;41(f;) is a f.g. Z[m(X)]-module, and that
for 20 + 2 < m (f;,b;) is bordant to an (i + 1)-connected degree 1 normal map
(fir1,bi1) : Migq — X.

Thus for an m-dimensional degree 1 normal map (f,b) : M — X with m = 2n
or 2n + 1 there is a bordant n-connected degree 1 normal map (f,,b,) : M, —
X. However, there is a surgery obstruction (to be defined in Chapters 11 and
12) to killing K,,(M,,) to obtain a bordant (n + 1)-connected degree 1 normal
map (frnt1,0n+1) @ Mpi1 — X, which takes value in the surgery obstruction
group L, (Z[r1(X)]). If the surgery obstruction is 0 then (fy+1,bn+1) can be
constructed. Now (fn+1,bn4+1) is a homotopy equivalence by the Theorem of
J.H.C. Whitehead (3.6) and Poincaré duality, so that we can set

(fn+17bn+l) = (fn+27bn+2> = . = (f<>07b00) .

For a 2n-dimensional normal map (f,b) : M?" — X it is possible to represent
every element x € 7,41 (f) by a framed n-immersion ¢ in (f,b), by the Whitney
Immersion Theorem (7.1). However, in general x is not represented by a framed
n-embedding, so that z cannot be killed by an n-surgery on (f,b). For n > 3
it is possible to represent = by a framed n-embedding if and only if a certain
self-intersection obstruction p(x) in a quotient of Z[r1(M)] is 0. The surgery
obstruction of an n-connected 2n-dimensional normal map (f,b) is due to the
fact that ¢ may not be represented by a framed n-embedding. See Chapter 11
for the self-intersection form p and the 2n-dimensional surgery obstruction.

For a (2n + 1)-dimensional normal map (f,b) : M?"*! — X with n > 2 it
is possible to represent every element x € m,11(f) by a framed n-embedding ¢
in (f,b). The Wall surgery obstruction of an n-connected (2n + 1)-dimensional
normal map (f,b) is due to the fact that even though it is possible to kill every
element x € 7,41(f) = K,(M) by an n-surgery on (f,b) there are many ways
of doing so, none of which need reduce the size of K,,(M). See Chapter 12 for
the (2n 4 1)-dimensional surgery obstruction.

10.1 Surgery on normal maps

Recall from Definition 2.4 that an n-embedding in an m-dimensional manifold
M is an embedding g : S™ — M.

Definition 10.1 Let M™ be an m-dimensional manifold with amap f: M — X
to a space X.
(i) An n-immersion in M is an immersion

g:S"+ M.

(ii) A framed n-immersion in M is an immersion
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g :S"xD" " M.
(iii) An n-immersion ¢ in f is a commutative square

g

M

Dn+1 X

with g : S™ & M an n-immersion in M. An n-embedding in f is an n-
immersion ¢ with g an n-embedding in M.
(iv) A framed n-immersion ® in f is a commutative square

P f

Dn+1 x Dm—n *h>X

withg : S"x D™~ "™ 9 M a framed n-immersion in M. A framed n-embedding
in f is a framed n-immersion ¢ with g an embedding.

(v) The core of a framed n-immersion ¢ is the n-immersion ¢ defined by the
restrictions g, h of g, h. Similarly for n-embeddings.

(vi) The n-surgery on f removing a framed n-embedding ® is the operation
of n-surgery on M removing g : S™ x D™~ " — M with effect

M = cl.(M\g(S™ x D™~ ™))u D"t x gm=n-t
together with the extension of f to a trace bordism
(B3 f. )« (Wi M, M') — X x (1;{0},{1})
given by
F = fx1Uh: W = MxIU;D""'x D™ - X xI.
The n-surgery kills the homotopy class of the core

z = [¢] = (hg) € msi(f) . .

The homotopy theoretic effect in dimensions < n + 1 of an n-surgery on a
map is given by :
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Proposition 10.2 The relative homotopy groups in the trace of an n-surgery
on an m-dimensional map f: M — X

(Fif. f) + (WML M™ M™) — X x (1;{0},{1})
killing © € mp41(f) are such that

T (f)/(x) ifi=n+1,
with (x) C mpi1(f) the Z[m1(X)]-module generated by x. Also, F is the trace of

the dual (m —n — 1)-surgery on f': M' — X killing an element &' € mpm_n(f'),
so that

mi(F) = {

i (f) ifj<m—n-—1

) = A2 s o

Proof The elements

z = [¢] = (hg) €mii(f) , 2’ = [¢] = (W.g) € Tmn(f')
are represented by the core n-embedding and the dual core (m—n—1)-embedding

/!

Sn —g> M Sm—n—l L M/
¢ f , ¢I f/
Dn+1 h X pm—n 4“/ X

with

F ~ fUh ~ f’Uh’ W o~ MUgDn+1 ~ MlUngm_nHX.

Corollary 10.3 For 2n 4+ 2 < m an n-connected map f : M™ — X can be
made (n + 1)-connected by n-surgeries if and only if there exists a finite set of
Z[m (X)]-module generators xy,xa,...,xp € Tpy1(f) = Kn(M) which can be
killed by n-surgeries on f.

Proof The condition 2n + 2 < m ensures that the effect of an n-surgery killing
an element = € m,41(f) is a map f': M — X such that

mi(f) ifi<n

mi(f) = m(F) = {Wnﬂ(f)/(x) ifi=n+1.
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Definition 10.4 The framing obstruction of an n-immersion in a map f :
M™ — X

SH—>M

¢ f

h

Dn+1 —_—= X

is the isomorphism class of the normal bundle of g

v(¢p) = vy € m(BO(m —n)) . O

Proposition 10.5 Let f : M — X be a map from an m-dimensional manifold
M™. For any element x € m,41(f) the following conditions are equivalent :

(i) = can be killed by an n-surgery on f,

(ii) = can be represented by a framed n-embedding ® in f,

(iii) = can be represented by an n-embedding ¢ in f with framing obstruction

v(¢p) = 0€m,(BO(m—n)) .

Proof (i) <= (ii) Immediate from the definitions (10.1).

(ii) <= (iil) An n-embedding ¢ in f extends to a framed n-embedding ® pre-
cisely when the normal bundle v, can be framed, by the Tubular Neighbourhood
Theorem (5.50). O

We now move on to surgery on a normal map (1.15)
(f,b) © M —X
with f : M™ — X a map from an m-dimensional manifold and b : vy — 7 a

pullback bundle map over f.

Definition 10.6 A framed n-embedding (®, B) in (f,b) (or a b-framed n-
embedding (®, B) in f) is a framed n-embedding in f

Sn X Dm—n - M

P f

Dl pmen —————> X

together with an extension of (f,b) to a normal map on the trace of the n-surgery
on f removing ®
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(F.B) : (W;M,M') — X x (I;{0},{1})
with
F:W = MxIUg D" x D™ — X x I
such that
F ~ fuh : W ~ Mu, D" — X .

The normal map
(f,0) = (F,B)| : M = cl.(M\g(S™ x D™~ ™))u D"t x gm=n=1 X

bordant to (f,b) by (F, B) is the effect of the n-surgery on (f,b) removing
(®, B) and killing the homotopy class = [¢] € mp11(f). O

Example 10.7 Every manifold M admits a normal map (vp,1) : M — X =
BO. A framed n-embedding (®, B) in (vas, 1) is just a framed n-embedding in
M, and surgery on (f,b) is just surgery on M. a

Definition 10.8 Let (f,b) : M — X be a normal map, and let ¢ be an n-
immersion in f

gn g

M

¢ f

Dntl h X .

The normal bundle v, : S™ — BO(m — n) has a stable framing

k ~ _m—n+k

Ovpp @ VgDe €

determined by an embedding e : M < S™*F (k large), the identities
Vg® g'Ve = Veg ,

Ve = VM S f*777
k

g've = g'frn =n e
and the canonical framing v., = €™~ "tk of the normal bundle of the immersion

eg : S™ 5 S™*k The b-framing obstruction of ¢ is
vp(@) = (0Vhpb,Vy) € Tnt1(BO, BO(m —n)) . O

Lemma 10.9 The normal bundle v; : S™ — BO(k) of an immersion i : S™ %
k

Stk (k large) is equipped with a canonical class of isomorphisms vty e,
which corresponds to a canonical class of null-homotopies of a classifying map
vj v, ~ {x} : S" — BO(k),

with vj ~ vV} if (Vf) " vy =0 € m,(O(k)).
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Proof Relate i to the standard embedding ig : S™ < S™* by a regular homo-
topy i : S™ & Sntk (0 <t < 1), with 4y = 4. Use this to translate the standard
bundle isomorphisms

n+l ~ ~ 6n+k+1

Vjo Vi, D€ Vip @ Tgn D e = Z'STSn,+k De =

from iy to i. Any two choices of regular homotopies {i:}, {i}} are related by a
regular homotopy of the track immersions S™ x I 9 S"F x I. O

Next, consider the manifold M. For definiteness, let vy = v, : M — BO(k)
be the normal bundle of an embedding e : M < S™** (k large), and let 7 :
X — BO(k) be likewise a k-plane bundle, so that b : vyy — 71 is a map of
k-plane bundles. The normal bundle of the composite immersion

g/ = eg S8 g MM s Sm+k
is trivial, with a trivialisation
vy = vy ®g'vm ~ {x} : S" = BO(m—-n+k).

The normal bundle v, : S — BO(m — n) is a stable inverse of the pullback
g vy + S™ — BO of the stable normal bundle vy, : M — BO, that is

vg®g'vy = €° @ 8" — BO.

Similarly for a normal map (f,b) : M — X: the map of k-plane bundles b :
vy — 1 and the null-homotopy & : gf ~ * : S™ — X determine a null-homotopy

g'vm = g f'n = x : 8" = BO(k)

which in general is not compatible with the canonical null-homotopy of vg.
Combining the two null-homotopies into a single null-homotopy and passing to
the limit as K — oo there is obtained a commutative square

Vg

Sn BO(m —n)

5Vh,b

Dn+1 BO

representing the b-framing obstruction
Vb(¢) = (5Vh,b; Vg) € 7Tn+1(BOv BO(m - n)) .
Proposition 10.10 Let (f,b) : M — X be a normal map from an m-dimensional

manifold M™. For any element x € mp11(f) the following conditions are equiv-
alent :



226 SURGERY ON MAPS

(i) x can be killed by an n-surgery on (f,b),
(ii) = can be represented by a framed n-embedding (P, B) in (f,b),
(iil) @ can be represented by an n-embedding ¢ in f with b-framing obstruction

vp(¢) = 0 € mpy1(BO,BO(m —n)) .

Proof (i) <= (ii) Immediate from the definitions (10.6).

(ii) <= (iii) An n-embedding ¢ in f extends to a framed n-embedding ® pre-
cisely when the normal bundle v, can be framed, by the Tubular Neighbourhood
Theorem (5.50). O

By analogy with 10.3:

Corollary 10.11 For 2n+2 < m an n-connected normal map (f,b) : M™ — X
can be made (n + 1)-connected by n-surgeries if and only if there exists a finite
set of Z|m (X)]-module generators x1,xa, ..., T, € Tni1(f) = Kn(M) which can
be killed by n-surgeries on (f,b). |

10.2 The regular homotopy groups

The regular homotopy groups I,,(M) of immersions g : S™ & M™ (5.54) will
now be generalised to the relative regular homotopy homotopy groups I,+1(f)
for amap f: M™ — X, with an exact sequence

o= M1 (X) = L1 (f) = Li(M) — 1 (X) — o

The groups Ip,+1(f) will be used to formulate Wall’s immersion-theoretic ap-
proach to surgery on normal maps (f,b) : M — X. The case m = 2n will be
used in the 2n-dimensional surgery obstruction theory of Chapter 11.

Definition 10.12 (i) The relative regular homotopy group I,,.1(f) of a
map f: M™ — X from an m-dimensional manifold M to any space X is the
Z[m1(X)]-module of regular homotopy classes of n-immersions in f, with addition
by connected sum.

(ii) The relative framed regular homotopy group IfL:_l(f) of a map f :
M™ — X from an m-dimensional manifold M to any space X is the Z[m (X)]-
module of regular homotopy classes of framed n-immersions in f, with addition
by connected sum. O

Proposition 10.13 Let f: M™ — X be a map from an m-dimensional mani-
fold M, and let n < m — 2.

(i) The relative regular homotopy groups In1(f), Iiil(f) fit into a commutative
braid of exact sequences of Z[m(M)]-modules
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Tn(Vin—n) T (BO(m — n)) I (f)
s s > T
Iny1(f) T (BO)

~ /,,1M3 .

with

00 (f) = mngr(f x var : M — X x BO) .

(ii) The absolute and relative reqular homotopy groups are related by commutative
braids of exact sequences

SN T TN

7Tn(Vﬂ"rn) In(M) 1. Wn(X)
In-H(f) 7"'n(jw)
Tnt1(X) Tnt1(f) Tn—1(Vin—n)

~_ 7 >~ 7

Tna1(BO) " (M) P T (X)
1% (f) )
Tny1(X) Tns1(f) T (BO)

Proof These are just the relative cases of 7.39, with

men - Uvmfnjtk,k
k

the stable Stiefel space (7.37). O
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Definition 10.14 Let (f,b) : M — X be an m-dimensional normal map, and
let n <m — 2.

(i) The b-framing section of the forgetful map I,41(f) — wnp41(f) is the
Z[m (X)]-module morphism

sy ¢ Tnp1(f) = Insa(f) 5 & sp(@)

sends a commutative square

o —— = 5 pm

¢ f

h

Dn+1 _—= X

to the regular homotopy class of the framed n-immersion

Mm

078 f

Dn+1 x pm—n ——— > X
determined by the stable bundle isomorphism
(SVh’b D Tsn Drg D € = g'ry D™

and the Hirsch-Smale Immersion Classification Theorem (7.35).
(ii) The b-framing section

Sir D T (f) — Ii:-l(f)

of the forgetful map I{L:_l(f) — Tpe1(f) is defined in the same way as sp. O

Theorem 10.15 (Wall [92, Theorem 1.1])

Let (f,b) : M™ — X be an m-dimensional normal map, and let n < m — 2.
An element x© € m,y1(f) can be killed by an n-surgery on (f,b) if and only if
the regular homotopy class s" (z) € IﬁH(f) of framed n-immersions in (f,b)
contains a representative (g, h) with g : S™ & M™ an embedding.

Proof Such a representative is a b-framed n-embedding, i.e. an n-surgery.
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Proposition 10.16 For n < m — 2 a stable bundle map b : vyy — n over
f:M™ — X determines a decomposition of the relative reqular homotopy group
of immersions Ini1(f) as a direct sum system of Z[m (X)]-modules

q r
Tn41(BO, BO(m —n)) = mn(Vin—n) (t:) w1 (f) = msa(f)
b Sb

such that :

(i) for every (h,g) € In1(f)
to(h,g) = (Vn,vy) € Tpy1 (BO, BO(m —n))

is the b-framing obstruction (10.8),

(ii) for every x € m,y1(f)
sp(w) = (h,g) € Ins1(f)

is the unique element with image r(h,g9) = © € mo41(f) which admits a
b-framing.
Similarly for the relative reqular homotopy group of framed n-immersions Irflil N,
with a direct sum system of Z[m1(X)]-modules

fr fr
q T

Tnt1(BO) = mnp1(BO(m)) <—f’ oL (f) <—f’ ni1(f)
" s

such that

sl

sp ¢ Tpy1(f) s If;:»l(f) — In1(f) -

Proof Suppose given a map g : S — M" and a stable isomorphism of bundles
over S”
C o Togn @EMTTR 2 gr @ e™ .

Since n < m — 2
T, (BO(m)) = m,(BO)

and it is possible to destabilise ¢ and regard it as a bundle isomorphism

¢ Tgn DM X gty
By 7.35 such a pair (g,c¢) determines a regular homotopy class of framed n-
immersions ¢’ : S™ x D™™™ & M homotopic to g. An element x € m,41(f) is
represented by a commutative square
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S’I’L > M’I’n

¢ f

h

Dl —— X .
Now b and h determine a stable isomorphism of bundles over S™
c:gvm = (fg)"(n) = 7,
which may be regarded as a stable isomorphism
c: Tgn DM 2 gF @™

(using a standard isomorphism 7g» @€ = ¢"T1). As above, ¢ determines a regular
homotopy class of framed n-immersions ¢’ : S™ & M in the homotopy class of
g, such that fg’ : 8™ — X is equipped with a null-homotopy A’ : D"+ — X.
Set

syt M1 (f) = Lnsa(f) 5 o= ¢

with
g/
S”l > Mm
¢ f
h/

10.3 Kernels

The kernel homology and cohomology Z[r]-modules of a map f: M — X with
respect to an oriented cover (X, 7, w) of X are defined by

K (M) = Hop1 (f: M — X), K*(M) = H*'(f: M — X)

with M = f *X the pullback cover of M. The kernel homology and cohomology
modules of an m-dimensional degree 1 normal map (f,b) : M — X are such that

H.(M) = K.(M)® H.(X), B (M) = K*(M)® H*(X)

with Poincaré duality isomorphisms

K*(M) 2 Kp_o(M) .
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The extent to which a map f: M — X of connected CW complexes fails to
be a homotopy equivalence is measured by the relative homotopy groups m.(f)
(3.4), with an exact sequence

f*

o= (M) ——— mp(X) — () —= m(M) — ... .

If fo:m (M) — 7 (X) is an isomorphism then m,11(f) is the set of homotopy
classes of commutative squares

St ——M

L

Dn+1

X

together with a reference path in M from ¢(1) to the base point * € M. The
fundamental group 1 (X) acts on 7,41 (f) by changing the reference path, giving
Tnt1(f) the structure of a Z[m1 (X)]-module. The Hurewicz map

Tt1(f) = 7Tn+1(f) - n+1(f)

is a Z[m (X)]-module morphism, with fiM—>Xam 1(X)-equivariant lift of f
to the universal cover X of X and the pullback cover M = f*X of X.

Definition 10.17 Let X be a space with an oriented cover (X s w) and let
f:M — X bea ‘a map with a lift to a m-equivariant map f M — X from the
pullback cover M= X

(i) The homology kernel Z|r]-modules of f are

K,(M) = n+1(f1M_’X)7

with an exact sequence

oo Hy(X) = Ko (M) — Hy (M) i> Hoy(X) = Knqy (M) — ... .
(ii) The cohomology kernel Z[r]-modules of f are defined by

K™(M) = H""'(f: M — X),

with an exact sequence

o KO0 - BN L (D) - K00 - B E)
where N B
(X)) = H,(Homy(C(X), Z(a]) o
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Proposition 10.18 The following conditions on a map f : M — X of connected
CW complexes are equivalent :

(i) f is a homotopy equivalence,
(i) the relative homotopy groups are m.(f) =0,
(iil) fu : m (M) — 71(X) is an isomorphism of groups, and the kernel Z[m1(X)]-
modules are K.(M) = 0.

Proof (i) <= (ii) by the Theorem of J.H.C.Whitehead (3.6).
(ii) <= (iii) by the Hurewicz Theorem (3.26). |

Proposition 10.19 Letn > 2, and let f : M — X be a map of connected CW
complezes.

(i) The map f is n-connected if and only if f. : m (M) — 7w (X) is an isomor-
phism of groups and the kernel Z]m(X)]-modules are such that

K;(M) =0 fori<n.
(i) If f is m-connected
mir1(f) = Ki(M) = 0 fori<n
and the Hurewicz map is an isomorphism of Z[m1(X)]-modules
Tni1(f) = Kn(M) .

Moreover, the kernel homology and cohomology Z[r]-modules with respect to any
oriented cover (X,m,w) of X are such that

Ki(M) = K(M) = 0 fori<n,
and the evaluation map is an isomorphism of Zlw|-modules

K"(M) — Kn(M)" 5y (2 —y(z)) .

Proof By the Universal Coefficient Theorem (3.17) and the Hurewicz Theorem
(3.26). O

The kernel homology and cohomology of a degree 1 map f : M — X of
m-~dimensional geometric Poincaré complexes are shown in 10.21 to be such that
there are natural direct sum decompositions

H.(M) = K.(M)® H.(X), H'(M) = K*(M)® H'(X)

with Poincaré duality isomorphisms
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K™*(M) = K,(M) .

Although there does not exist an m-dimensional geometric Poincaré complex
with homology K,(M) and cohomology K*(M) there does exist a Z[m(X)]-
module chain complex C' (defined in the proof of 10.21 below) such that

H.(C) = K,(M), H*(C) = K*(M), C™™* ~ C .

For a map of pairs (M,0M) — (X,0X) there are defined relative homology
and cohomology kernel Z[r]-modules K.(M,0M), K*(M,0M), to fit into exact
sequences of Z[r]-modules

o K (OM) — K (M) — K, (M,0M) — K,_1(0M) — ...
.= K"Y(OM) — K™(M,0M) — K"(M) — K™(0M) — ... .

A symmetric bilinear form on a vector space V
a VXV -oR; (x,y) —alz,y) = aly,x)
is nonsingular if the adjoint linear map
a =a : V-V = Homg(V,R); z+— (y— a(z,y))
is an isomorphism. A morphism of vector spaces with symmetric bilinear forms
[ (Via) = (W, 06)
is a linear map f : V' — W such that

B(f(z), fy) = a(z,y) eR (z,ye V),

or equivalently if

[Bf =a:V=V",

with
[fPWr =V g (e g(f(2))

Thus if (V, «) is nonsingular the linear map defined by

Foatppew Lo Loy 2Ty

splits f, with
fffr=1:V-v.

The symmetric bilinear form (K, \) defined by

K = ker(f': W = V),
At KxK—=R; (z,y) = Mz,y) = B(z,y)
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is such that there are defined inverse isomorphisms of symmetric bilinear forms

fog
(Via) @ (K, \) —=—=" (W)
ffeh
with
g = inclusion : K =W , h = 1—ff! W —-K.

The fact that isometries of nonsingular symmetric bilinear forms split off in this
manner has a direct generalisation to the splitting of Poincaré duality structures
for a degree 1 map, making use of the Z[r]-module version of the Umkehr chain
map (4.14):

Definition 10.20 Let f : M — X be a degree 1 map of m-dimensional geo-
metric Poincaré complexes, and let ]7: M — X be a m-equivariant lift of f, for
an oriented cover ()N(,ﬂ, w) of X with pullback cover M = f*)N(. The Umkehr
Z|r]-module chain map is given by

re® T e L
ey —0Z o,

using a chain homotopy inverse to the Poincaré duality chain equivalence of X.
O

The Umkehr of 10.20 is an evident generalisation of the Umkehr chain map
in 4.67.

Proposition 10.21 For a degree 1 map f : M — X of m-dimensional geometric
Poincaré complexes the Poincaré duality isomorphisms of M split as

M]n— = (M]n-)e (X]Nn-) :

H™(M) = K"(M)& H"(X) — Hpn(M) = Kpn(M)@ Hpn(X) .
In particular, the homology and cohomology kernel modules are related by Poincaré
duality isomorphisms

[MINn—: K"(M) — Kp—n(M) .

Proof It will be shown that f : C’(]\7) — C(X) is a chain homotopy split sur-
jection, with a particular splitting f' : C’()z) — 0(1\7) such that the algebraic
mapping cone € (f') (3.13) has m-dimensional Poincaré duality, and such that
the homology and cohomology are precisely K,(M) and K*(M). By the natu-
rality of the cap product and f.[M] = [X] there is defined a chain homotopy
commutative diagram
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C(X)mf* L C(M)m_*
[X]n— l[M] n-—
C(X) f C(M) .

Thus there exists a chain homotopy
fff=1:0X)—CX)

and there is defined a chain homotopy direct sum system

. f _
C(M) /= C(X)

e f

with e : C(M) — €(f) the inclusion (which is a chain homotopy split surjec-
tion), and g : €(f') — C(M) the chain homotopy split injection determined up

g

C(f)

to chain homotopy by e, f, f'. The system specifies identifications
K.(M) = H.(%(f") , K*(M) = H*(%(f")) .
The cap product chain equivalence

M]Nn— : C(M)™™* — C(M)

defines a chain equivalence of direct sum systems

e r"
cg(f‘)mf* 4*> C(M)m_* f) C()Z')m—*
g fr
[M]N— [M]n— (XN -
g - ! 5
z(f") C(M) C(X)
e f!

since there exist chain homotopies
J?([M] N—)e* ~ 0 : %(f!)m—* ~oX
e([M]ﬂ_)f* 0 : C(jz—)m—* _)(5(‘]"') s

using the existence of a chain homotopy

R

M]Nn— ~ T(M]n=) : C(M)™* = C(M)

given by the chain homotopy symmetry of the diagonal chain approximation
(3.18). O
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Definition 10.22 The homology intersection pairing on the kernel Z[r]-
modules of an m-dimensional oriented map f : M — X with respect to an
oriented cover (X, 7, w) of X are the sesquilinear pairings

A Kp(M) X Ky (M) — Z[7]

inherited from the intersection pairing of 4.66

A ¢ Hy(M) x Hyp_n(M) — Z[n]

using the natural maps K,(M) — H.(M). 0

The intersection pairings determine the effect of surgery on the homology
kernel of a normal map:

Proposition 10.23 Let (f,b) : M™ — X be an m-dimensional normal map,
and let

((E,B); (f,0), (f1,0) = (WML M™, M™) — X x (1;{0},{1})
be the trace of an n-surgery on (f,b) killing an element of x € m,1(f), and let
My = cl.(M\(S" x D™ ™)) .
(i) The kernel Z]r]-modules are such that
Zlr] ifi=n+1
0 ifi#En+1,

‘ N _ [Zx] difi=m-—n
KW, M) = {0 ifi#Em-—n

with a commutative braid of exact sequences of Z[r]-modules

rwan = |

Ki1(W, M) K;(M) K;(W, M)
Kip1(W,MUM) Ki(W)
K1 (W, M") Ki(M") K;(W, M)
\x—,// (:E/)'

such that
z : Knyi(W,M)=Zr] - K,(M); 1—x,

rt o Kpon(M) = Ky y(W) — Ky f (W, M) = Z[r] 5 y = Ma,y) -

(ii) If X is an m-dimensional geometric Poincaré compler and (f,b) is a degree
1 normal map then

Ko (W.MUM) = K.(M)
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Proof (i) Working as in the proof of 4.68 it is possible to express €' (f"*) up to
chain equivalence in terms of €(f') as

Sgﬂ(f!)n-&-l@z[ﬂ'] ifi=n+1#m-n-1

Cf(f/!)* _ Cg(f!)mfnfl@z[ﬂ ifi=m-n—-1#n+1

7' G sr O L[] O[] ifi=m-n—1=n+1
C(f"): otherwise .

(ii) By the Poincaré disc theorem (9.14) it may be assumed that X = X, U D™
for an m-dimensional geometric Poincaré pair (X, S™~!), and that the trace
degree 1 normal map can be expressed as a union of degree 1 normal maps

(F7B) = (FOaBO) U (g,C) :
(W; M, M") = My x (I; {0}, {I})U(D"+1 x D™=, §n 5 pm—n pn+l y gm-n-—1)

— X x ({0}, {1}) = Xo x (1;{0},{1}) U D™ x (I;{0},{1}) .

Mo X {0} Mo x [ / Mo X {1}

Sn % pm—n () Dn+1 % pm—n ( () Dn+1 % Sm—n—l

M W M’
(/. b) (£, B) ()
X x {0} X x1 X x {1}
Xo x {0} Xox I / Xo x {1}

s O o ()
\

The isomorphism K. (My) = K41 (W, M U M’) follows from the commutative
braid of exact sequences
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T T T

K; Hip1 (W, M UM H;

H; = Z[r)|®z H;(D™,S™™Y) = Z[n] ®z Hiy1 (D™, 5™)
[z ifi=m
10 if i #m

K, = K;(My) = Kixy(W,MUM') .

10.4 Surgery below the middle dimension

An element x € m,(M) can be killed by an n-surgery on an m-dimensional
manifold M™ if and only if it can be represented by an embedding g : S — M™
with trivial normal bundle v, : S — BO(m — n). Below the middle dimension,
this condition is purely homotopy-theoretic :

Proposition 10.24 If 2n + 1 < m an element x € 7w,(M) can be killed by
n-surgery on M™ if and only if (vpr)«(x) =0 € 7, (BO).

Proof By the Whitney Embedding Theorem (7.2) it is possible to represent
2 by an embedding g : S C M™. Let vpy = ve : M — BO(k) be the normal
bundle of an embedding e : M < S™** (k large), and let  : X — BO(k) be
likewise a k-plane bundle, so that b : vp; — 7 is a map of k-plane bundles. The
normal bundle of the composite embedding

gl = eg :Sn(_)Mm€_>Sm+k
is trivial, with 10.9 giving a trivialisation
vy = vy ®g'vm ~ {x} : S" = BO(m—n+k).

The normal bundle v, : S* — BO(m — n) is a stable inverse of the pullback
g vy S™ — BO of the stable normal bundle vy, : M — BO, that is

vg@®g'vy = €° : 8" — BO .
Thus
vg = —g'vm = — (vm)«(x) € mp(BO(m —n)) = m,(BO) ,

and v, = 0 if and only if (var)«(z) = 0. O
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Surgery is always possible below the middle dimension of a normal map, and
the homology effect is given by :

Proposition 10.25 Let (f,b) : M™ — X be an m-dimensional normal map.

(i) If 2n 4+ 1 < m every element x € m,11(f) can be killed by an n-surgery on
(f,b). Let

((F,B); (f,0),(f1,01)) + (W; M, M") — X x (I;{0},{1})

be the trace of an n-surgery on (f,b) killing x, and let ' € mm_n(f’) be the
relative homotopy class killed by the dual (m—n—1)-surgery. The kernel homology
Z|71(X)]-modules are such that

K;(M) = K;(W) fori#n,n+1,
K, (M) = K;(W) fori#m-n—1m-—n

with ezact sequences

0 —> Kny1(M) —> Knpr(W) —= Zlmy(X)]
s K, (M) — K,(W) — 0,
0 —= Kpmn(M') —= Ky n(W) —= Z[m(X)]

!
T

— m—n—l(M/) —— m—n—l(W) — 0.
(ii) For 2n + 2 < m there are exact sequences
/!
0 —> Kpp1(M) —>= Ko (M') = Z[m(X)]

s K (M) —= K,(M') —= 0,

0 —> Ky n(M') —> Ky (M) > Z[ri(X)]

!
T

—— m—n—l(M/) I m—n—l(M) — 0.
(iii) For m = 2n + 2 there are exact sequences

/!

0 — Kpt1(M) — coker(z' : Z[m1(X)] — Kpy1(M')) L Z[m (X)]

s K,(M) — K,(M') —= 0,

0 —>= Knyo(M') —> Kn2(M) = Zm (X))

s ker(z"': Kppy (M) — Z[m (X)) —> Kpi1(M) —> 0.

(iv) For m = 2n + 1 there is a commutative braid of exact sequences
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Proof For 2n + 1 < m the relative regular homotopy groups of Section 10.2
are such that

Lisi(f) = mur(f) s I (f) = ) (mag1(f) ® Tt (BO)

By the Whitney Immersion and Embedding Theorem (7.1, 7.2) x € m,41(f)
can represented by an n-immersion ¢ = (h,g) with g : S & M™ an em-
bedding. The b-framing obstruction v(¢) = (vp,v,) of 10.8 takes its value in
Tn+1(BO, BO(m — n)) = 0, and Theorem 10.15 applies to give that = can be
killed by surgery. The homology kernels K,(M'), K.(W) are given by Proposi-
tion 10.23. O

10.5 Finite generation
The main results of this section are:

(i) if m = 2n or 2n + 1 every m-dimensional normal map (f,b) : M — X is
normal bordant to an n-connected normal map,

(ii) for an n-connected map of finite CW complexes f : M — X the first non-
vanishing relative homotopy group m,+1(f) = K,(M) is a finitely gener-
ated (f.g.) Z[m(X)]-module,

(iii) for an n-connected degree 1 map f : M — X of 2n-dimensional geometric
Poincaré complexes K, (M) is a stably f.g. free Z[m1(X)]-module.

These results make use of the duality properties of the homology and cohomology
of finite chain complexes of f.g. projective A-modules for a ring with involution
A. In the application A = Z[r1(X)].

Lemma 10.26 Let A be a ring with involution, and let C' be a finite f.g. projec-
tive A-module chain complez.
(i) If H;(C) = 0 for i < n then H,(C) is a f.g. A-module, and the evaluation

map is an A-module isomorphism

H™(C) = Ho(C)" 5 f = (2= f(2)) -
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(i) If H;(C) = 0 for i < n and H¥(C) = 0 for j > n then H,(C) and H"(C)
are dual f.g. projective A-modules, with isomorphisms

HW(C) ® Z C’ﬂ+2i+1 = Z Cn+2j s

1€EZL JEL
Hn(c) D Z C«n+2i+1 o~ Z Cn+2j .
1E€EZL JEZ

In particular, if the A-modules C, (r > 0) are f.g. free then Hy,(C) and H™(C)
are dual stably f.g. free A-modules.

Proof (i) By standard homological algebra there exist A-module morphisms
I': C; — Ciqq for i < n such that

dl'+Td =1 : C; —»Cifori<n.
The A-module morphisms
g ker(d:Cp, = Cp1)®Cr1®Cr3®... 5 C,®Cra®Cr_y®...,
h:Cho®Cro®Cry®...—oker(d:Cp, > Cp_1) D Cro1 ®Cr3® ...
defined by
9($n7 Tn—15Tn-3,-- ) =
(xn + F(xnfl)y d(xnfl) + F(xn73)7 d(x’n73) + F(xnff)); .. ) )

WY Yn—2,Yn—4,---) =
(1 =Td)(yn), d(yn) + T(yn—2), d(yn—2) + T(yn—a),---)

are inverse isomorphisms
ker(d:C,, = Cp—1) ®Crie1 ®@Cr3®... 2 Cr,®Cp2®Crieg®... .
Thus ker(d : C,, — Cp,—1) is a f.g. projective A-module, and the A-module
H,(C) = ker(d: Cp, — Cp—1)/im(d: Cpy1 — Cp)
is finitely generated. The f.g. projective A-module chain complex C’ defined by

Cl = 0forr<n,
d+T : Chyy = > Cny12i = C) = > Cpogj

i>0 730
d = do0 : Cliy = Chp2—Clyy = Crp1® Y Crgi-2i
i>1

d: Cl =C.—Cl_; = Crqforrzn+2
is chain equivalent to C, so that

H,(C) = H,(C'") = coker(d' :C,, , —C}),

H™(C) = H"(C") = ker(d” :C'"™ — C'm+1) .
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The evaluation map H"(C’) — H,(C")* is an isomorphism because C},_; = 0.
(ii) In this case there also exist A-module morphisms I' : C; — Cjyq for j > n
with

dI' +T'd = 1 : C; — Cjqq for j >n .

This uses the involution on A, specifically the property of the f.g. projective
A-modules C; that the natural double duality A-module morphisms are isomor-
phisms

ec; + Cj—=C7" 5 = (f e f(z)) .

The A-module morphisms

H,(C)® ) Cnyaiv1 — Y Cngays
i€Z JEL
([zn], 2o wnt2ig1) = (L= dl)(zn) + 2o(d(@nt2it1) + D(@ns2itr))

> Crgo; — Hy(C) & > Crgoia
JEL €L

> Ynv2i — ([(L=Td)(yn)], > (d(ynt2;) + T(1 = Ld)(yn+25)))

J

define inverse isomorphisms

Hn(c) 2] Z Cn+2i+1 = Z Cn+2j .
i€Z JEz
The dual A-module morphisms define inverse isomorphisms
HM(C) @Y Criett = N cmt
i€Z JEZ

identifying H™(C') = H,(C)* by (i). m|

Remark 10.27 If C' is a finite based f.g. free A-module chain complex such
that H.(C) = 0 then H*(C) = 0 and the isomorphism used in the proof of 10.26

(with n = 0)
d+T : ZCQ¢+14>ZCQj
i J

is the one used to define the Whitehead torsion of C' in 8.10. O

The following result gives the finite generation of the relative homotopy group
in the Hurewicz dimension:

Proposition 10.28 Let n > 2, and let f : M — X be an n-connected map of
CW complezes, so that f. : 11 (M) — m(X) is an isomorphism and m;i41(f) =
K;(M)=0 fori<n-—1.

(i) If M has a finite n-skeleton and X has a finite (n+1)-skeleton then mp41(f) =
K,(M) is a f.g. Zm1(X)]-module.
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(i) If M and X are finite CW complezes and also K'(M) = 0 fori > n+ 1
then K, (M) is a stably f.g. free Z|m (X)]-module, with the evaluation map a
Z[m (X)]-module isomorphism

K"(M) — Kn(M)" 5 y = (z— (y,2)) .

Proof Let f: M — X bea 71 (X)-equivariant lift of f to the universal covers
M,X of M,X. By the Hurewicz Theorem (3.26) there are identifications of
Z[m (X)]-modules

mi(f) = m(f) = Hi(f) = Ki—1(M) for i

The relative homology modules H., (f) = K,_1(M) of the induced Z[m1(X)]-
module chain map f : C(M ) — C(X) of the cellular chain complexes

H.(f) = H.(C(f))

are the homology of the algebraic mapping cone %(f) (3.22). The chain complex
C = €(f) is such that

(a) C;=0fori<0,
(b) C; is a f.g. free Z[m (X)]-module for i < n+1,
(¢) Hi(C) =0 for i <
and in the case (ii) also
(d) C; =0 for all i > m, for some m > 0,
(e) C; is a f.g. free Z[m(X)]-module for i > n + 2,
(f) H(C) =0 for i >n+2.

By 10.26 the Z[m(X)]-module

Kn(M) = 7rn+l(f) = n-H(J?)
= ker(d: Cpi1 — Cp)/im(d : Cpia — Cry1)

is f.g. in case (i) and stably f.g. free in case (ii). O

Corollary 10.29 Let f : M — X be a degree 1 map of m-dimensional geometric
Poincaré complezes, and let K.(M), K*(M) be the homology and cohomology
kernel Z|r]-modules with respect to an oriented cover ()~(,7r,w) of X. If [ is
n-connected then :

(i) K,(M)=K"(M)=0 forr <n,
(ii) Kn(M) is a f.g. Z[r]-module, and the evaluation map is a Z[r]-module iso-
morphism K™ (M) = K,,(M)*,
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(iil) if m = 2n then K, (M) is a stably f.g. free Z]w]-module,

(iv) if m=2n—2 or 2n — 1 then K.(M) =0,

(v) ifm=2n—2o0r2n—1,n>2, and (X,r,w) is the universal oriented cover
then f is a homotopy equivalence.

Proof (i) By the Universal Coefficient Theorem (3.17).
(ii)4(iii) Immediate from 10.28 (i)+(ii).
(iv) K;(M) =0 for i < n — 1 by the Hurewicz Theorem, so that by 10.28 (ii)

K{(M) = K;(M)* = 0fori<n—1.
The kernel Poincaré duality established in 10.21 gives
K;(M) = K™ 3(M) = Oforj>n

since m — j < n — 1, and so K,(M) = 0.

(v) For n > 2 and (X, m1(X),w(X)) the universal oriented cover the Whitehead
Theorem (3.6) and (iv) give that f is a homotopy equivalence. o

Theorem 10.30 (Surgery below the middle dimension.)

(i) Let (f,b) : M — X be an m-dimensional normal map with X a connected
CW complex with a finite n-skeleton. If 2n < m then (f,b) is bordant to an
n-connected normal map (f',0') : M’ — X.

(ii) Let (f,b) : M — X be an m-dimensional degree 1 normal map. If 2n < m
then (f,b) is bordant to an n-connected degree 1 normal map (f',0'): M’ — X.

Proof (i) It suffices to prove that if (f,b) is (n— 1)-connected and 2n < m then
(f,b) is bordant to an n-connected normal map (f’,b') : M’ — X.

Consider first the case n = 0. The connected sum (2.9) of the components of
M is a connected manifold M’. The effect of the corresponding 0O-surgeries on
(f,b) is a bordant 0-connected normal map (f',b') : M’ — X.

Similarly in the case n = 1. The CW complex X has a finite 1-skeleton, so
that the fundamental group 71 (X) is finitely generated, and hence so is

m(f) = m(X)/{fu(m (M)))

with (fi(m1(M))) <« 71(X) the normal subgroup generated by f.(m(M)) C
m1(X). Kill a finite of set of generators of m1(f) by O-surgeries on (f,b), with
effect a bordant 1-connected normal map (f',b) : M’ — X.

Next, consider the case n > 2, so that

Ki(M) = 7T7;+1(f) =0 fori<n72

by the Hurewicz Theorem (3.26). The Z[m(X)]-module K,,_1(M) = m,(f) is
f.g. by Corollary 10.29, and can be killed by Corollary 10.11, thus obtaining a
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normal bordant n-connected normal map (f',¥') : M’ — X.
(ii) Apply (i), noting that for a degree 1 normal map (f,b) : M — X the target
X is a finite CW complex, and that f, : Ho(M) — Hy(X) is onto. O

In the case m = 2n it is possible to represent every element x € 7, 1(f) by
an n-immersion (h, g) with b-framing obstruction

(Vh,vg) = 0 € my1(BO,BO(n)) ,

but there is an obstruction in Z[mr; (M)\{1}] to representing by an n-immersion
with g an embedding. The surgery obstruction of an n-connected 2n-dimensional
degree 1 normal map (f,b) is due to the fact that it may not be possible to kill
an element x € m,11(f) = K,(M) by an n-surgery on (f,b) because it may not
be possible to represent dx € m,(M) by an embedding S™ x D™ — M?". See
Chapter 11 for a detailed account of the 2n-dimensional surgery obstruction.

The surgery obstruction of an n-connected (2n + 1)-dimensional degree 1
normal map (f,b) is due to the fact that even though it is possible to kill every
element x € m,41(f) = K,(M) by an n-surgery on (f,b) (10.25) there are many
ways of doing so, none of which need reduce the size of m,41(f). See Chapter 12
for a detailed account of the (2n + 1)-dimensional surgery obstruction.
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THE EVEN-DIMENSIONAL SURGERY OBSTRUCTION

This chapter defines the Wall surgery obstruction of a 2n-dimensional degree
1map (f,0): M - X
0+ (f,b) € Lon(Z[m (X)]) .
The main result is that o.(f,b) = 0 if (and for n > 3 only if) (f,b) is normal
bordant to a homotopy equivalence.

Section 11.1 develops the general theory of e-quadratic forms (K, A, u) over
a ring with involution A, with e = £1. Section 11.2 constructs the kernel (—1)"-
quadratic form (K, (M), A, u) over Z[r1(X)] of an n-connected 2n-dimensional
degree 1 normal map (f, ). Section 11.3 describes the algebraic effect on the ker-
nel form of a geometric surgery on (f,b). The 2n-dimensional surgery obstruction
group Lo, (A) of equivalence classes of nonsingular (—1)™-quadratic forms over
A is defined in Section 11.4. The even-dimensional surgery obstruction is defined
in Section 11.5.

11.1 Quadratic forms

Let A be a ring with involution A — A;a — a. The general theory of sesquilinear
pairings of A-modules was already developed in Section 4.4. As in 4.37, given
A-modules K, L let S(K,L) denote the additive group of sesquilinear pairings
AN K xL— A

Definition 11.1 Let K be an A-module.

(i) The sesquilinear group of K is the additive group

S(K) = S(K,K)
= {sesquilinear pairings A : K x K — A} .

(ii) The e-transposition involution is given for ¢ = +1 by
T. : S(K) = S(K); A= T = €(Th),
such that
Tz,y) = eXy,z) € A, (T)? = id. : S(K) — S(K) .

(iii) The e-symmetric group of K is the additive group
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Q°(K) = ker(1-T.: S(K) — S(K)) .
(iv) The e-quadratic group of K is the additive group
Q:(K) = coker(l1-T,: S(K) — S(K)) .
(v) The e-symmetrisation morphism is given by
1+T¢ Qe(K) _’QE(K) ; 1/1'—>1/1+Te1/) .

(vi) Write
QUK) =

ker(1 -7, : S(K) — S(K))
im(14+7.: S(K)— S
so that there is defined an exact sequence

. 14T,
_—

0 — Q(K) — Qd(K) Q(K) — Q(K) — 0.

247

For e = 41 it is customary to refer to e-symmetric and e-quadratic objects as

symmetric and quadratic, as in the commutative case. For ¢ = —1 the customary

terminology is skew-symmetric (or symplectic) and skew-quadratic.

For K = A there is an isomorphism of additive groups with involution
A—S(4); ar ((z,y) — yaT)
and there are natural identifications
Q(4) = {acAleca=a},
Q.(A) = A/{b—65|b € A},
14T, : Q(A) - Q(A); a—a+ea,

P~ _ {acAlaa=a}
Qi) = {b+eb|be A}

Example 11.2 Let A = Z. The e-symmetric and e-quadratic groups of K

are given by

7 ife=+41

0 ife=-1,
Z ife=+1
Zg if€=—1,
Zo ife=+41
0 ife=-1,

@@ - {
a.2) - {
@@ - |

with generators represented by 1 € Z, and with

=7
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1+Ty =2 :Q.(2Z) =Z—-QY(2Z) = 7.
The quadratic @-groups Q.(Z) have already featured in Chapters 5 and 7, with
I,(S*") = m,41(BO,BO(n)) = Q1)-(Z) .

Definition 11.3 (i) An e-symmetric form (K, ) over A is an A-module K
together with an element A € Q°(K). Thus A is a sesquilinear pairing

A KxXK— A5 (z,y) — Ma,y)

such that for all x,y € K

Az,y) = eXy,z) € A
(ii) A morphism of e-symmetric forms
[ (KN = (K5 X)
is an A-module morphism f : K — K’ such that
N(f(@), f(y) = Ma,y) e A
(iii) The adjoint of an e-symmetric form (K, A) is the A-module morphism
K— K"z (y— Az,y))
which is also denoted by A, and is such that
XA = )\ : K — K*.

(iv) An e-symmetric form (K, ) is nonsingular if A : K — K* is an isomor-
phism of A-modules. g

Example 11.4 The symmetric form (A, A) defined by
A=1:A->A4"; a— (b—ba)

is nonsingular. O

Example 11.5 Let X be a 2n-dimensional geometric Poincaré complex, and let
(X, m,w) be an oriented cover. The cohomology intersection pairing (4.58)

A HY(X) x H"(X) — Z[n]

is a (—1)™-symmetric form over Z[r] with the w-twisted involution. Using the

~

Poincaré duality isomorphism H™(X) = H, (X) this can also be regarded as a
homology intersection (—1)"-symmetric form

A Hy(X) x Hy(X) — Z[r] . o
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The homology intersection form (im(m, (M) — H, (M)), A) of a 2n-dimensional

manifold M?” with universal cover M was interpreted in Section 7.2 in terms of
geometric intersection numbers. In particular, it was shown that if an element
x € mp (M) can be killed by an n-surgery then

Mz,z) = 0€ Z[m(M)] .

However, the condition A(z,z) = 0 given by the symmetric structure alone is
not sufficient for an element x € m,,(M) to be a potential surgery victim. It will
also be necessary to consider quadratic structure.

Definition 11.6 (i) An e-quadratic form (K, A, i) over A is an e-symmetric
form (K, \) together with a function

por K—Qc(A); z— plx)

such that for all z,y € K, a € A

(a) p(z+y) —pl@) —ply) = AMz,y) € Q(4),
p(@) +ep(r) = Aa,z) € im(l1+ T : Qc(A) — Q(A)) ,

(¢) plar) = ap(z)a € Qc(A) .

(ii) An e-quadratic form (K, A, i) is nonsingular if (K, A) is nonsingular, i.e. if
A: K — K* is an isomorphism of A-modules.
(iii) A morphism of e-quadratic forms

fo (KA p) — (KN, i)

is a morphism of the underlying e-symmetric forms f : (K,\) — (K’,\’) such
that

1 (f(@) = n(x) € Qe(A) .
(iv) For any f.g. projective A-module L define the nonsingular hyperbolic e-
quadratic form over A by

H.(L) = (L® L\ p)

with

(O (1)> s Lel*—(LeL*) = L*®L;
€

(., f) = ((y.9) = f(y) +eg(x)) ,
g LOL* = Q(A); (z,f)— f(z) .

Proposition 11.7 If 2 € A is invertible there is an identification of categories

{e-quadratic forms over A} = {e-symmetric forms over A} .
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Proof The e-symmetrisation map 1+ 7, : Q.(K) — Q°(K) is an isomorphism
for any A-module K, with inverse

Q(K) = Qu(K) : A (2,9) = gA@,0))

For any e-quadratic form (K, A, u) over A the e-quadratic function p is deter-
mined by the e-symmetric pairing A\, with

px) = gA(r,7) € Qu(A)

In particular, for A = R the hyperbolic quadratic form Hy;(L) defined in
11.6 (iv) is essentially the same as the hyperbolic symmetric form H (L) of 6.34.

In Section 11.2 it will be shown that an n-connected 2n-dimensional degree
1 normal map (f,b) : M?* — X determines a nonsingular (—1)"-quadratic form
(K (M), A, 1) over Z[m(X)]. The (—1)"-quadratic function

po: Kn(M) — Q-1yn (Z[m1(X)])

will be defined using geometric self-intersection numbers, and it will be shown
that u(x) = 0 if (and for n > 3 only if) © € K,,(M) can be killed by surgery. The
main result of even-dimensional surgery obstruction theory is that for n > 3 (f, )
is bordant to a homotopy equivalence if and only if the (—1)™-quadratic form
(K (M), A, 1) over Z[m (X)] is stably hyperbolic, i.e. there exists an isomorphism
of forms

(Kn (M), A\ 1) @ H_1yn (F) = Hqyn(F')

for some f.g. free Z[m1 (X )]-modules F, F'.

The e-quadratic structures (A, u) on a f.g. projective A-module K will now
be shown to correspond to the elements of the e-quadratic group of 11.1

Q:(K) = coker(1-T,: S(K) — S(K)) .

The pair of functions (A, ) used to define an e-quadratic form (K, A, ) can thus
be replaced by an equivalence class of A-module morphisms ¢ : K — K* such
that

Mz,y) = P(@)(y) +e(y)(z) € A, p(x) = P(z)(z) € Q(A) .

Only forms on f.g. projective A-modules will be considered from now on.

Definition 11.8 (i) A split e-quadratic form (K, ) over A is a f.g. projective
A-module K together with an element ¢ € S(K).
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(ii) An equivalence of split e-quadratic forms (K1), (K,1’) on the same f.g.
projective A-module K is an element x € Q_.(K) such that

W= = y—ext + K — K*.
(iii) A morphism of split e-quadratic forms
(fix) + (K, ) = (K" ¢)

is an A-module morphism f € Homa (K, K') together with an element y €
Q_(K) such that

fYPf—¢ = x—ex : K—K". 0

Proposition 11.9 (i) The e-quadratic structures (\,u) on a f.g. projective A-
module K are in one-one correspondence with the equivalence classes ¥ € Q(K)
of split e-quadratic forms (K,v) over A.

(ii) Every morphism of e-quadratic forms f : (K, A\, u) — (K', X, i) lifts to a
morphism of split e-quadratic forms (f,x) : (K,¥) — (K',¢’).

Proof (i) Given a split e-quadratic form (K,) define an e-quadratic form
(K, A, p) by

A=0+T)p : K=Kz (y— @)y +e(y)(e)) ,
o K—Q(A4); z—Y(x)(z) .
Conversely, let (K, A, 1) be an e-quadratic form over A, with K f.g. projective.

Choose a f.g. projective A-module L such that K @ L is f.g. free of rank k, let
{x1,229,..., 21} be a basis for K @ L, and let

Aij = AB0)(zi,z;) e A(1<i<j<k).

Choose representatives u; € A of p(z;) € Q(A) (1 < i < k), and define the
A-module morphism

wK@L : K@L—)(K@L)*;

k k k
Z a;T; — (Z bjxj = Z blﬂzaz + Z bj)\ijai) .
=1 j=1 =1

1<i<j<k
The A-module morphism defined by

inclusion VKoL N N " projection "
b K Kol — (KoL) = K"&L* —— K

is such that
A=yY+ep* : K— K*,

plz) = d()(r) € Qc(A) (z € K) .

(ii) Immediate from (i). a
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Thus Q. (K) is both the group of isomorphism classes of e-quadratic and split
e-quadratic structures on a f.g. projective A-module K.

For a f.g. free A-module K = A" :

Proposition 11.10 An e-quadratic form (A% X\, ) over A is determined by a
k x k-matrizc A = {\;; € A|1<14,j <k} such that

Xl'j = 6)\]‘1' cA
and a collection of elements pn = {j1; € Q.(A) |1 <i < k} such that

pi +€f; = Xii € Q°(A) .

Choosing any representatives ji; € A of p; € Qc(AF) there is defined a split e-
quadratic form (A¥ ) with ¢ = {1;; € A|1 < 4,5 < k} the k x k matriz defined
by

Xij ifi<jy
Vij = i ifi=
0 otherwise .
Proof This is the essence of Proposition 11.9 for K = A*. m|

Example 11.11 For a f.g. projective A-module P the hyperbolic e-quadratic
form H.(P) = (P @ P*, A\, i) (11.6) corresponds to the element ¢ € Q.(P @ P*)
represented by the sesquilinear pairing

1
Y = (8 0) : PoP"— (P& P") = PPaP. O

For any e-symmetric form (K, ) and © € K

Az, x) € Q°(A) .

Definition 11.12 An e-symmetric form (K, \) is even if for all x € K

AMz,z) €eim(1+ T : Qe(A) — Q°(4)) . O

Proposition 11.13 If 1 + T, : Q.(A) — Q°<(A) is an injection there is an
identification of categories

{e-quadratic forms over A} = {even e-symmetric forms over A} .
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Proof Given an even e-symmetric form (K, A) over A there is a unique function
w: K — Qc(A) such that for all x € K

(I +T)(u(x)) = AMa,z) € Q°(A),

which then automatically satisfies the conditions of 11.6 for (K, \, i) to be an
e-quadratic form. O

Example 11.14 (i) The symmetrisation map
1+T7 =2 : Q4 (2) = Z—-QM(Z) = Z

is an injection, so that quadratic forms over Z coincide with the even symmetric
forms.
(ii) The skew-symmetrisation map

1-T =0:Q(2) =Z,—-Q (Z) =0

is not an injection, and there is an essential difference between skew-quadratic
and skew-symmetric forms over Z (Arf invariant — see 11.60 below). a

Definition 11.15 (i) A ring with involution A is pure if it splits as a Z[Zs]-

module ~
A=7ZdA.

Write the components of elements a € A as
(al, EI,) SYAS) AV R

calling a; the integral component of a and a the reduced component of a. If
(K, A\, p) is an e-quadratic form write

A=MON, p=moh.

(ii) The @Q-groups of a pure A split as direct sums of the Q-groups of Z and
reduced @Q-groups

Q(A) = Q(Z)® Q(A) ,
QG(A) = Qe(Z)@@E(A),
0°(4) = 0Z)© 0 (4)
with Q(Z), Q.(Z), Q°(Z) as in 11.2 and
Q(A) = {a€g|eE:a},
Q.(A) = A/{a—calac A},
< {acA|a=a}
Q) = {(b+eb|be A}
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Example 11.16 A group ring Z[r] with a w-twisted involution is pure, with

Zin] = Z®Z[r\{1}] . O

Proposition 11.17 If A is a pure ring with involution such that there is a
Z[Zs)-module splitting
A = Z® (B® B)

then the morphisms of additive groups
B — Qc(A) ; b (b,0) = (0,eb),
1+T. : Q(A) — Q(A) ; (b,0) — (b, eb)

are isomorphisms. The reduced component [i of the function u in any e-quadratic
form (K, A\, ) over A is determined by the reduced component A of \, with

(L+T)fi(z) = Az,7) € Q(A) (v € K) .

Proof The @—groups of any pure ring with involution A = Z & A split as

~

QW) = Q@eQ (4,
and the exact sequence

1+ T,
_—

0 — Q-c(4) — Qc(A) Q(A) — Q(4) — 0

is the direct sum of an integral and a reduced exact sequence. If A= B®B then

~€

CAQ (A) =0, so the reduced exact sequence collapses to an isomorphism

1+ T, : Q(A) — Q(A) .

The integral components of an e-quadratic form (K, \, ) over Z[rn] are in-
variant under the group action

Mgz, gy) = Mi(x,y) , m(gzr) = wm(z) (v,y € K,gen),

and so may be regarded as defining an e-quadratic form (K7, A1, 1) over Z on
the induced Z-module K1 = Z Qg K .

Example 11.18 If 7 is a group without 2-torsion, then a decomposition
= {1jusus!

determines a Z[Zs]-module splitting of the group ring with a w-twisted involution



THE KERNEL FORM 255

Zir) = Z& (Z[S)® Z[S™"))
satisfying the hypothesis of 11.15, so that up to isomorphism
Qc(Z[r)) = Q(zlx]) = Z[9].

A quadratic form over Z[n] is the same as an even symmetric form. A skew-
quadratic form (K, A, u) over Z[r] is the same as a skew-symmetric form (K, \)
over Z[r] together with a function p : K1 — Q_(Z) = Zs such that (K7, A1, 1)
is a skew-quadratic form over Z. There exists such u; for every skew-symmetric
form (K, \) over Z[r| with K f.g. projective, but it is not unique. o

Remark 11.19 If A = Z ® B ® B (as in 11.17) the element 1 € Q.(A*) as-
sociated to an e-quadratic form (A A, ;1) is determined by A and the integral
components

pr = {(ki) € Qe(Z) |1 <i<m}. O

11.2 The kernel form

The kernel form (K, (M), A, i) of an n-connected 2n-dimensional degree 1 nor-
mal map (f,b) : M — X is defined using the intersection and self-intersection
properties of immersions g : S™ & M?". The intersection pairing (4.66) on the
homology of the universal cover M

A ¢ Hy(M) x Hy(M) — Zlmy (M)]

is such that
Mg.g) = (—=1)"Ag,g) € QU V" (Z[my (M)

counts each unordered double point [z,y] € Sa[g] (7.3) twice, once as (z,y) and
once as (y, ). The quadratic self-intersection defined in this section

1(9) € Q-1)yn(Z[m (M)
counts each unordered double point once only.

The main result of this section is the Wall Embedding Theorem (11.25) that
forn > 3:

(i) an immersion g : N® & M?" with 71(N) = {1} is regular homotopic to
an embedding if and only if

n(g) = 0€ Qnyn(Z[m (M)])
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(ii) for a 2n-dimensional normal map (f,b) : M — X the quadratic self-
intersection of b-framed immersions g : S™ & M defines a function

w1 (f) = Qe (Zlmi (X))
such that an element = € 7,41(f) can be killed by surgery on (f,b) if and
only if u(x) = 0.
The double point set of a map g : N — M with itself is

S2(9,9) = {(z,y) € N x N|g(z) =g(y) € M}
Sa(g) U A(N) (disjoint union) ,

with
Sa(g) = {(z,y) € S2(9,9) | # y}

the ordered double point set (7.3). The ordered double points (x,y) € Sa2(g)
come in pairs (x,y), (y,z). As in (7.3) the unordered double point set is defined
by

Salg]

Sa(9)/Z2
{(z,y) e Nx N[z #y € N,g(z)=g(y) € M}/{(z,y) ~ (y,2)} .

Proposition 11.20 The homology self-intersection of an immersion g : N™ &
M?™ s related to the ordered double points by

Ng,9) = > I@y)+xlg) € QUV (Z[m(M)])
(z,y)€S2(9)

with I(x,y) the equivariant intersection index (7.18) and

Z if n=0(mod2)

x(9) = x(v) €QUV(2) = {o if n=1(mod 2)

the Euler number (5.44) of the normal bundle.

Proof The immersion g: 5™ ¢ M extends to an immersion g : E(v,) ¢ M of
the total space of the normal bundle. Use g to move g away from itself, as follows.
Let so : N — E(vy) be the zero section, and let s, : N & E(vy) (0 <t < 1)
be an isotopy between so and a section s; : N — E(v,) which is zero at only a
finite number of points, such that g; = gs; : N & M defines a regular homotopy
between gy = ¢ and an immersion ¢; : N & M without triple points and only
transverse double points. By the Poincaré-Hopf theorem (Milnor [56, p.35])

1S2(s0,51)[ = [x(g)| =0 .

For each (x,y) € S2(g) there is a unique y; € N in the neighbourhood of y € N
with
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g(x) = gly) = g1(y) e M .

The double point set of gy and g; is the disjoint union

S2(90,91) = {(z,91) | (z,y) € S2(g)} U Sa(s0, 51) -

Now apply 7.22 to identify

A(g,9) = A"9(go, 1)

= A%(go,91) = ( )ZS()I(ﬂc,y)er(g)GQ(‘I)"(Z[m(M)]).

Mg, 9)

The formula of 11.20 gives a necessary homological condition for an element
x € (M) to be killed by surgery on a 2n-dimensional manifold M?", namely
that the Hurewicz image x € H, (M) be such that

Mz,z) = 0€ QU (Zm (M) ,

with M the universal cover of M. In general, this is not a sufficient condition,
since the formula counts the ordered double points of an immersion g : S™ 3
M?™ representing x, rather than the unordered double points. In order to count
the unordered double points it is necessary to factor out the effect on the equiv-
ariant index of the change of ordering.

The equivariant index I(z) € Z[mi(M)] of a transverse ordered double point
x = (x1,72) € S2(g) of an immersion g : N™ 95 M?" with a lift §: N 9 M was
defined in (7.18) to be

I() = w(w)a(z) € {£m (M)} C Z[m (M)]

with a(x) € m (M) such that

g(r2) = a(z)g(z1) € M
and

I I 2 e preserves .
w(z) = {_1 if dg(x) {reverses orientations
with

dg(z) = (d(g9(x)g) dg) : T~n(x1) ® 1 (22) — T57(9(22))

an isomorphism of oriented vector spaces. By 7.19 the effect of reversing the
order on the equivariant index is given by

I(xg,.rl) = (—1)"[(331,.132) (S Z[Trl(M)} .



258 THE EVEN-DIMENSIONAL SURGERY OBSTRUCTION

Definition of the Wall p-form 11.21 ([92,5.2])

Let g : N & M?2" be a self-transverse immersion with a lift §: N & M to the
universal cover M of M.

(i) The equivariant index of an unordered double point z = [x1, z2] € S2[g] is

I[z] = [I(z)] € Q1) (Z[m (M)]) .

(ii) The geometric self-intersection of g is the sum of the equivariant indices
of the unordered double points

wlo) = Y Ilz) € Qa2 (M) . o

[z]€S2[g]

Example 11.22 An embedding g : N™ < M?" has S3[g] = (), so that the
geometric self-intersection is

w(g) = 0€ Qnyn(Z[m (M)]) . 0

Example 11.23 The immersion f¢ : S™ & S?" of 7.12 has a single unordered
double point [z€, y¢] € So[ff] with I[z€, y¢| = € € Z and geometric self-intersection

plfn) = 125y = e€ Qn(Z) - o

Proposition 11.24 (i) The geometric self-intersection u(g) of an immersion
g: N™ = M?" is a reqular homotopy invariant.
(i) If an immersion g : N™ & M?>" is regular homotopic to an embedding then

p(g) = 0.

(iii) The homological self-intersection of an immersion g : N™ & M?" is related
to the geometric self-intersection X(g,g) and the Euler number of the normal
bundle vy by

g, 9) = ulg) + (—=1)"u(g) + x(9) € QU (Z[r (M)]) .

(iv) The connected sum of immersions g : N* & M?", g’ : N'™ & M?" is an
1Mmersion

g/':g#g/:N”n:N#N/q—»M
with geometric self-intersection
w(g") = pg) +1(g) +Ng,g') € Q1) (Z[m1 (M)])

and Fuler number

x(g") = x(9) +x(¢g") € Q" (Z)

(v) The effect on u(g) of changing the lift g : N & M toag: N % M for some
a € m (M) is given by
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pulag) = w(a)ap(g)a™" € Q(-1yn (Z[my (M) -

(vi) The geometric self-intersections of immersions go,g1 : N™ & M?" related
by a generic homotopy g; : N — M (0 <t < 1) are such that

u(gr) = p(go) +wlg) € Qnyn (Z[m (M)
with w(g) € Q1) (Z) the number of generic singularities (7.42) in the track of

gt
g : NxIT—>MxI; (x,t)— (g:(x),t) .

The normal bundles are such that
Vg, = Vg #w(g)Tsn : N = N#S" — BO(n) ,
Vg, ®€X = vy e : N — BO .
In particular, if g, is a reqular homotopy then w(g) = 0 and
1(g1) = plgo) € Q-1yn (Z[m1(M)]) ,
Vg, = Vg, : N —BO(n) .

Proof (i) The track of a regular homotopy g; : N™ & M?" (0 < ¢t < 1) is an
immersion of an (n+ 1)-dimensional manifold in a (2n+ 1)-dimensional manifold

NxI+ MxI; (x,t)— (ge(x),t)

with a 1-dimensional unordered double point set with components :
(a) ki paths joining unordered double points of gg,
(b)
(c)
)

(d) k4 circles in the interior

ko paths joining unordered double points of g1,
k3 paths joining unordered double points of gy and g1,

for some kq, ko, k3, k4 > 0.

— O (]
———— =<

The unordered double point set Sa(g1) is obtained from S3(gp) by removing kq
cancelling pairs of double points and introducing ks cancelling pairs. Each pair
contributes

a—(-D"w(a)a™! = 0€ Q1) (Z[m(M)])
to the self-intersection form p, with a € m (M) the equivariant index, so that
1(g0) = n(g1)-
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(i) By (i) and 11.22.
(iii) By 11.20.
(iv) The ordered double point set of ¢g” is the disjoint union

Sa(g") = Sa(g) U Sa(g") USa(g',g") U Sa(g",d") ,

so that the unordered double point set is
Sa[g"] = Salg] U Sa2lg’] U S2(g', 9") -

(v) By 7.19 (ii) at any ordered double point (z1,23) € Sa(g) the effect on the

equivariant index of a change of lift from gto ¢’ =ag: N & M (a € m(M)) is
I'(21,29) = w(a)al(x1,22)a™" € Z[m (M) .

(vi) The singularities of g consist of closed circles in the interior and paths with
endpoints in the boundary (as in (i)) and at the generic singularities (7.42),
which are cones on immersed n-spheres in the boundary. Thus in passing from
t =0 tot =1 the double points in S3[g;] are created and die in pairs away
from the singularities, and are created and die individually at the singularities.
At each singularity a copy of £7gn is spliced to the normal bundle. a

The geometric self-intersection u has the following key property :

Wall Embedding Theorem 11.25 ([92,5.2])
Forn >3 an immersion g : N™ & M?" with m(N) = {1} is reqular homotopic
to an embedding if and only if

1(g) = 0€ Q1 (Zm(M))]) .

Proof The geometric self-intersection is such that p(g) = 0 if the number of
unordered double points of ¢ is even and it is possible to match them up in pairs
[z1,11], [T2,y2] € Sa[g] with lifts to ordered double points (z1,y1), (z2,y2) €
S2(g) such that

I(z1,y1) = —1I(x2,y2) € Z[m(M)] .

Apply the Whitney trick (7.27) to each pair in turn, deforming g by a sequence
of regular homotopies to an immersion without double points, i.e. an embedding.
O

Remark 11.26 For any immersion g : N® & M?" it is possible to deform the
immersion

N M xR,z (g(x),0)

by a regular homotopy to an embedding ¢’ : N — M x R (7.2) with normal
bundle
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Vg = vg@e : N—BSO(n+1).
The Pontrjagin-Thom construction (6.8) gives a geometric Umkehr map for ¢
G: XMy = MxR)L —-T(vy) = ET(vy)
which depends on the choice of ¢'. If g : N™ 9= S?” is a framed immersion then
vg = €', T(vy) = "Ny

and ¢’ : N — S%" x R is a framed embedding. The geometric self-intersection of
g is the image of the Hopf invariant H(f) € Z (5.76) of the composite

fesmr Gl 1) = STW,) = srtin, PO g
that is
u(g) = [H(N)) € Qe (Z) = Z/{1+ (=1)"*'},

(Koschorke and Sanderson [41]). By the Adams Hopf Invariant 1 Theorem (5.79)
there exists a map f : S?"T! — S+ with H(f) = 1(mod2) if and only if
n=1,3,7. Thus for a framed immersion ¢ : N" & §27

wg) = 0€ Q1) (Z) forn #1,3,7.

The geometric definition (11.21) of the self-intersection form p(g) € Q(—1)»(Z[n])
of an immersion g : N™ 9» M?" is quite delicate, in that it is only a regular ho-
motopy invariant and not a homotopy invariant. The decomposition of the group
ring as a direct sum

Zm(M)] = Z & Zlm (M)\{1}]

and the splitting of the @Q-groups (11.15) gives a decomposition of u(g) into
integral and reduced components

1(g) = (ro(9), 1(9)) € Q-1 (Z[m(M)]) = Q1) (Z)BQ 1y~ (Z[m (M)\{1}]) -

The reduced component fi(g) will now be shown to depend only on the homotopy
classof g : N & M. (In fact, the visible symmetric construction of Weiss [95] can

be used to prove that fi(¢g) only depends on the homology class g[N| € H,,(M).)

For any group m with orientation character w : m — Zo write

Zln) = Zim\(1}] = {S ngg € Zn)lm =0 € Z} .

gem

The direct sum decomposition
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Zlr) = Z & Z[x]

is respected by the w-twisted involution, and the e-quadratic Q-groups of Z[r|
split as N
Qe(Zlr]) = Qc(Z) ® Qc(Z[x])

(as in 11.15) with the reduced e-quadratic Q-groups given by

Qu(Zlx]) = Zir)/{a - €ala € Zfx)} .

Definition 11.27 (i) For any element z = ) ng,a € Z[r] write the components

as en B
z = (21,%) € Z[r] = Z & Z|n]
with N
r, = m€eL , T = Znaan[w].
a#len

(ii) The components of the intersection A(g1,g2) of homology classes g1,g2 €
H,, (M?") are written as

Ag1,92) = (Mlg1,92), Mg1,92)) € Z[my(M)] = Z & Z[my (M)

with A1(g1, g2) the integral intersection and X(gl, g2) the reduced intersec-
tion of g1, go.

(iii) The components of the geometric self-intersection p(g) of an immersion
g: N™as M?" are written as

(g) = (1(9), fi(9)) € Qryn (Z[m1(M)]) = Q(-1yn(Z) ® Q(—1)n (Z[m1(M)))

with p1(g) the integral self-intersection and fi(g) the reduced self-inter-
section of g. o

Proposition 11.28 Let g : S™ & M?" be a self-transverse immersion with a
liftg: S™ % M to the universal cover M of M.

(i) The integral self-intersection pi(g) € Q(—1)»(Z) is a regular homotopy invari-
ant of g such that p1(g) = 0 if (and for n > 3 only if) g is regular homotopic to
an embedding S™ — M.

(ii) The reduced self-intersection f(g) € @(_1)n(Z[7r1(M)]) is a homotopy in-
variant of g such that i(g) = 0 if (and for n > 3 only if) g is homotopic to an
embedding g’ : S™ — M.

(iii) The coefficients n, € Z (a € m1(M),a® # 1) in

w(g) = D nea € Qi (Zm (M)

acmy (M)

are determined by \(g,g) € Q1" (Z[m (M)]).
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Proof (i) This is a special case of 11.24 (i).

(ii) The homotopy invariance of fi(g) is given by 11.24 (vi), and it is clear that
i(g) = 0 for an embedding g. Conversely, assume that n > 3 and that (g) = 0.
The connected sum of g and puy(g) copies of f, : S™ % S?" is a homotopic
immersion

g = g#m(9)f, + N#S* = N+ M#S* = M

with
u(g") = ulg) —plg) = nlg) = 0€ Q) (Zm(M)]) .
By the Wall Embedding Theorem (11.25) ¢’ is regular homotopic to an embed-
ding, and so ¢ is homotopic to an embedding.
(iii) Let
a={aem(M)|a®#1}, 8 = {bem(M)[b*=1,b#1},

so that
m (M) = {1}UaUg.

Choose partitions
a = atUa, S:(5.9) = 53(6§,5)US; (6§,9) (b€ B)
such that
o = {a'aca®}, S7(bg,9) = {(a2,21)[(21,22) € 53 (b3, 9)} -

The reduced self-intersection is given by

ilg) = Y maa+ D mb € Qe (Zm (M),

a€at bep
with
My = Z I(z), ny = Z I(y) €Z.
z€S52(ag,g) yeSS (b5,9)

The (—1)"-symmetrisation map

1+T(_1)n :
Q-1 (Z[m (M))]) = GZ+ Z® b%:ﬁ Q- 1yrwe)(Z) — QY (Z[m (M) ;
( Z+ mgg, b%%} npb) Z+ ma(a+ (=1)"w(a)a™") + b%:ﬁ np(1+ (—=1)"w(b))b

is an injection on Y 7, so that the coefficients m, € Z (a € a™) are determined
acat

by the (—1)"-symmetrisation of u(g)
(1+T-yn)ulg) = nlg) + (=1)"ulg)
= Mg,9) — x(9) € QU (Z[m (M) .

(If n is even this is also the case for the coefficients ny € Q1) (Z) (b € ) with
w(b) = +1.) O
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Remark 11.29 In the simply-connected case 71 (M) = {1} the reduced geomet-
ric self-intersection fi(g) takes values in @(_1)” (Z) = 0, and 11.28 shows that for
n > 3 every map g : N* — M?" is homotopic to an embedding ¢’ : N — M, as
in the original embedding theorem of Whitney [98]. In the non-simply-connected
case m1(M) # {1} with n > 3 every map g : N™ — M?" of a simply-connected
manifold N is homotopic to an immersion ¢’ : N & M with a lift to an embed-
ding § : N — M in the universal cover M, so that pi(g’) =0 € Q1) (Z).
O

We now restrict attention to the case N™ = S™, that is immersions g : S™ 3
M?™ in a 2n-dimensional manifold M.

Proposition 11.30 Letn > 1, and let (1,b) : S** — S2" be the identity normal
map.
(i) The b-framing obstruction (10.8) of an n-immersion

g

St —— g2
|,
o B b,
and the self-intersection of g define an isomorphism
I,(5%") = I,1(1:8" — S§?") = 7,,.1(BSO,BSO(n))
= Q1 (2) 5 (hg) = (vn,v) = —p(g) -
The choice of sign ensures that the diagram

Tnt1(BSO, BSO(n)) —== Q_1)~(Z)

ll + T(—1yn
T(BSO(n)) —— = Q1" (2)
commutes. Thus for n =0 (mod 2)
wyg) = *EX(Vg)eQ—H(Z) = 7.

2

(ii) The single double point immersion f;f : S™ 9 S?" (7.12) represents the
generator
Z ifn=0(mod?2)
with
Tnt1(BSO,BSO(n)) = Q-1)n(Z) = m(BSO(n)) ; 1= ver = —7gn .
(iii) For n # 1,3,7 the following conditions on an m-immersion g : S™ & S2n
are equivalent:
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(a) g is regular homotopic to the standard embedding S™ — S°",

(b) ulg) =0 € Q-1)~(Z),
(c) g is framed, i.e. vy =0 € m,(BSO(n)).

Proof Every immersion g : S™ & $2" is null-homotopic, so by 11.24 (i)

Mg,9) = (1+(=D)"ulg) +x(vy) = 0€QV(2).
From 5.83 we have

0 if1<i<n—1,

milVarez) = Hillhize) = {Q(_l)n@ ifi=n

with the generator
1 = (87gn,7gn) € I,(S*") = m,41(BSO,BSO(n)) = mn(Vyiga2) = Q-1 (Z)

represented by the tangent bundle of the n-sphere 7g» : S™ — BSO(n) with
the stable trivialisation 67gn : 7gn @ €* = €"T* determined by the standard
embedding S < S"t* (k > 1). This generator is the b-framing obstruction
(gt 1) € m1(BSO, BSO(n)) of the immersion f,;7 : S™ 9 5?7 of 7.12,
regarded as an n-immersion in the identity normal map (1,1) : $?* — §2»

£l

Sn _ SZn

| )

Dn+1 —n> SQn
using any null-homotopy g;7, with

u(fy) = 1€Qriy(Z),
A D) = 0eVY(2),
X(fi) = x(=7sn) = = (1 +(=1)")
= ML) = (= (=D)Mp(f) € QEV(Z)

If n # 1,3,7 then 7gn # 0 € m,(BSO(n)) (5.74) and there is defined a short
exact sequence

0— Q-1)n(Z) — T (BSO(n)) — m,(BSO) — 0 .
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Example 11.31 The Stiefel manifold of orthonormal 2-frames in R? can be
expressed as

Vaa = SO(3) = S*/{£1} = RP?
using SO(1) = {1} and regarding S* as the group of unit quaternions. The
fundamental group is

7T1(V3,2) = Zy = Q—l(Z)7

with the generator 1 = (07g1,7¢1) € I1(S?) = Zy corresponding to the figure 8
immersion f;" : S 4 S? with geometric self-intersection u(f;") =1 € Zs. |

Remark 11.32 (i) The J-homomorphism (5.80) and the Hopf invariant (5.76)
define natural transformations of exact sequences

o —> 41 (BSO) — I,,(5*") — 71,(BSO(n)) — 7,(BSO) — - - -

i‘] ul% iJ
H*> P> E>®
3 Q-1)n(Z) — m2n_1(S™) To_y

n

T

e @(‘U"Jrl (Z) — Q(_l)n (Z) — Q(_l)n(Z) —_— @(*Un(Z) —_ .

with
QUEY"(Z) = {x e Z| (14 ()" = 0}/{(1+ (—1)")y|y € Z}
Zs if n=0(mod 2)
{0 if n =1 (mod 2),

N = 1+ (=) Quin(@) — QU (Z) .
The morphism
I,(S%") = m,(BSO(n)) ; (g: 8™ % S*) v,
injective for n # 1,3, 7.
(ii) The morphism
Tn41(BSO,BSO(n)) = Q-1)»(Z) = m(BSO(n)) ; 1> v = —7gn

trivial if and only if n = 1,3, 7 by the Bott-Milnor theorem (5.74). Forn =1,3,7
the geometric Umkehr map F : §2"+1 — §"+1 of f+ has Hopf invariant 1, and
(fF) : N = 8"~ §27*! ig the standard embedding with the exotic framing.
(iii) The composite of the universal (double) covering projection

p: S"=RP"; & = (x9,21,...,2Tn) — p(x) = [T0,21,...,Tx]
and any immersion f : RP" 9» $2" is an immersion
g:prS7lq—>RPn—>S2n.

The geometric self-intersection is such that p(g) # 0 if and only if n = 27 — 1 for
some j > 1 (Brown [16]). O
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As in 11.27 write the (—1)"-symmetric intersection pairing as

A= (AL A) ¢ (M) X 1 (M) — Zm(M)] = Z® Zx (M) .
Note that Ay : 7, (M) x 7, (M) — Z determines A by

AMz,y) = Z M(az,y)a € Zm (M)] .
aemy (M)

Example 11.33 (Rees [77,§5]) For n > 2 let

p: S"=RP"; x = (x9,21,...,Tpn) — p(x) = [20,21,...,%n
be the universal (double) covering projection. The immersion

g : S"HRP"xD"; x = (xg,%1,.-.,%n) — (p(x), (T1,...,20))
has a single unordered double point, namely

9(1,0,...,0) = g(~1,0,...,0)
= ([£1,0,...,0],(0,...,0)) € RP" x D™ .

The geometric self-intersection is

(_1)n+1

ulg) = (0.1) € Quap(ZIZ5 V")) = Qap(Z) & Qo (zlzs ™))

where Z[Zéﬁl)wl] denotes the group ring Z[m (RP")] = Z[Zs] with the involution

determined by w; (RP") = (—1)"*! € HY(RP"; Zy) = Zy = {+1}

)n+1

Ziz8Y" T = 2z a b e at (—1) T

The reduced self-intersection is non-zero
filg) = T#0€Qun(ZIZY

so that g : S™ & RP™ x D" is not homotopic to an embedding. O

The connected sum of immersions g, ¢’ : S™ & M?™ is an immersion
g#qg - S"#S™ = S" 9 M.
Proposition 11.34 Let M?" be a 2n-dimensional manifold, with n > 3.

(i) The Z[m1(M)]-module I, (M) of regular homotopy classes of immersions g :
S™ as M?" is isomorphic to the Z[m1(M)]-module

Q-1yn(Z) x5, T (M) = {(z,y) [z € Q1)»(Z),y € mn(M)}

with addition and Z[mi(M)]-action by
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(z,y) + (2" y) = (z+2"+M(y,v),y+),
(> naa)(z,y) = (mz, Y neay)

a€my (M) a€my (M)

The isomorphism is given by

In(M) = Q(-1yn (Z) xx, mp(M) 5 g (n1(g),[9])

with [g] € m,(M) the homotopy class of a regular homotopy class of immersions
g:S™ 9 M?". The element (1,0) € I,,(M) is represented by the null-homotopic
1MMersion

fa o 8" M#S* = M

n

with f,f: 8™ 9 S the single double point immersion of (7.12) with p (f;) = 1.
(ii) For any immersion g : S™ & M let g : S™ & M be the prescribed lift to

the universal cover M, and let g°™° : S™ & M be any immersion in the reqular

homotopy class
gemb — (—,1141(9),9) c In(M) = Q(_l)n(Z) XAy Wn(M)

of immersions which are homotopic to g and lift to an embedding g™’ : S™ — M
in the universal cover M. The reduced geometric self-intersection and the normal
bundle define functions

fi @ (M) = Qiyn (Z[m(M)]) 5 (g: 5™ % M) fi(g) ,
v o I (M) = m,(BSO(n)) ; g v5 ,
v, (M) — 1, (BSO(n)) 5 g+ vgems
such that
iz +y) = fi@) +7i(y) + Na,y) € Q1 (Z[r (M) ,
vie+y) = v(z)+v(y)
vz y) = v (@) + v (y) + A (2, y)Ten € m(BSO(n))
X(wemb(@) = M(z,x) € QD () .

The various functions fit into a commutative diagram

f

00— Qr1y(Z) —————1I1,(M) ———— 7, (M) ———0

) gy

00— Q(_l)n (Z) —— (—1)n T —— Q(—l)" er, —=0

with
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b= proj. : Qi = Qrap(@m(M)) = Qrap = Qi (ZIm(M)])
Pt Qe = Qi (Zm(M)]) — Q-1)n(Z) — 7 = mn(BSO(n)) ,
o (M) = Q1yn(Z) xx, m(M)

= Qi (Z[m(M)]) = Q1)»(Z) & Q(—1y» (Z[my (M))]) ;

(g: 8" M) = (11(9),9) — n(g) = (n1(g),1(g)) -

Proof (i) The morphism
Q-1 (Z) = L,(S?") — I,(M) ; (f: 8" % S*) = (f : S™ 9 M#S* = M)
in the exact sequence of 7.39

- = M1 (M) =m0 (BO, BO(n)) = Q(-1)»(Z)
—I,(M) - 7, (M) — 7,(BO,BO(n)) = 0

is split by the self-intersection function p : I,,(M) — Q_1)»(Z). The stated
formulae for the addition and Z[r (M)]-action in I,,(M) are direct consequences
of 11.24 (iv) and (v).

(ii) Combine Propositions 11.24 and 11.30. O

Example 11.35 Wall [89] proved that for n > 3 the diffeomorphism classes of
(n — 1)-dimensional 2n-dimensional manifolds (M, M) with homotopy sphere
boundary OM = ¥2"~! are in one-one correspondence with the isomorphism
classes of ‘n-spaces’ (H, \,v) with (H,A : H x H — Z) a nonsingular (—1)"-
symmetric form over Z and v : H — m,(BSO(n)) a function such that

viaz) = a®v(z), vz +y) = v(z)+v(y) + Mz, y)Tsn € T (BSO(n))
Mz,2) = x(v(2) e QV(Z) (z,y € Hia€Z).

The triple associated to (M,0M) is given by
(Ha )‘7 V) = (HTL(M)v )\h Vemb)

with v¢™b ag in 11.34. O

Proposition 11.36 For any 2n-dimensional normal map (f,b) : M** — X
the intersections and self-intersections of b-framed n-immersions in f define a
(=1)"-quadratic form (mn+1(f), A, 1) over Z[m1(X)] such that if x can be killed
by surgery on (f,b) then

Ma,z) = 0€Z[m(X)], (@) = 0€Qun(ZIm(X)) .
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Proof Define ) to be the composite

A Tapi(f) X gt (f) —= Ha(M) x Ho(M) —2> Z[my(X)]

with M = f*)z the pullback of the universal cover X of X. By 10.16 the bundle
map b : vy — 1 determines a splitting of the forgetful map Ip,+1(f) — mni1(f)

sp + Ty (f) = Lupi(f) 5 ¢ do

sending the homotopy class of a commutative square

S —————— M

Dn+1 X

to the regular homotopy class of a b-framed n-immersion ¢, in f with g, : S™ 3
M homotopic to g, which differ by the b-framing obstruction (10.8)

(o) — p(g) = (@) € Q-1yn(Z) € Q1yn (Z[m (M)]) .
The self-intersection defines a function
pot Inpa(f) = Qe (Z[mi (X)) 5 ¢ = pu(g)

sending the regular homotopy class of an n-immersion ¢ in f to the self-intersection
of the immersion g : S™ 3 M with

vy = € = S" = BSO(n), x(v,) = QY (Z) .
Define p on m,41(f) to be the composite

o T ()~ L (f) —2> L (M) —L Qi (@m (X)) -

Properties (i),(ii),(iii),(iv) follow from 11.24. ad

Definition 11.37 The kernel form of a 2n-dimensional degree 1 normal map
(f,b) : M?™ — X is the geometric (intersection, self-intersection) (—1)"-quadratic
form (mp4+1(f), A, ) over Z[mi(X)] of 11.36. i

Proposition 11.38 The kernel form of an n-connected 2n-dimensional degree 1
normal map (f,b) : M?" — X is a nonsingular (—1)"-quadratic form (K, (M), \,
) on the stably f.g. free Zmi(X)]-module K, (M) = m,1(f).
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Proof Let X be the universal cover of X, and let M = f*)? be the pullback
cover of M. By Proposition 10.21 the Poincaré duality isomorphisms of M split

T M- = (M e(x]no) -

H*(M) = K™"(M)® H"(X) — Ho(M) = Ko(M)® Hy(X) .
The natural Z[m (X)]-module morphism K™(M) — K, (M)* is an isomorphism
and K, (M) is stably f.g. free by Corollary 10.29. The kernel Poincaré duality iso-
morphism [M]N—: K™(M) = K,,(M) is the inverse of the homology intersection
pairing
A Ky(M)— K,(M)" = K"(M)

so that A is an isomorphism. a

The nonsingular kernel form of 11.38 will be used in Section 11.4 below to
represent the surgery obstruction

0. (f,b) = (Kn(M), A, p) € Lon(Z[m (X)]) -

Example 11.39 For any m-dimensional degree 1 normal map (f,b) : M — X
and any n-immersion

Sn > Mm

Dn+1 X

there is a b-framing obstruction
Vb(¢) = (51/;171,, l/g) S 71'714_1(307 BO(m — ’I’L))

as in 10.8. See Ranicki [69] for the homotopy-theoretic construction of a (—1)"-
quadratic function in the case m = 2n

o o Kn(M) — Q1yn(Z[m (X)])

using a stable 71 (X)-equivariant geometric Umkehr map F' :EOO)NQ_ — EOOJ\A/[/+
inducing the Z[r (X )]-module chain Umkehr f' : C(X) — C(M). The composite

o - 1 () ——= Ka(M) —22 Q(y)ye (Zlm (X))

sends the homotopy class of an n-immersion ¢ to the sum of the self-intersection
p(g) and the b-framing obstruction vy(¢) € m,41(BO, BO(n)) = Q1) (Z)

m(9) = pg) +wm(9) € Qayr (Z[m (X)]) -

In particular, for a b-framed n-immersion py(¢) = u(g) is the self-intersection,
while for an n-embedding p,(¢) = vp(¢) is the b-framing obstruction. For w1 (X) =
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{1} pp is the form over Z originally constructed by Browder [14] (IIL.4, IV.4) us-
ing functional Steenrod squares. o

Next, consider the kernel form of a 2n-dimensional degree 1 normal map
which is the boundary of a (2n 4 1)-dimensional degree 1 normal map of pairs.

Proposition 11.40 Let (f,b) : (M?"*1,0M) — (X,0X) be a (2n+1)-dimensional
degree 1 normal map of pairs, such that 71(0X) = m1(X).
(i) The kernel form (mp11(0f), A\, ) of 11.87 is such that

Az, a') = 0€Z[m(X)], p(z) = 0€ Q) (Zm(X)])

for any

z, 2" €1m(0 : Tpio(f,0f) — Tns1(9f)) C mura(OF) -
(ii) If (f,b) is n-connected then the kernel form (K, (OM),\, ) is such that

aa') = 0€Zm(X)], pl@) = 0€Q iy (Zm (X))
for any
, 2" € im(Kp 41 (M,0M) — Ky (0M)) = im(mni2(f,0f) = mn41(0f)) -
Proof (i) The intersection pairing A on m,4+1(9f) factors through the homo-
logical intersection pairing
A K (OM) x K, (OM) — Z[m1 (X))
adjoint to the Poincaré duality isomorphism
A= [OMN— : K"(OM) — K,(0M) .
It is immediate from the isomorphism of exact sequences

K"(M) ——— K"(OM) — K"1(M, 0M)

~ ~ ~

Kni1(M,0M) —— K,,(0M) ——— K,,(M)
that the composite
K"(M) — K"(0M) — K, (0M) — K, (M)
is 0, so that A vanishes on

ker (K, (M) — Kn(M)) = im(Kny1(M,0M) — K, (OM))
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and hence also on im(m,42(f, 0f) — mpt1(f))-
Every element & € m,12(f,0f) is represented by an relative n-immersion

(h,g) in f

(D1t sm) —T— (M, 0M)

| [

(o2 prty P (x ax)

with the immersion of pairs
(9.99) + (D", 8") % (M>"F1,0M)
intersecting transversely. By definition
1(0z) = p(9g) + von(0h,dg) € Q(—1)n (Zlm1(M))]) .

The extension of (Oh, dg) to (h,g) determines a null-homotopy of the db-framing
obstruction, so that

vop(0h,0g) = 0 € Q1)n(Z) € Q(-1)n (Z[m1 (X)]) .

The unordered double point sets (S2[g], S2[0g]) define a 1-dimensional manifold
with boundary. The components are either closed circles in Sa[g], or else paths
in S5[g] with endpoints in S3[0¢g]. The paths match up the elements [y] € S2[0g]
in pairs [y], [2] with lifts to unordered double points y, z € S2(dg) such that

I(y) = —1(z) € Z[m (M)]
(exactly as in the proof of 11.25), so that

p@g) = > Iy = 0€ Qi (Zm(X))) .

y€52[09]

(ii) Immediate from (i). O
The kernel form is also defined on degree 1 normal maps of pairs:

Definition 11.41 The kernel form of an n-connected 2n-dimensional degree 1
normal map of pairs (f,b) : (M?",0M) — (X,0X) is the (—1)"-quadratic form

(K (M), A : Kn(M) x Kn(M) = Z[m (X)), g Kn (M) = Q—1y» (Z[m1(X)]))

on the stably f.g. free Z[mri(X)]-module m,11(f) = K,(M) given by the con-
struction of 11.36 on K,,(M) = m,41(f). ]
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The various kernel Z[m (X)]-modules are related by an exact sequence
.= K,(O0M) - K,(M) - K,(M,0M) - K,_1(0M) — ...,

with K,.(M) = 0 for r # n. By Poincaré duality and the universal coefficient

theorem
K. (M,0M) = K™ "(M) = Ko,_.(M)*

= 0forr#n,
so that K,.(OM) = 0 for r # n — 1, n. The Z[r1(X)]-module morphism

A Kp(M) - K,(M)" 2 K'"(M) & K,(M,0M)
thus fits into the exact sequence

A
0— K,(0M) - K,(M) - K,(M,0M) — K,_1(0M) — 0

and the kernel form (K, (M), \, ) is nonsingular if and only if 8f : 0M — 0X
is a Z[m1(X)]-homology equivalence: if 7 (OM) = 71 (0X) = 71(X) this is the
same as homotopy equivalence.

Proposition 11.42 (Realization of forms)

Let N~ be a (2n — 1)-dimensional manifold with fundamental group 7y (N) =
w, andn > 3.

Every (—1)"-quadratic form (K, \, u) over Z[r| with K f.g. free is realized as the
kernel form of an n-connected 2n-dimensional degree 1 normal bordism

(f,0) + (M NZ"TENZTY) N ox (10}, {1})

with K,,(M) = K and (f,b)| = identity : N — N. The restriction (f,b)| : N —
N is (n — 1)-connected, with

K, 1(N') = coker(A\: K — K*) , K,(N') = ker(A\: K — K*) .

The form (K, X, u) is nonsingular if and only if f| : N' — N is a homotopy
equivalence.

Proof Let K = Z[r]* be of rank k. Construct M by attaching k n-handles to
N xI
M® = NxIU,|JD" x D"
k

exactly as in Theorem 5.8 of Wall [92] : starting with a null-homotopic unlinked
embedding
e : (JS"Ix D" N
k

construct a regular homotopy with track an immersion
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e [JS"Ix D" x[0,1]% N x[0,1]
k

with (intersection, self-intersection) data (A, p), and so obtain a linked embedding

ey : US”_lanf—>N; x— e(x,1) .
k

Thus N'?"~1 is the effect of k (n — 1)-surgeries on the restrictions

er] + S"tx D" s NPTL

Remark 11.43 The realization of forms by even-dimensional normal maps is
a non-simply-connected generalisation of the plumbing construction of Milnor
[52]. Let (K, A) be a (—1)"-symmetric form over Z with K a f.g. free Z-module,
together with a function v : K — m,(BSO(n)) such that

v(az) = a’v(z) , v(z+y) = v(z)+v(y) + Az, y)rse € 1 (BSO(n))
Mz,2) = x(v(2) e QEV(Z) (z,y € K,a€Z).
For any basis (b1, b, ..., bx) of K the functions A, v are determined by the values
Aij = Abibj) €Z (i #3j), vi = v(b;) € ma(BSO(n)) .

Let G be the graph with k vertices vy, v,..., v, and |\;;| edges joining v; to v;
(¢ # j), so that (\;;) is the incidence matrix, and give each vertex v; the weight
v;. Assuming (K, A, 1) cannot be decomposed as a nontrivial direct sum, G is
connected with the homotopy type of a wedge of circles

G ~ \/S1
g
with ¢ = 1 — x(G). (Terminology: the wedge of pointed spaces X, Y is the
one-point union
XVY = X x{ytU{zo} xY C X xY
with zg € X, yo € Y the base points.) The disk bundles
(D", 8" 1) = (B(v),S(v)) — 8" (1<i<k)

can be spliced together using \;;, v; to obtain a connected framed 2n-dimensional

manifold with boundary

R
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a thickening of the space obtained from k copies of S™ by identifying |\;;| points
in the 4th and jth copies (1 < ¢ < j < k) such that

P = rRuJrtuymr ~ VStuynon,
g k g k

Z ifr=0
H,(P) = 79 ifr=1
" K ifr=n

0 otherwise

with an exact sequence

0 — Hoy(OP) — Hp(P) = K —2> H,(P,0P) = K* — H,_1(dP) — 0 .

For n > 3 m(P) = %47 can be killed by g 1-surgeries S x D?"~1 < P and remov-
ing an interior D" — P there is obtained an (n — 1)-connected 2n-dimensional

cobordism (M; S?"~1 GP). If the function v is actually determined by a (—1)"-
quadratic function p for A

v K~ Qiye(Z) = mya(BSO, BSO(n)) — m,(BSO(n))
plumbing gives an n-connected 2n-dimensional normal map
(f,0) = (M?"58%771,9P) — §%" 7 x (I;{0}, {1})
such that (f,b)| = identity : S?"~! — S§?"=1  with kernel form (K, (M) =
K, \, i), i.e. the realization of the form as in 11.42. The (n—1)-connected (2n—1)-
dimensional normal map (f,b)| : 9P — S?"~! has kernel homology

K.(0P) = H,(OP) (x#0,2n—1),

so that it is a homotopy equivalence if and only if (K, A) is nonsingular. Here is
an illustration of plumbing in the case k = 2

See Chapter V of Browder [14] for a detailed account of plumbing. o
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Example 11.44 Let N?"~! = §27~1 in the construction of 11.42.
(i) For the singular (—1)"-quadratic form (K, \, ) = (Z*,0,0) over Z

(M2n;N2n717N/2n71)
{ # (cl.(S™ x D"\ D?"); §2n=1 87 x §n=1) ifn > 2
= k

(Cl.(D2\ Uk4-2 DQ);Sl,U;H_lSl) ifn=1

is the trace of surgeries on an unlinked embedding U, S™~! x D™ < §?7~1 Here
is an illustration of the case k =2, n = 1.

N

(ii) For the nonsingular hyperbolic (—1)"-quadratic form over Z (K, \,u) =
H_1)n (ZF)

(MQn;N2n71’N/2n71) — 3f(cl(sn x Sn\(DZn U DQn));Sanl’Sanl)

is the trace of surgeries on a linked embedding Uy, S™ ! x D™ «— §27~1 Here is
an illustration of the case k =2, n = 1.

O

(Exercise : follow the boundary round to see that there are just two circles). O
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Example 11.45 An element
z = (dw,w) € m,(SO/SO(n)) = 7,(50,S0(n))

classifies a map w : S"~! — SO(n) with a null-homotopy dw : w ~ * : S"~1 —
SO. As in 5.68 twist the embedding

e: S x D" S x D"UD" x ST = g2t
by w, to define an n-surgery
Go : ST x DM e 52l = STl DM UD™ x ST (1, y) - e(r, w(T)(y))
with effect the (n — 1)-sphere bundle over S™
S(w)* ! = D" x §"tuy, D" x §"1

classified by w € m,-1(SO(n)) = 7, (BSO(n)). Use dw to extend the degree 1
map S(w) — 52"~ to a normal bordism

(f.b) © (MPM 8271 S(w) ™) — §771 < (1;{0}, {1})
with (f,b)| =id. : $?"~1 — §?~1 This is just the normal bordism of 11.42 for
NETh = genml NPT = Sw)P (K A\ ) = (Z,2)
using the isomorphism of 5.83
a(SO/SOM)) = Q_1(Z)

to identify x with a (—1)"-quadratic structure (A, p) on K = Z. Under this
identification
A= xw) : Z2-72" =7Z.

In particular, for the generator x =1 € m,(SO/SO(n)) w is the tangent bundle
of the n-sphere
w = Tgn : 8" — BSO(n),

and the framing dw : w ~ % : S — BSO is determined by an embedding
S« S"FK for k> 1 (as in 10.8). In this case

(K, \p) = (Z,1+(-1)",1)
and N"?"~1 = S(w) is the (2n — 1)-dimensional Stiefel manifold
S(w) ! = 80(n+1)/SO0(n—1) = 41,2
of orthonormal 2-frames in R" ! (cf. 5.83). |

The kernel form (K, (M), A, ) of an n-connected 2n-dimensional degree 1
normal map (f,b) : M?" — X can also be obtained as follows.
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Remark 11.46 Define a presentation of (f,b) to be the n-connected (2n+1)-
dimensional normal bordism

((F,B); (f,), (f1,0)) = (W2 FLM20 M) — X x (1;:{0}, {1})
obtained from the product
(f:0) xid = M x (I;{0},{1}) — X x (1;{0},{1})
by surgery on a basis of the (stably) f.g. free Z[m; (X)]-module
Ko(M x1I) = K,(M) |

so that (f’,b") is a copy of (f,b). The identification (2n + 1)-dimensional degree
1 normal map

(F,B)/(£.5) = (f';)) + W/(M=M) =X x (I/0~1) = X x §'

is an n-connected Z[m (X)]-homology equivalence. The Z[mr (X)]-module mor-
phisms induced by the inclusions M — W, M’ — W

h = inclusion, : K,(M)— K,(W),

B = inclusion, : K,(M) = K,(M') — K,(W)

are such that h—h' : K,,(M) — K, (W) is a Z[m (X)]-module isomorphism. The
Z[m (X)]-module morphism

v g PP e A Ky

defines a split (—1)"-quadratic form (K, (M),) which corresponds to (K, (M),
A, ) under the one-one correspondence of 11.9 (ii). ad

Example 11.47 Presentations as in 11.46 arise naturally in knot theory.

A knot k : 271 — §2ntl is simple if S?7TH\k(S?"7 1) is (n — 1)-connected.
Such a knot admits a simple Seifert surface which is an (n — 1)-connected
framed codimension 1 submanifold M?" — §2"*1 with boundary M = k(S?"~1).
(The simple Seifert terminology has nothing to do with Whitehead torsion). The
inclusion defines an n-connected degree 1 normal map

(f,b) . (M2",8M> _ (D2n+27k(52n—1))

which is the identity on the boundary. The knot complement is the (2n + 1)-
dimensional manifold with boundary defined by

(N*"LON) = (cL(S*"F\(k(S*"71) x D?)), 82"~ x §1) |

with an n-connected (2n + 1)-dimensional normal map
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(e;a) : (N1 ON) — (D*"+2 k(S*"71)) x S

which is the identity on the boundary. Cutting (e,a) along (f,b) results in a
presentation

((F,B), (f7 b), (f/,bl) . (W2n+1;M2n7Ml2n) N D2n+2 % (I, {0}7{1}) .

A Seifert matrix of the knot is the matrix of the Z-module morphism 1 :
K,(M) — K,(M)* given by 11.46, with respect to any basis of the f.g. free
Z-module K,,(M) = H,(M).

See Ranicki [70,8.9], [74] for accounts of high-dimensional knot theory from the
surgery theoretic point of view. O

11.3 Surgery on forms

This section develops algebraic surgery on forms. The effect of a geometric n-
surgery on an n-connected 2n-dimensional degree 1 normal map is an algebraic
surgery on the kernel (—1)"-quadratic form. Moreover, geometric surgery is pos-
sible if and only if algebraic surgery is possible.

Given an e-quadratic form (K, A, ) over a ring with involution A it is possible
to kill an element x € K by algebraic surgery if and only if = is isotropic

u(x) = 0€Qc(A)
and x generates a direct summand (z) = Az C K, with
(@) C(2)" = {ye K[Az,y)=0}.
The effect of the algebraic surgery is the e-quadratic form
(KX ') = ()™ /(@) ], (1) -

More generally, algebraic surgery can be defined for any ‘sublagrangian’ of (K, A, u) :

Definition 11.48 (i) Given an e-symmetric form (K, \) and a submodule L C
K define the orthogonal submodule

LL

{ye K| Xz,y)=0€ Aforallz e L}
ker(i*A: K - L*) C K

with ¢ : L — K the inclusion. If (K, \) is nonsingular and L is a direct summand
of K then so is L*.
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(ii) An algebraic surgery on an e-quadratic form (K, A, u) over A kills a sub-
module L C K such that

p(L) = {0} C Q(4),

so that
MLxL) = {0})CA, LCL*.

The effect of the algebraic surgery is the e-quadratic form
(K" N, i') = (/L] [u]) -

(iii) A sublagrangian of an e-quadratic form (K, \, u) over A is a direct sum-
mand L C K such that p(L) = {0}.
(iv) A lagrangian of (K, A, ) is a sublagrangian L such that

Lt = L,

so that the effect of the corresponding algebraic surgery is (K’, N, ') = (0,0, 0).
O

The main result of this section is that the inclusion of a sublagrangian in a
nonsingular e-quadratic form

i (L,0,0) = (K, A\ p)
extends to an isomorphism
foo Ho(L) ® (LT /L[N, [1]) — (KA p)

with H.(L) the hyperbolic e-quadratic form (11.6). In particular, it follows that
the effect of the algebraic surgery (L*/L, [A],[1]) is also nonsingular.

In the classical theory of quadratic forms over fields a lagrangian is a “maxi-
mal isotropic subspace”. Wall [92] called hyperbolic forms “kernels” and the la-
grangians “subkernels”. Novikov [64] called hyperbolic forms “hamiltonian”, and
introduced the name “lagrangian”, because of the analogy with the hamiltonian
formulation of physics in which the lagrangian expresses a minimum condition.

The algebraic effect of an n-surgery on an n-connected 2n-dimensional degree
1 normal map is an algebraic surgery on the kernel (—1)"-quadratic form, and
for n > 3 algebraic surgeries can be realized geometrically :

Proposition 11.49 Let (f,b) : M?" — X be an n-connected 2n-dimensional
degree 1 normal map, with kernel (—1)™-quadratic form (K, (M), A, u) over Z[m1(X)].
(i) An element x© € K, (M) is such that u(x) = 0 if (and for n = 3 only if ) x
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can be killed by an n-surgery on (f,b).
(ii) A degree 1 normal bordism

((F.B); (£,0), (f1,01) = (W2 M0 M) — X x (13{0},{1})

is such that K,(W,M) = 0 for x # n+ 1 if and only if it is the trace of
¢ n-surgeries on (f,b) killing x1,2a,...,2¢ € K,(M), with K, 1(W,M) =
Z[m1 (X)), Given such a degree 1 normal bordism let

L = m(K,p1(W,M) - K,(M)) = (x1,22,...,2¢) € Kp,(M) .

The map F : W — X X I is n-connected, the map f' : M’ — X is (n — 1)-
connected, and the kernel Z[m (X)]-modules fit into a commutative braid of exact

sequences

\

\/ \/
with
v Ku(M) = ZIm (X)) 5 y = (A1), M@z y), . Awey)) |
Ko (M) = coker(a' : K, (M) — Zlmi (X)]F) ,
(K (M), N ) = (LI, N, )
Kor(M') = ker(e : Zm (X)) — K, (M) ,
K,(W) = K,(M)/L , K"(W) = L+ .

L is a sublagrangian of (K,(M),\, 1) if and only if (f',b") is n-connected, in
which case

Kni(W,M) = Zm(X)] = L, Knpa(M') = K,1(M') = 0.

L is a lagrangian of (K, (M), \, ) if and only if (f',b') is a homotopy equiva-
lence.

(iii) The kernel form (K,(M), A, n) admits a lagrangian if (and for n > 3 only
if ) there exists a normal bordism (F,B) : W — X x I of (f,b) to a homotopy
equivalence (f',b") with K.(W, M) =0 for x #n+ 1.
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Proof (i) Immediate from the Wall Embedding Theorem 11.25.
(ii) This is a special case of Proposition 10.23, noting that K, 1 (W, M) = 0 for
x #mn + 1 if and only if W has a handle decomposition on M of the type

W = M x IU|J(n+ 1)-handles D"*! x D",
4

with K1 (W, M) = Z[m (X)]*.
(iii) Combine (i) and (ii). ]

Example 11.50 The effect of an n-surgery on an n-connected 2n-dimensional
degree 1 normal map (f,b) : M** — X killing 0 € K,,(M) is the (n—1)-connected
degree 1 normal map

(flvb/) = (f,b)#l : MIQn = M#(SnJrlxsn—l)_)X

with

Theorem 11.51 A nonsingular e-quadratic form (K, A, 1) admits a lagrangian
L if and only if it is isomorphic to the hyperbolic form H(L).

Proof An isomorphism of forms sends lagrangians to lagrangians, so any form
isomorphic to a hyperbolic form has at least one lagrangian. In proving the
converse, it is convenient to use the language of split e-quadratic forms of 11.1
replacing (A, ) by ¥ € Q.(K) (as in 11.9) and choosing a representative ¢ €
S(K). Suppose that

(i,0) : (L,0) — (K, ¢)
is the inclusion of a lagrangian of (K, A, ). An extension of (i,6) to an isomor-
phism

(fix) : He(L) — (K, ¢)

determines a lagrangian f(L*) C K complementary to L. Construct an isomor-
phism (f, x) by first choosing a complementary lagrangian to L in (K, 1). Let
i € Homyu (L, K) be the inclusion, and choose a splitting j' € Homyu (L*, K) of
i*(¢ + eyp*) € Hom (K, L*), so that

(¥ + e*)j’ = 1€ Homu(L*, L*) .

In general, j' : L* — K is not the inclusion of a lagrangian, with j™*1j’ # 0 €
Q:(L*). Given any k € Homy (L*, L) there is defined another splitting

j =7 +ik : L* = K



284 THE EVEN-DIMENSIONAL SURGERY OBSTRUCTION

such that

= M ke QuLY).
Choose a representative 1 € Hom4 (K, K*) of ¢ € Q.(K) and set
k = —j™yj : L* — L*.
The corresponding splitting j : L* — K is the inclusion of a lagrangian
Gv) = (L5,0) = (K, ¢)

which extends to an isomorphism of split e-quadratic forms

@ ([ o)) HD) = ).

Theorem 11.51 is a generalisation of Witt’s theorem on the extension to
isomorphism of an isometry of quadratic forms over fields. The procedure for
modifying the choice of complement to be a lagrangian is a generalisation of the
Gram-Schmidt method of constructing orthonormal bases in an inner product
space.

Corollary 11.52 The inclusion of a lagrangian in a nonsingular e-quadratic
form
i : (L,0,0) = (M, \ )

extends to an isomorphism of forms

o HAL) = (M p) -
Proof The proof of 11.51 gives an explicit extension. ]

Proposition 11.53 The inclusion i : (L,0,0) — (K, A, ) of a sublagrangian in
a nonsingular e-quadratic form (K, 1)) extends to an isomorphism of forms

[ Ho(L)o (L, 1)) — (K, A )
Proof Again, use the language of split e-quadratic forms, writing the inclusion
of the sublagrangian as
(1,0) : (L,0) = (K, %) .

For any direct complement L; to L* in K there is defined an A-module isomor-
phism
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h: Ly —L"; x (y— (1+T)¢(2)(y)) .

Define an A-module morphism

I ht I inclusion
: 1

The nonsingular split e-quadratic form defined by

o) = wor(y )

has lagrangian L, so that it is isomorphic to the hyperbolic form H (L) by 11.52.
Also, there is defined a morphism of split e-quadratic forms

=i (g ")) s )~ )

with g : H — K an injection split by
h = (1+T)¢) "1+ T )Y : K — H .
The direct summand of K defined by

HJ_

{ze K|(1+T)Y(z)(gy) =0forally € H}
= ker(¢*(1+T)v: K — H")
ker(h: K — H)

is such that
K = g(H)oH- .

It follows from the factorisation

. h projection
*(1+T)yYy : K—— H = LeLl" ————

that
Lt = ker(i*(1+T)y: K - L*) = Lo H- .

The restriction of ¢ € S(K) to H* defines a nonsingular split e-quadratic form
(H+,¢%) . Define an extension of g to an isomorphism of split forms

(F=(99):x) : (Hd)o(H"¢")— (K1)

with gt : H+ — K the inclusion, and with (H*, ¢*) isomorphic to (L*/L, [¢]).
O
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Example 11.54 An n-connected (2n+ 1)-dimensional degree 1 normal bordism
(B, B); (£,0), (f/,0) = (W2h M2 M™") — X x (1;{0}, {1})
is such that W has a handle decomposition on M of the type

W = MxIU Un—handles D™ x D"ty U(n + 1)-handles D"** x D™ .
k ¢

Let
(WvMaM,) = (W/7M7N)UN (WN;N’M/)

with
W’ = M x I U|Jn-handles D" x D"+ |
k

W"” = N x IUJ(n + 1)-handles D"+ x D" .
¢

M w' N w" M’

w

The restriction of (F, B) to N is an n-connected 2n-dimensional degree 1 normal
map

(fiwsby) + N 2 Mt S" x S7) = M’#(;ZES”XS”)eX

with kernel (—1)™-quadratic form
(Kn(N), AN, puv) 22 (K (M)A, 1) @ H—1yn (Z[m (X)]¥)
= (K (M), N, 1) & Hi-1yo (Zlm (X))
Thus (K, (N), Ay, un) has sublagrangians
L = (Kt (W, N) = Ku(N)) = Zfm (X)]F |
L = (K (W, N) = Ko (N)) = Zfm (X)) C K (N)

such that
(L)L AN, [en]) =2 (K (M), A )
(L*/L AN) s [un])) = (B (M), N 1)

Note that L is a lagrangian if and only if (f,b) : M — X is a homotopy equiva-
lence. Similarly for L' and (f',b') : M’ — X. |
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Definition 11.55 The nonsingular e-quadratic forms (K, A, ), (K', X, u') are
cobordant if there exists an isomorphism

(K, A\ p) @ Ho(F) = (K", N, 1) @ H(F')

for some f.g. free A-modules F, F”. m]

Proposition 11.56 (i) Cobordism is an equivalence relation on nonsingular €-
quadratic forms (K, \, u) over A.

(i) (K, A, ) @ (K, =X\, —u) is cobordant to 0, for any nonsingular e-quadratic
form (K, A\, u) over A with K f.g. free.

Proof (i) Clear.
(ii) The diagonal is a lagrangian

A= {(z,x) e Ko K|re K}

of (K® K,A® —\ @ —p). For any split e-quadratic structure ¥ € S(K)
representing (A, 1) apply 11.52 to obtain an extension of the inclusion A —
K & K to an isomorphism of e-quadratic forms

G ‘f;p*) L HU(K) — (K, 1) & (K, =X —p) -

11.4 The even-dimensional L-groups

The even-dimensional surgery obstruction groups Lo.(A) are now defined us-
ing forms. The surgery obstruction of an even-dimensional normal map will be
defined in Section 11.5 using the kernel form of Section 11.2.

Definition 11.57 The 2n-dimensional L-group Ls,(A) of a ring with invo-
lution A is the group of cobordism classes of nonsingular (—1)™-quadratic forms
(K, A\, p) on f.g. free A-modules. The addition and inverses in Lo, (A) are given
by

(K1, A1, 1) + (K2, A2, p2) = (K1 @ K2, A1 @ A, 11 © p2)
—(K7>\,’U,) = (K’_Aa _/U’) eLQn(A) .

It should be clear that Lo, (A) depends only on the residue n(mod2), so
that only two L-groups have actually been defined, Lo(A) and L2(A).
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The surgery obstruction of an n-connected 2n-dimensional degree 1 normal
map (f,b) : M?*" — X will be defined in Section 11.5 to be the element

0. (f,0) = (Kn(M), A p) € Lon(Z[mi (X)])

represented by the kernel form of 11.37, such that o.(f,b) = 0 if and only if
(f,b) is bordant to a homotopy equivalence.

Proposition 11.58 The even-dimensional L-groups of R are given by

Z ifn=0(mod?2)
Lop(R) =
2n(R) {O ifn=1(mod?2) .
Proof Since 1/2 € R there is no difference between symmetric and quadratic
forms over R. If (K, \) is a nonsingular (—1)"-symmetric form over R then for
any ¢ # 0 € K with AMz,z) = 0 € R there exists y € K with A(y,y) = 0,
Az,y) =1, so that
(Ka /\) = H(—l)"(R) & (K/’ )‘/)
with K’ = (z, y)*.
Consider first the case n = 0(mod 2). The signature of a nonsingular sym-
metric form (K, \) over R (6.30) is defined by

o(K,\)
= no. of positive eigenvalues of A — no. of negative eigenvalues of A € Z .

In particular, o(R,1) = 1. The symmetric form A € QT (K) is identified with
the symmetric k x k matrix (A(z;,x;)1<i,j<k) € Mix(R) determined by any
choice of basis 21, xa, ...,z for K. By Sylvester’s Law of Inertia (6.33) the rank
of K and the signature define a complete set of invariants for the isomorphism
classification of nonsingular symmetric forms (K, \) on finite-dimensional vector
spaces K over R, meaning that two forms are isomorphic if and only if they have
the same rank and signature. A nonsingular symmetric form (K, \) over R is
isomorphic to a hyperbolic form if and only if it has signature 0. Nonsingular
symmetric forms (K, \), (K’,\) over R are related by an isomorphism

(K, \) & Hy (R = (K',N) & H (RY)
for some d,d’ > 0 if and only if they have the same signature
a(K,\) = o(K'\N)eZ,
so that the signature defines an isomorphism
Lo(R) = Z; (K,\) — o(K,]\) .

For n = 1(mod2) we have Ly(R) = 0 because every nonsingular skew-
symmetric (alias symplectic) form over R admits a lagrangian, and is thus iso-
morphic to a hyperbolic form. O
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See Chapter IT of Milnor and Husemoller [60] for what is known about the
isomorphism classification of nonsingular symmetric and quadratic forms over Z.
For the applications to surgery it suffices to know if two forms become isomorphic
after adding hyperbolics.

Definition 11.59 The signature of a nonsingular symmetric form (K, \) over
Z is the signature of the induced nonsingular symmetric form over R

o(K,\) = c(ROIK,1QN) €Z. a

In particular, o(Z,1) = 1.

Definition 11.60 The Arf invariant of a nonsingular quadratic form over Z,
(K, A\, p) is given by

m

(KA ) = Y @) l@iym) € Zo
=1

for any symplectic basis x1, ..., T, for K, i.e. a basis such that

Mo ) = {1 if [i — jl=m
o 0 otherwise .

The original reference is Arf [4].

Proposition 11.61 The even-dimensional L-groups of Z are given by

~ [Z ifn=0(mod?2)
Lon(Z) = {22 ifn=1(mod?2) .

Proof Consider first the case n = 0(mod 2). By Serre [79] (§1, Chapter V) the
signature of a nonsingular even symmetric form (K, \) is divisible by 8
o(K,\) = 0(mod8) .
Two such forms (K, ), (K’ X) are related by an isomorphism
(K, \) @ Hy (ZF) = (K',N)® H(Z")
if and only if they have the same signature
o(K,\) = o(K',\)€e8ZLCZ.

The nonsingular even symmetric form (Z8, Eg) associated to the exceptional Lie
group Ejg
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20010000
02100000
01210000

Be— |10 1 21000f e e
00012100
00001210
000001 21
000000 1 2

has signature
o(Z®,Eg) = 8€ 7.

Thus Lo(Z) = Z, with an isomorphism

See Chapter II1.1 of Browder [14] for the classification of quadratic forms
over Zs which shows that the Arf invariant defines an isomorphism

LQ(ZQ) - ZQ 5 (K7 >\7 /.t) = AI‘f(K7 >\7:U“)
and also that the natural map
Lo(Z) = La(Zz) = Za; (K, A\ p) — Lo ®z (K, A p)

defines an isomorphism. Thus Ly(Z) is generated by the nonsingular skew-
quadratic form (Z & Z, A, i) over Z defined by

A(a,b),(¢c,d)) = ad—bc€e€Z,
wla,b) = a+b+abeQ_1(Z) = Zs

such that the induced form over Zs has Arf invariant 1. O

Example 11.62 For k£ > 2 let

(F,B) : (W st sth=t) — g1 (15 {0}, {1})
be the 4k-dimensional normal bordism realizing the nonsingular quadratic form
(K, \,p) = (Z8, Eg) over Z generating Lay(Z) = Z. This can be obtained by
plumbing together (11.43) 8 copies of the tangent bundle 7g2x : S?* — BSO(2k)
of the 2k-sphere S?*, using the Eg-graph

v

with incidence matrix Eg, weighted at each vertex by
1 € mop41(BSO,BSO(2k)) = Q+(Z) = Z .

The effect of the corresponding 8 (2k — 1)-surgeries on (F, B)| = id. : S4%~1 —
S4 =1 is a homotopy equivalence (F, B)| : 4%~ — §4~1 with %4%~1 an exotic
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(4k —1)-dimensional sphere generating the cyclic subgroup bPy;, C ©**~1 (13.22)
of the exotic spheres which bound framed 4k-manifolds. In particular, for k = 2
this gives one of the exotic 7-spheres X7 originally constructed by Milnor [49]
(cf. Section 13.3 below and also Example 11.44). a

Example 11.63 Asin 5.72 for any map w : S* — SO(5) surgery on S? removing
the embedding

g @ S*x DY 8% = S x DSUD® xSt (x,y) — (z,w(z)(y))

is a 10-dimensional cobordism (W1%;S% S(w)) with S(w) the sphere bundle of
w:S% — BSO(5). For the unique non-zero element

w € ker(m4(SO(5)) — m4(SO)) = Zy
and the trace of framed 4-surgeries removing two disjoint linked embeddings
Gos gl o S'xD° e 8

the standard framing of S? extends to a framing b of W0 such that

0 1) , Arf form) .

W3z ) = G20 (] g

The sphere bundle S(w) = XY is the exotic sphere of Kervaire [36], such that
DY YW U DY is a closed 10-dimensional PL manifold without differentiable
structure. O

Definition 11.64 Let C be the ring of complex numbers, with the complex
conjugation involution

z4+iy = z—iy (r,y €R).
The signature of a (—1)"-symmetric form (K, \) over C is defined by
o(K,\) =
no. of positive eigenvalues of i\ — no. of negative eigenvalues of i"\ € Z

with n =0, 1. 0

Proposition 11.65 The even-dimensional L-groups of C with the complex con-
jugation involution i = —i are given by

Lon(C) = Z .

Proof As for the real case (11.58), with the signature defining isomorphisms

L2n((c) — Z ) (Kv)‘nu’) = O(Kv)‘) .
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The rest of this section is devoted to a brief introduction to the even-dimensional
L-groups of finite group rings.

For a finite group © and F = R, C,H let ar(7) be the number of irreducible
real representations of m which correspond to a type F' summand in the Wed-
derburn decomposition of R[r] as a product of matrix algebras

ag(m) ac(m) am(m)
Rlr] = @B My,@mnR) @ My, (C) ® @ My, sz,m (H)

i=1 j=1 k=1

with
ap/(m) ac(m) am ()

|| = Z di(R, 7)* 42 dj(C,7)* +4 Z dp(H, 7)? .
i=1 j=1 k=1
The sum

r(m) = ar(m) + ac(w) + om(T)
= no. of conjugacy classes of unordered pairs {g,¢g~ '} in 7

is the number of irreducible real representations of 7 (as in Example 8.8). Every
e-quadratic form (K, A, 1) over R[r] with the oriented involution g = g~ (g € )
has a corresponding splitting. For each summand My(F) C R[] there is defined
an e-quadratic form F¢ @R (K, A, p) over F, regarding F? as an (F, My(F))-
bimodule (Morita theory). For F' = R (with ¢ = 1) and F = C (¢ = £1) this
gives a signature o € Z as in Definitions 6.30, 11.64.

Definition 11.66 For e = (—1)" the multisignature of a nonsingular e-quadratic
form (K, A, u) over R[x] is the collection of signatures

ag(m) ac(m)
( Zl i (K, \, ), Zl o; (K, \ 1)
i= j=
o (K, M p) = Ea%)Z@Q%)Z if n = 0(mod 2)
ag(m)
Yo oK, \p) e @ Z if n = 1(mod 2)
j:]' (Jtc(ﬂ')

one for each of the ag(m) summands My, (R) C R[x] (e = +1) and one for each
of the ac(m) summands Mgy, (C) C Rx] (e = £1). O

Proposition 11.67 (Wall [92, Chap. 13A], [93]) The even-dimensional surgery
obstruction groups of a finite group © with the oriented involution are such that
&b Z & (2-primary torsion) if n =0 (mod 2)

ar(m)+ac(m)

D Z & (2-primary torsion) if n =1 (mod 2)

ac(m)

Lon(Z[7]) =

with the Z-summands detected by the multisignature.
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Proof The original references may be supplemented by Chapter 22 of Ranicki
[71] for the (easy) torsion-free part. a

Remark 11.68 See Hambleton and Taylor [30] for a survey of the computations
of the L-groups of finite groups. O

Example 11.69 (i) The even-dimensional L-groups of Z[Z»] with the oriented
involution T = T are given by

Lon(Z[Zs]) = {Z@Z if n = 0 (mod 2)

Zs if n =1 (mod 2)

detected by the multisignature and Arf invariant. The multisignature isomor-
phism
Lo(Z[Zs]) — Lo(Z) ® Lo(Z) = Z®ZL;

(Kv )‘7/1') = (U(6+(K7 >\a N))/S’U(E*(Ka /\7M))/8)

has components induced by the morphisms of rings with involution
€x @ Lo = Z; a+bT —axh.
The Arf invariant isomorphism is given by
Lo(Z[Zs]) — La(Z) = Za; (K, p) = cleq (K, A\ p) = cle- (K, 1)) -
(ii) The irreducible complex representaton of Z,,
0; ¢ Loy — C 5t 2™/M (0< j < m)
give the real group ring of Z,, to be

R’® @ C ifm=0(mod2)
(m—2)/2

Re @ C ifm=1(mod?2)
(m—1)/2

R[Zm] =

so that
(L) = ar(Zm) + ac(Zy,)

_ [2+(m—=2)/2 ifm=0(mod?2)
B {1+(m—1)/2 if m=1(mod?2) .

The even-dimensional L-groups of

with the oriented involution £ = ¢~! are such that
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P Z & (2-primary torsion) if m =0 (mod 2)
(m+2)/2

P Z & (2-primary torsion) if m =1 (mod 2)
(m+1)/2

Lo(Z[Zm)) =

@D Z & (2-primary torsion) if m =0 (mod 2)
(m—2)/2

@D Z & (2-primary torsion) if m =1 (mod 2) .
(m—1)/2

L2(Z[Zm]) =

The multisignature components are given by the morphisms of rings with invo-
lution p; : Z[Z,,] — C

pi ¢ Loa(ZlZm]) = Lon(C) = Z (0<j <m/2).

11.5 The even-dimensional surgery obstruction

It was shown in Section 10.4 that every 2n-dimensional degree 1 normal map
is bordant to an n-connected degree 1 normal map. In general, there is an ob-
struction to the existence of a further bordism to an (n + 1)-connected degree 1
normal map (= homotopy equivalence), which is defined as follows.

Definition 11.70 The surgery obstruction of an n-connected 2n-dimensional
degree 1 normal map (f,b) : M?" — X is the class of the kernel (—1)"-quadratic
form over Z[m (X))

oo (f,b) = (Kn(M),\, p1) € Lon(Zm1 (X)) - O

The main result of this section is that o.(f,b) = 0 if (and for n > 3 only if)
(f,b) is bordant to a homotopy equivalence. It is clear that if (f,b) is a homotopy
equivalence then o, (f,b) = 0, for then K, (M) = 0.

Proposition 11.71 The surgery obstructions of bordant n-connected 2n-dimen-

sional degree 1 normal maps (f,b) : M?" — X, (f',b') : M"?" — X are the same

o (f;0) = ou(f'V) € Lan(Z[m(X)]) .

Proof Given a (2n + 1)-dimensional degree 1 normal bordism
((F, B); (f.b), (f",0)) + (WL M2, M™") — X x (I;{0},{1})

with (f,b) and (f’,b") n-connected use the rel 9 version of 10.30 to kill the kernel
Z[m (X)]-modules K; (W) for i < n—1 by i-surgeries on the interior of W keeping
f and f’ fixed. Thus it may be assumed that F' is n-connected, such that
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W = M x IU| Jn-handles D" x D" U| J(n + 1)-handles D" x D",
k 14

and by Example 11.54

(Fa(N). Ay i) 2 (B (M), A1) & Hi o (Zma (X)])
(B (M), X ) & H( e (2 (X))

1%

It follows that
ou(fib) = (Kn(M), A\ p) = (Kn(M), N, 1) = 0.(f,V) € Lan(Z[m(X)]) .
O
In view of the invariance of the surgery obstruction under normal bordism
(11.71) and the result of Section 10.4 that every 2n-dimensional degree 1 normal

map is bordant to an n-connected degree 1 normal map the surgery obstruction
can be defined in general :

Definition 11.72 The surgery obstruction of a 2n-dimensional degree 1 nor-
mal map (f,b) : M?*" — X is defined to be the class of the kernel (—1)"-quadratic
form over Z[m1 (X))

o(f,0) = (Kn(M'), N, ') € Lan(Z[m (X))

of any bordant n-connected 2n-dimensional degree 1 normal map (f',b') : M'?>" —
X. o

Proposition 11.73 Let n > 3. Given an n-connected 2n-dimensional degree 1
normal map (f,b) : M?" — X such that

0.(f,b) = 0 € Lan(Z[m (X)])
there exists an n-connected (2n + 1)-dimensional degree 1 normal bordism
((F,B); (f,0), (f',0)) = (W M%7 M) — X x (I;{0}, {1})

to a homotopy equivalence (f',b') : M’ — X.

Proof For any embedding D?" — M set
My = cl.(M\D?").
By the Poincaré Disc Theorem (9.14) it may be assumed that

X = X,uD?™
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for a 2n-dimensional Poincaré pair (Xy, S?"~1), with

(f,b) = (fo,bo)Ul : M = MyuD?" - X = XouUD™.
By hypothesis there exists an isomorphism of forms

(K (M)A, ) & H 1y (Zlm (X)) = He iy (ZIm (X)) |
The effect of k (n — 1)-surgeries on (f,b) is the bordant degree 1 map

(fi,01) = (f,b)#std. : My = M##S"xS" - X = X#5"
k

(using Xo and (fo,bo) to define the connected sums #), with hyperbolic kernel
form

(K (M), M, 1) = (Kn(M), A, 1) @& Hi_1yn (Z[my (X)]¥) = H_ya (Z[r(X)])" .

The effect of ¢ n-surgeries on (f1,b1) killing a basis @1, za,...,2¢ € K,(M;) for
a lagrangian is a homotopy equivalence (f’,b’) : M"?>" — X bordant to (f1,b1),
which is also bordant to (f,b). m|

Theorem 11.74 Let n > 3. A 2n-dimensional degree 1 normal map of pairs
(f,b) « (M?",0M) — (X,0X)
with Of : OM — 0X a homotopy equivalence has a rel O surgery obstruction
0«(f,b) € Lon(Z[m1(X)])

such that o (f,b) = 0 if and only if (f,b) is bordant rel O to a homotopy equiva-
lence of pairs.

Proof The surgery obstruction of (f,b) is defined by
U*(f7 b) = (KN(M/)’ )‘/7 /J/) € LQ’G(Z[Trl (X)D

for any n-connected degree 1 normal map (f/,') : (M',0M) — (X, 0X) bordant
to (f,b) relative to the boundary, with df’ = df, exactly as in the closed case
OM = 90X = () in 11.72. The rel 9 version of 11.71 shows that the surgery
obstruction is a normal bordism invariant, which is 0 for a homotopy equivalence.
Also, if n > 3 and o,(f,b) = 0 then (f,b) is bordant rel 9 to a homotopy
equivalence of pairs, proved exactly as in the closed case in 11.73. O

Proposition 11.75 Let w be a finitely presented group with an orientation char-
acter w : m — Zo. For any m > 4 there exists a closed m-dimensional manifold
N with

(m(N), w(N)) = (m,w) .
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Proof Given a finite presentation © = {g1,92,...,9% | T1,72,...,7r¢} realize the
orientation characters

wi = w(g;) €m(BO(mM)) = Zy (1<i<k)

by m-plane bundles over S*. The sphere bundles S™ 1 — S(w;) — S* are such
that S(w;) = S™~! x S in the orientable case, and

S(w;) = S™ P x I/{(x,0) ~ (Tx,1)}

in the nonorientable case, with T : S™~! — S™=L: (z1, ... 2) — (=21, .., Tm)
of degree —1. The connected sum is a closed m-dimensional manifold M =
k
# S(w;) with m (M) = {91,92,---, 9k} = *1Z, w(M)(g;) = w;. The relations
i=1

r; € m(M) are realized by disjoint framed l-embeddings S' x D™~ C M such
that the effect of the corresponding 1-surgeries on M

¢ ‘
N = (M\(|J S xDm ) ul)D?xsm?
j=1 j=1
is a closed m~dimensional manifold with w1 (N) = 7, w(N) = w. O

Corollary 11.76 Let 7 be a finitely presented group with an orientation charac-
ter w:m — Za, and let n > 3. Every element x € Loy, (Z[n]) is the rel O surgery
obstruction x = o.(f,b) of an n-connected 2n-dimensional degree 1 normal bor-

dism (f,b) : M?" — X with (m(X),w(X)) = (7, w).

Proof By Proposition 11.75 there exists a closed (2n —1)-dimensional manifold
N with (71 (N),w(N)) = (7, w). By Proposition 11.42 every (—1)"-quadratic
form (K, A, u) representing z is realized as the kernel form of an n-connected
2n-dimensional degree 1 normal bordism

(f,0) « (M2 N2 N7 — N ox ({0}, {1})

with (f,b)]=1: N — N and (f,b)| : N’ — N a homotopy equivalence. The rel
0 surgery obstruction is

. (f,0) = (K,\p) = x € Loy (Z[n]) .

Example 11.77 (i) The surgery obstruction of an n-connected 2n-dimensional
degree 1 normal map (f,b) : M?" — X with m;(X) = {1} is given in the case
n = 2k by

o (f,b) = %(signauture(HQk(J\/.I')7 \) — signature(H?*(X),\)) € Lar(Z) = Z,
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and in the case n = 2k + 1 by
o.(f,b) = Arfinvariant (Kogy1(M;Z2), A\, 1) € Lyg12(Z) = Zs .

(ii)) A framed m-dimensional manifold (M™,b) determines an m-dimensional
degree 1 normal map (f,b) : M™ — S™ with

f i+ M— M/l(M\D™) = 8™ , n=¢°:5"—>BO.
The m-dimensional surgery obstruction defines morphisms
olm QT = 7S 5 Lo (Z) 5 (M™)b) — o ((f,b) : M™ — S™) .
If (M** b) is a framed 4k-dimensional manifold then for k > 1
ol"(M,b) = signature of (Hap(M),\)/8 = 0€ Lyx(Z) = 7Z

by the Hirzebruch Signature Theorem (6.41). If (M**+2 ) is a framed (4k + 2)-
dimensional manifold then

ol™(M,b) = Arf invariant (Hopy1 (M;Zo), N\, pt) € Lapy2(Z) = Zo .

For k = 0,1,3,7,15 there exists a framed (4k + 2)-dimensional manifold with

Arf invariant 1, so that oI is onto. In particular, the Arf invariant map

olr QJ;T = 7r2s—>Zg

is an isomorphism, with Q’;T generated by a non-standard framing b on T2 =
S1x S, corresponding to the essential map n? : S* — S2 obtained by composing
the Hopf map 7 : S — S? and its suspension 1 : §* — S3. Browder [13] showed
that o" : Q{;ZH — Luag12(Z) = Zy has image 0 for k # 2¢ — 1, using the Adams
spectral sequence. The existence or otherwise of framed (4k + 2)-dimensional
manifolds with Arf invariant 1 with & = 2* — 1 for ¢ > 5 is the subject of much
speculation in homotopy theory. O

Example 11.78 (i) As in Example 11.47, given a knot k : $2"~1 — §2n+1 and
a Seifert surface M?" C S?"*+! inclusion defines a degree 1 normal map
(f,0) = (M*",0M) — (D*"*2 k($*" 7))
which is the identity on the boundary. The surgery obstruction
0. (f,b) € Lan(Z)

is the signature (resp. Arf invariant) of k for n even (resp. odd).
(ii) The unknot k : S' < S3 has a contractible Seifert surface D? — S3 with
Seifert matrix (11.47) 0.
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The 2-dimensional degree 1 normal map (f,b) : (D?,S*) — (D* k(S')) is a
homotopy equivalence, with surgery obstruction

o (fb) = 0€ Ly(Z) = Zs .

(iii) The trefoil knot k : S' < S3 has a Seifert surface which is a punctured
torus

M? = cl.(T*2\D? c S*.

with Seifert matrix ((1) 1)

The 2-dimensional degree 1 normal map (f,b) : (M,S') — (D* k(S')) has
surgery obstruction

0. (f,b) = (ZEBZ,((I) 1)) e ly(Z) = Zs.

Thus the trefoil knot has Arf invariant 1, and cannot be unknotted. O

Remark 11.79 See Section 13.4 below for a brief account of the surgery theory
of topological manifolds. The surgery obstructions o, (f,b) € Lo, (Z[m1(X)]) of
normal maps (f,b) : M — X of closed 2n-dimensional topological manifolds with
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m1(X) = 7 counstitute a subgroup of L, (Z[n]). For finite 7 the multisignature
(11.66) of such (f,b) is constrained to have equal components, by Proposition
13B.1 of Wall [92]. See Hambleton, Milgram, Taylor and Williams [29] and Mil-
gram [48] for the solution of the ‘oozing conjecture’ concerning this subgroup for
finite 7 (in both the even and odd dimensions). a
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THE ODD-DIMENSIONAL SURGERY OBSTRUCTION

This chapter defines the Wall surgery obstruction of a (2n 4 1)-dimensional
degree 1 map (f,b) : M — X

0. (f,0) € Lapt1(Z[mi(X)]) -

The main result is that o.(f,b) = 0 if (and for n > 2 only if) (f,b) is normal
bordant to a homotopy equivalence.

Section 12.1 introduces the notion of an e-quadratic formation (K, A, u; F, G),
which is a nonsingular e-quadratic form (K, A, u) with lagrangians F,G. Sec-
tion 12.2 constructs a kernel (—1)"-quadratic formation over Z[mri(X)] for an
n-connected (2n + 1)-dimensional degree 1 normal map (f,b). The (2n + 1)-
dimensional surgery obstruction group La,+1(A) of cobordism classes of non-
singular (—1)"-quadratic formations (K, A, u; F, G) over A is defined in Section
12.3. The odd-dimensional surgery obstruction is defined in Section 12.4 to be
the cobordism class of a kernel formation. Section 12.5 describes the algebraic
effect on a kernel formation of a geometric surgery on (f,b). Finally, Section
12.6 is a brief account of linking forms, the original approach to odd-dimensional
surgery obstruction theory.

Odd-dimensional surgery obstruction theory is technically more complicated
than the even-dimensional case. Specifically, an n-connected 2n-dimensional nor-
mal map has a unique kernel form, whereas an n-connected (2n+ 1)-dimensional
normal map has many kernel formations.

12.1 Quadratic formations

The surgery obstruction of an even-dimensional degree 1 normal map was ex-
pressed in Section 11.5 as the equivalence class of the kernel nonsingular e-
quadratic form, with the zero class represented by the forms which admit a
lagrangian. The different lagrangians admitted by the kernel form correspond to
different ways of solving the even-dimensional surgery problem by a normal bor-
dism to a homotopy equivalence. The odd-dimensional surgery obstruction will
be expressed in Section 12.4 as an equivalence class of e-quadratic ‘formations’,
which are nonsingular e-quadratic forms with ordered pairs of lagrangians, corre-
sponding to two solutions of an even-dimensional surgery problem in codimension

1.
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The fundamental algebraic structure determined by a closed (n—1)-connected
2n-dimensional manifold N2 is the nonsingular (—1)"-symmetric form (H,(N), \)
over Z. The fundamental algebraic structure determined by an (n—1)-connected
(2n + 1)-dimensional manifold with boundary (M?"+1, M) with H,(M,0M) =
0 is the lagrangian of the (—1)™-symmetric form (H,(0M), ) defined by

L = im(Hnoi (M, OM) — H,(9M)) C H,(OM) .

Now suppose that M is a closed (2n+1)-dimensional manifold which is expressed
as a union of two (2n + 1)-dimensional manifolds (M2",9M.), (M?" !, 0M_)
with the same (n — 1)-connected boundary N?" = M, = OM_

M_ N M,

M2+ = M_ Uy M,

It MMy, M_,N are (n — 1)-connected and H,(M,,N) = H,(M_,N) =0
the (—1)"-symmetric form on K = H,(N) has lagrangians

Ly = im(Hn+1(Mi7N) - Hn(N)) >

giving a (—1)™-symmetric formation (K, A; Ly, L_). Such splittings were first
used by Heegaard (in 1898) in the study of 3-dimensional manifolds: every con-
nected 3-dimensional manifold M3 can be expressed as a union

M = M_Uy My

of solid tori along a genus g surface, so that

My = M_ = #4,5' xD?,

MyNM_ = N = M(g) = #4,5' x5!
corresponding to a handle decomposition

M = (*ulJrhu(Jrrun®).
g g

It should be clear that such expressions are not unique, since forming the con-
nected sum of M with

S = 9(D* x D?) = S' x D*uD?*x S*

increases the genus g by 1 without affecting the diffeomorphism type.
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The remainder of this section will only consider the algebraic properties of
formations. As before, let A be a ring with involution, and let € = £1.

Definition 12.1 An e-quadratic formation over A (K, \, u; F,G) is a non-
singular e-quadratic form (K, A, 1) together with an ordered pair of lagrangians
F.G. a

Strictly speaking, Definition 12.1 defines a “nonsingular formation”. In the
general theory a formation (K, A, u; F, G) is a nonsingular form (K, A, i) together
with a lagrangian F' and a sublagrangian G, with F', G and K f.g. projective. For
basic odd-dimensional surgery obstruction theory only nonsingular formations
with F, G and K f.g. free need be considered. Also, A can be assumed to be such
that the rank of f.g. free A-modules is well-defined (e.g. A = Z[r]), with A¥ iso-
morphic to A? if and only if k£ = ¢. This hypothesis ensures that for every forma-
tion (K, A, u; F, G) over A there exists an automorphism « : (K, A\, u) — (K, \, i)
such that «(F) = G (Proposition 12.3 below). In the original work of Wall [92,
Chapter 6] the odd-dimensional surgery obstruction was defined in terms of such
automorphisms. Novikov [64] proposed the use of pairs of lagrangians instead,
and the expression of odd-dimensional surgery obstructions in terms of forma-
tions was worked out in Ranicki [68].

Definition 12.2 An isomorphism of e-quadratic formations over A
[ (KA F.G) — (KN )l FLG)
is an isomorphism of forms f : (K, \, u) — (K', N, u') such that
f(F) = F', f(G) = G. i
Proposition 12.3 (i) Every e-quadratic formation (K, \, u; F, G) is isomorphic
to one of the type (H.(F); F,G).

(ii) Every e-quadratic formation (K, \, u; F, Q) is isomorphic to one of the type
(H(F); Fya(F)) for some automorphism « : H.(F) — H.(F).

Proof (i) By Theorem 11.51 the inclusion of the lagrangian F — K extends
to an isomorphism of e-quadratic forms
[ He(F) — (K, A\ p)
defining an isomorphism of e-quadratic formations
fo (H(F):F f7HG)) — (KA w3 F.G)

(ii) As in (i) extend the inclusions of the lagrangians F — K, G — K to
isomorphisms of forms
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[ H(F) = (K A\ p) 5 g 2 H(G) = (KA p)

Then
rank4 (F) = ranks(K)/2 = ranks(G),

so that F' is isomorphic to G. Choosing an A-module isomorphism 3 : F — G
there is defined an automorphism of H,(F')

(g /3*0’1> g !

a @ H(F) H(G) — (K,\,u) —— H.(F)

such that there is defined an isomorphism of formations

f : (HE(F),F,CV(F))H(K7>\,,U,,F,G) .

In Section 12.2 there is associated to an n-connected (2n + 1)-dimensional
degree 1 normal map (f,b) : M?"*1 — X a ‘stable isomorphism’ class of kernel
(—1)"-quadratic formations (K, A, u; F\, G) over Z[m(X)] such that

Ko(M) = K/(F+G) , Knp(M) = FNG .

Stable isomorphism is defined as follows:

Definition 12.4 (i) An e-quadratic formation T' = (K, A\, u; F, G) is trivial if
it is isomorphic to (H((F); F, F*).
(ii) A stable isomorphism of e-quadratic formations

[f] + (KA F,G) — (K, N,y F',G)
is an isomorphism of e-quadratic formations of the type
f: (KN FG)oT — (K' N,y F.G"YeT
with T, T” trivial. o
Proposition 12.5 (i) An e-quadratic formation (K, A, u; F, G) is trivial if and
only if the lagrangians F and G are direct complements in K
FnG = {0} , F+G = K.

(ii) A stable isomorphism [f]: (K, \, u; F,G) — (K', N, u/; F',G") of e-quadratic
formations over A induces A-module isomorphisms

FNG—F'nG , K/(F+G)—K'/(FF+G").

(iii) For any e-quadratic formation (K, A, u; F,G) there is defined a stable iso-
morphism

[f] + (K,=A\,—p;G, F) = (K, A\, 1; F, Q) .
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Proof (i) If F and G are direct complements in K represent (A, u) by a split
e-quadratic form (K, ¢ € S(K)) with

a — ea* Yy * * *
= : K = F K* = F .
P ( 5 B e ) oG — oG
Then v+ €* € Hom 4 (G, F™*) is an A-module isomorphism, and there is defined
an isomorphism of formations

(6 (omymt) o CLPREF) = (KAmEG).
(ii) By (i) an e-quadratic formation (K, A, u; F, G) is trivial if and only if
FNG =0, K/(F+G) =0

(iii) By Proposition 12.3 we can take

(KA 1 F,G) = (He(F); F,a(G))
with ~

a = (g g) . H.(G) — H.(F)
an isomorphism of hyperbolic e-quadratic forms, which defines an isomorphism
of e-quadratic formations

a i (H(G);G,a™'(F)) — (K, A\ G, F) .

The A-module isomorphism
vy 5 0y

B —ey 0
F= 0 -y —€

0 0 9 y

defines an isomorphism of e-quadratic formations

fo (H(G); G, a ()@ (H(G); G, G) — (—H(F); F,o(G))B(He(F*); F*, F)

GG eG*OG—-FO o F* Qo F

>
S -2

giving a stable isomorphism

[f] : (K,/\,,U/;G7F) - (K,_A,—M;F,G) .

12.2 The kernel formation

An n-connected (2n + 1)-dimensional degree 1 normal map (f,b) : M2+ — X
is such that K;(M) = 0 for i # n,n+ 1. We shall now construct a stable isomor-
phism class of kernel (—1)™-quadratic formations (K, A, u; F, G) over Z[m (X))
such that

K,(M) = K/(F+G) , Knya(M) = FNG ,
using the following generalisation of the Heegaard splitting of a 3-dimensional
manifold as a union of solid tori.
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The kernel Z[m1 (X)]-module K,,(M) is finitely generated, by Corollary 10.29.
Every finite set {x1,x2,...,2x} of generators is realized by disjoint n-surgeries

Sn X Dn+l L M2n+1

|

Dn+1 % Dn—i—l —7‘> X
fori=1,2,..., k.
By the Poincaré Disc Theorem (9.14) it may be assumed that the target

(2n+ 1)-dimensional geometric Poincaré complex X is obtained from a (2n +1)-
dimensional geometric Poincaré pair (Xo, 5?") by attaching a (2n + 1)-cell

X = X,uD?tt.

Any choice of generators x1,xa,...,2; € K, (M) is realized by framed embed-
dings g; : S™ x D"t1 C M?"*+! together with null-homotopies h; : fg; ~ {*} :
ST — X.

Definition 12.6 A Heegaard splitting of an n-connected (2n-+1)-dimensional
degree 1 normal map (f,b) : M?"*!1 — X is an expression as a union

(f,b) = (fo,bo)U(e,a) : M*™ ™ = MyuU — X = XquD?"!
with
U+l = #F | gi(S" x D) C M My = c.(M\U) ,
MoNU = My = OU = #F_ gi(S™ x §™)
associated to a set of framed n-embeddings

gi : S"x D" e M (1 <i<k)

with null-homotopies in X representing a set {z1,22,...,25} C K, (M) of
Z|71(X)]-module generators. |
Mo Xo
(f:b)
_

Every finite set of generators of K,,(M) is realized by a Heegaard splitting.
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Definition 12.7 The kernel formation of an n-connected (2n-+1)-dimensional
degree 1 normal map (f,b) : M?"T1 — X with respect to a Heegaard splitting
is the (—1)"-quadratic formation over Z[m (X)]

(K7>‘3M1F7G) = (Kn(aU)7>‘au;K7l+1(U76U)aK7L+1(MO7aU>)

with (K,(0U),\,p) = H_1y»(Kn41(U,0U)) the hyperbolic (—1)"-quadratic
kernel form over Z[m(X)] of the n-connected 2n-dimensional degree 1 nor-
mal map OU — S?". The lagrangians F, G are determined by the n-connected
(2n + 1)-dimensional degree 1 normal maps of pairs

(e;a) = (U,0U) — (D*"*1,5%") | (fo,bo) : (Mo, 0U) — (Xo,5%") ,

with
' F = im(0: K,;1(U,0U) — K,(0U)) = Z[r (X)]*,

G = im(0: K,y1(My,0U) — K, (0U)) = Z[m (X)]* . O

The Heegaard splittings and kernel formations of an n-connected (2n + 1)-
dimensional degree 1 normal map (f,b) : M?**1 — X are highly non-unique.

Proposition 12.8 For any kernel formation (K, \, u; F,G) of an n-connected
(2n + 1)-dimensional degree 1 normal map (f,b) : M?"+1 — X there are natural
identifications of Z[m1(X)]-modules

K M) = K/(F+G) , Kpi(M) = FNG .

Proof Immediate from the exact sequence
0= Kp1(M) = Kp1 (M, U) = Kp(U) = Ky (M) — 0

and the identification of the map in the middle with the natural Z[mr; (X)]-module
morphism

Knii(M,U) = Kp1(My,0U) = G — K,(U) = K/F .

The kernel formations will be used in Section 12.4 below to represent the
surgery obstruction o.(f,b) = (K, \, pi; F, G) € Lop11(Z[m1(X))]).

Example 12.9 The kernel formation of the 1-connected degree 1 normal map
on the 3-dimensional lens space (8.39)

(f,b) : L(m,n)3 — 83

is the (—1)-quadratic formation over Z given by



308 THE ODD-DIMENSIONAL SURGERY OBSTRUCTION

(H(Z);Z,im((i) 7 LT .
In particular,
(i) L(1,0) = S? with trivial formation (H_(Z);Z, <(1)) VAR
(i) L(0,1) = S* x S? with boundary formation (H_(Z);Z, é) Z),

1

(iii) L(1,2) = S3 with trivial formation (H_(Z);Z, <2> Z),
(iv) L(2,1) = RP? with boundary formation (H_(Z);Z, (;) Z) .

Proposition 12.10 Let (f,b) : M?"*! — X be an n-connected (2n + 1)-dimen-
stonal normal map.

(i) The kernel formations associated to all the Heegaard splittings of (f,b) are
stably isomorphic.

(ii) For n = 2 every formation in the stable isomorphism class is realized by a
Heegaard splitting of (f,b).

(iii) A kernel formation of (f,b) is trivial if (and for n = 2 only if ) (f,b) is a
homotopy equivalence.

Proof (i) Consider first the effect on the kernel formation of changing the
framed n-embeddings g; : S™x D" — M?"*+! representing a set {z1, 2, ..., %)}
of Z[m1(X)]-module generators for K,,(M). Proposition 10.13 gives

Kn(M) = mp1(f) = Inua(f),

so that the framed n-embeddings g; are unique up to regular homotopy. Any two
sets of framed n-embeddings representing x;

gi, g+ S"x D" ML (1< < k)
are thus related by regular homotopies
di © g ~ g, : S"x D" pntt

with null-homotopies in X. Write the inclusions of the lagrangians associated to
the two Heegaard splittings

(f.b) = (fo,bo)U(e,a) + M*H1 = MyuUU — X,
(S0 U (e a') « M> L = M/ UU — X

—~

-
>

S—
I

as
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(7> L G = Kpa (Mo, dU)

— Ko (0U) = K 1(U,0U) & K,(U) = Fe& F* |

,y/
(5/> G o= n+1(M6’8U,)
— Kn(OU") = Knir(U,0U") @ Kn(U') = F' @ F' .
Let
a: F—=F ,3:G—=G
be the Z[m1(X)]-module isomorphisms determined by the given basis elements,
and let (F*,1)) be a kernel split (—)"*!-quadratic form for the immersion

USn X Dn+1 X1 MxIT ) (yi7Zi,t) — (di(yi,zi,t),t)
k

(defined as in the proof of Proposition 11.42). The commutative diagram

G G

0
FeF* F'o F™
defines an isomorphism of the kernel (—1)"-quadratic formations

(Kn(aU)’ A, Hs Kn+1(U7 aU)v Kn-‘rl(MOa U))

= (H(l)n(F);F,im(<g> :G—FaFY))

— (Kn(OU'), N, s K a (U', 0U"), K1 (Mg, U”))

!
= (Heo (PP ) 60— Fo F)).

Next, consider the relationship between the kernel formations associated to
two different sets of generators of K, (M). Proceed as in Wall [92, Chapter 6].
Any two sets {x1, 29, ..., 2k}, {y1,92,...,ye} of Zr1(X)]-module generators for
K, (M) are related by a sequence of elementary operations

{z1,29,..., 21} — {x1,22,..., 28,0} — {21,29,..., 2%, Y1}
— {1, 22,..., Tk, 41,0} = {x1,22, ..., Tk, Y1, Y2 }
— oo {r, 20, TE Y1, Y2y - -5 Y}
—{Y1,Y2, Yo, T1, T2, .., Tk }

_)"'_){yhy%"'vyf}

with y; = " a;;z, for some a;; € Z[m(X)]. Each of these operations has one of

J
the following types:
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(1) adjoin (or delete) a zero,
(2) permute the elements,
(3) add to the last element a Z[mr;(X)]-linear combination of the others.

The effect of (1) on the kernel formation of (f,b) is to add (or delete) a trivial
formation

(H(—1y (Z[m1 (X)]); Z[mo (X)), Z[m (X))

while (2) and (3) do not change it.

(ii) For n > 2 it is possible to realize every elementary operation geometrically.
iii) A kernel formation for (f,b) is trivial if and only if K,(M) = 0. Now
K.(M)=0if (and for n > 2 only if) (f,b) is a homotopy equivalence. O

The kernel formations of (f,b) : M?"*! — X were obtained in 12.7 by
working inside M, using Heegaard splittings. However, as described in Example
6.3 of Ranicki [75] (and pp. 71-72 of the second edition of Wall [92]) there is an
alternative construction, working outside of M as follows.

Definition 12.11 A presentation of an n-connected (2n + 1)-dimensional de-
gree 1 normal map (f,b) : M?"+! — X is a degree 1 normal bordism

(e, a); (£,0), (f1,0)) = (WF2 ML ML) — X x (1;{0, {1})

such that f/ : M’ — X’ = X x {1} is n-connected and e : W — X x [ is
(n + 1)-connected.
0O

The (2n + 2)-dimensional manifold with boundary W in a presentation has
a handle decomposition on M of the type

W = MxIU U(n + 1)-handles D+l pntl |
k

The kernels K, 11 (W), K1 (W, M), K, 11(W, M’) are f.g. free Z[m; (X )]-modules
of rank k. The cobordism (W; M, M') is the trace of n-surgeries

gi : S"x D"t e M (1<i<k)

with null-homotopies in X representing a set {z1, xa, ..., 2%} of Z[mr; (X)]-module
generators of K,,(M). The kernel modules K,(M), K.(M’) fit into exact se-
quences

O—>[(n-‘,—1(]\4)_> n+1(W)_) n+1(VV7M)_)Kn(M)—>O7

0— Knp1(M') = Kp1 (W) = Kppan (W, M') — K, (M') =0,
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Proposition 12.12 Let (f,b) : M?"T! — X be an n-connected (2n+1)-dimensional
normal map.

(i) There exist presentations (e,a) : (W; M, M') — X x (I;{0},{1}).

(ii) A presentation (e, a) determines a kernel (—1)™-quadratic formation for (f,b)

(H—1yn(F); F,G) = (H1yn (Kng1 (W, M")); Kyt (W, M), Ky (W)

The inclusion of the lagrangian

<Z> LG o= Kpn(W) = FOF = Ky (W, M) @ Ky yr (W, M)

has components

inclusion,

v G = Kpi(W)

Kna(W,M') = F,

inclusion,

§: G = Ky (W) ———
Ko (W, M) = K" (W, M) = K, (W, M) = F*.

(iii) For n > 2 every formation in the stable isomorphism class is realized by a
presentation of (f,b).

Proof (i) A Heegaard splitting
(£:0) = (fo,bo) Ule,a) = MM = MyUU — X = XouU D™

determines k n-surgeries U = # S™ x D"t < M on (f,b).
k

M(] X {0} MO x I M(] X {].}

U=4#5" x prtl <> ) #an—H x Dntl ( <> U = #an+1 % §n

M2n+1 W2n+2 M/2n+1
The trace of the surgeries is a presentation
((e;a); (f,0), (f/,01)) = (W22 M2t MP20HY) — X (15{0}, {1}) -
The kernel formation of (f,b) given by 12.7 is
(H(fl)" (K7L+1(U, OU)), K7L+1 (U, 6U), Kn+1(M0, 8U)) = (H(,l)n (F), F, G) .

(ii) Any presentation arises from a Heegaard splitting as in (i).
(iii) Combine (i), (ii) and 12.10. a
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Note that turning a presentation of (f,b) around, and viewing it as a presen-
tation of (f’,0") gives the kernel formation (H(_yy» (F); F™*,G) for (f',b'), with

v = (=)t . GF = G- F = F*
 =7:G =G—->F*=F.

Proposition 12.13 A kernel (—1)"-quadratic formation of an n-connected (2n+
1)-dimensional degree 1 mnormal map (f,b) : M*"*! — X is stably isomorphic
to the boundary of a (—1)"*'-quadratic form if (and for n =2 only if ) (f,b) is
bordant to a homotopy equivalence.

Proof Given a normal bordism

((e,a); (f,0), (f/,0)) = (W22 M2t M2 — X s (1:{0}, {1})

with (f/,b') : M/ — X a homotopy equivalence make (e,a) (n + 1)-connected
by surgery below the middle dimension, with kernel (—1)"*!-quadratic form
(Knt1(W), Aw, pw ). This defines a presentation of (f,b) with

v ¢ Kp1(W) = Kyt (W, M)
an isomorphism which is used to identify
Kpp1(W) = Kpp1(W,M') = K" W, M) = Ko (W, M)*,

and
0 = dw : Kn+1(W)—> n+1(VVaM) = 7L+1(W)*7

so that the kernel formation of (f,b) is the boundary
(H(fl)" (F)7 Fa G) = 8(Kn+1<W)7 )\W7 /’LW) .

Conversely, suppose that n > 2 and that (f,b) : M?"*! — X has a kernel
formation which is stably isomorphic to the boundary of a (—1)"*!-quadratic
form. By 12.12 it is possible to realize this boundary by a presentation

((e;a); (f,0), (F,01)) + (W22 ML M) — X x (1;{0}, {1})

with (f/,b') : M’ — X a homotopy equivalence. ]

Example 12.14 An element
(dw,w) € Try1(SO,S0(n +1)) = m,12(BSO,BSO(n+1)) = Q1)+ (Z)

classifies an oriented (n + 1)-plane bundle w : S"*! — BSO(n + 1) with a stable
trivialisation dw : w ~ {*} : "1 — BSO. As in 5.68 use (éw,w) to define an
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n-surgery (gs.,9g.) on the identity degree 1 normal map 1 : §?n+l — g2n+l
with trace

((e,a); 1, (f£:0) = (W22 827%0 S(w)? ) — §2 0 x (I3 {0},{1}) -
The n-connected (2n + 1)-dimensional degree 1 normal map (f,b) : S(w) —
S27+1 has kernel (—1)"-quadratic formation over Z

(H(_l)n(Z);Z,im((X(lw)) LT = AT, (6ww))

with y(w) = (14 (=1)"")x(éw). ]

Proposition 12.15 Let

(e, a); (£,0), (f1,01)) = (W22 ML M2 — X (1;{0},{1})
be an (n+1)-connected (2n+2)-dimensional normal bordism between n-connected
(2n+1)-dimensional degree 1 normal maps (f,b), (f',0'). The kernel formations

(K, \ i F,G), (K", N, (/s F',G') of (f,b), (f',b') are related by a stable isomor-
phism

(K,A,/.I/;F, G) 2 (K/7 _)‘/7 _MI;FlaG/) - a(Kn-‘rl(W),AWaMW) .

Proof The disjoint union
(f,O)u(f,=b): MU-M - XU-X
is a degree 1 normal map, where — reverses orientations. The stable isomorphism
of formations is determined by the degree 1 normal map of pairs
((e;a), (f,b)U(f', =) « (WP T2 MU-M') — X x (I,{0,1}),

working as in the proof of 12.13. O

The kernel formation is also defined for an n-connected (2n + 1)-dimensional
degree 1 normal map

(f,b) : (M,0M) — (X,0X)

which is a homotopy equivalence on the boundary, realizing a set {z1,x2, ..., Ty}
of Z[m1(X)]-module generators of K,,(M) as in 12.6 by a decomposition

(f,b) = (fo,bo) U (e,a) :
(M,8M) = (My; M, dU) U (U,0U)
— (X,0X) = (Xo;0X,8%) U (D*+L §2n)
with
Ul = #5 | g,(S" x DY) € M\OM , My = cl.(M\U),
MoNU = 0U = #_,gi(S" x S") .

There is also a version for normal bordisms, as follows.
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Definition 12.16 Suppose given an n-connected (2n + 1)-dimensional degree 1
normal bordism

(f,0) = (M1 N,N') — N x (I;{0}, {1})

such that f| =1: N — N and f| : N’ — N is a homotopy equivalence. The
Umkehr maps in this case are just

f' = inclusion, : H,(N)— H,(M) ,
the kernel Z[m (IV)]-modules are such that
Ki(M) = Hy(M,N) = Ofori#n,n+1,

and the cobordism (M;N,N’) has an (n,n + 1)-index handle decomposition
(8.23)
M = NxI1ulJD"x D" ul D x D™ .
k k

(i) A Heegaard splitting for (f,b) is an expression as a union
(f,0) = (e;a) U (fo,bo) :
(M;N,N") = (U;N,0,U)U (My;0+U,N’)
— (N> [0,1/2];:{0}, {1/2}) U (N x [1/2,1];{1/2}, {1})

determined by a choice of handle decomposition as above, with

U+l = NxI1TulyD® x D+l |

MonNU = 04U :kN##(S” x S™)

My = 0+U x IULkJD"‘*‘lkx D™

The ith handle represents z; € K, (M) = H,(M,N), with {z1,zs,..., 24} C
K, (M) a set of Z[r1(N)]-module generators.

M
(ii) The kernel formation associated to a Heegaard splitting as in (i) is
(K7 A, w; F, G) = (Kn(aU)7 A, 3 K7L+1(U7 aU)a KTL+1(M07 aU))

with (K (0U), A, ) = H_1yn (Kp 41 (U, OU)).
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As in the closed case (12.6) every finite set of generators of K, (M) is re-
alized by a Heegaard splitting of (f,b), and so determines a kernel formation
(K, \ 1 F,G).

Proposition 12.17 (Realization of formations)

Let N2" be a 2n-dimensional manifold with fundamental group 7 (N) = 7, with
n = 2. Bvery (—1)"-quadratic formation (K, \, u; F, G) over Z|x] is realized as a
kernel formation (12.16) of an n-connected (2n+1)-dimensional degree 1 normal

bordism
(f.b) = (ML N2 N — N ox (1;{0}, {1})
with (f,b)]=1: N — N and (f,b)] : N' = N a homotopy equivalence.

Proof By 11.51 the form (K, A, i) is isomorphic to the hyperbolic form H(_yyn (F),
so there is no loss of generality in taking (K, A, u) = H_1)»(F). Let k& = 0 be
the rank of the f.g. free Z[r]-modules F', G, so that

F =G = 7[x*.

Let
(f,0) « (U™ N,0,U) — N x ([0,1/2]; {0}, {1/2})

be the (2n + 1)-dimensional normal bordism defined by the trace of k trivial
(n — 1)-surgeries on (f,b), with

U = N x IUJn-handles D™ x D"t |
k
(f,0)] = 1#std. : 0,U = N#H#S"xS" = N .
k

Realize the lagrangian of the kernel form
G C(Kn(0+U), A\ p) = H_1)n(F)
by a (2n 4 1)-dimensional normal bordism
(F07) + (ME50,0,N') — N x ([1/2,1); {1/2}, {1})
defined by the trace of k n-surgeries on (f’,4')|, with
My = 0,U x ITUJ(n + 1)-handles D" x D" |
G = im(KnH(MOIj&rU) — K, (04U)) C K,(04U) .
The effect is a homotopy equivalence (f’,b")| : N’ — N, since the kernel form is
(Ka(N) N i) = (GH/G ), Ju]) = 0.
The n-connected (2n + 1)-dimensional degree 1 normal map of pairs
(f;0) = (f0)U(f",0") -
(M?"+ 5N, N') = (U;N,0,:U) U (Mo;0:U, N') — N x (I;{0},{1})
realizes the formation (K, \, u; F, G). ]
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12.3 The odd-dimensional L-groups

The odd-dimensional surgery obstruction groups La.41(A) are now defined using
formations. The surgery obstruction of an odd-dimensional normal map will be
defined in Section 12.4 using the kernel formation of Section 12.2, and it will be
proved that for n > 2 an n-connected (2n + 1)-dimensional degree 1 normal map
(f,b) : M?*"*+1 — X is bordant to a homotopy equivalence if and only if the stable
isomorphism class of kernel (—1)"-quadratic formations contains the ‘boundary’
of a (—1)"*l-quadratic form (= the kernel form of the (2n+2)-dimensional trace),
in the following sense :

Definition 12.18 Let (K, A, i) be a (—€)-quadratic form.
(i) The graph lagrangian of (K, A, ) is the lagrangian

gy = {(@A2) EK@ K" |z e K}

in the hyperbolic e-quadratic form H,(K)
(ii) The boundary of (K, A, i) is the graph e-quadratic formation

6([(7)\,/;) = (HE(K)7K’F(K1)‘)) : =

The graph lagrangian I' g ) and formation 9(K, A, 1) depend only on the
even e-symmetric form (K, \), and not on the e-quadratic function u. Note that
the form (K, A, 1) may be singular, that is the A-module morphism \ : K — K*
need not be an isomorphism.

Proposition 12.19 (i) The graphs Ik ) of (—€)-quadratic forms (K, \, u) are
precisely the lagrangians of H.(K) which are the direct complements of K*.

(ii) An e-quadratic formation (K, \, p; F,G) is isomorphic to a boundary if and
only if (K, )\, p) has a lagrangian H which is a direct complement of both the
lagrangians F, G.

Proof (i) The direct complements of K* in K @& K* are the graphs
L = {(z,\(z)) e K& K" |z € K}
of A-module morphisms A : K — K*, with
LY = {(y,—eX'(y) e K& K|y K} .

Thus L = L+ if and only if A = —e)\*, with pr (k)(L) = 0if and only if A admits
a (—e¢)-quadratic refinement pu.

(ii) For the boundary J(F, ¢, 0) of a (—e)-quadratic form (F, ¢, ) the lagrangian
F* of Hc(F) is a direct complement of both the lagrangians F', I' ). Conversely,
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suppose that (K, A\, u; F, G) is such that there exists a lagrangian H in (K, \, u)
which is a direct complement to both F' and G. By the proof of Proposition 12.5
(1) there exists an isomorphism of formations

[ (H(F); F FY) — (KA s F H)

which is the identity on F. Now f~1(G) is a lagrangian of H.(F) which is a
direct complement of F*, so that it is the graph I'(g,4) of a (—¢)-quadratic form
(F,¢,0), and f defines an isomorphism of e-quadratic formations

f : 8(F7¢76) = (He(F);F7F(F,¢))H(K7)‘7/1*;F7G) .

Definition 12.20 The e-quadratic formations (K, \, u; F, G), (K, X', u/; F', G")
over A are cobordant
(K A\ F,G) ~ (K, N, s F'. )
if there exists a stable isomorphism
1 (KA F.G)@ B — (K N Wi FL.G') & B
1

with B, B’ boundaries. m]

Proposition 12.21 (i) Cobordism is an equivalence relation on e-quadratic for-
mations over A.
(ii) For any lagrangians F,G, H in a nonsingular e-quadratic form (K, \, p)

(K, F,G)Y e (K, \ u; G H) ~ (K M\ ; FoH) .
(iii) For any e-quadratic formation (K, \, u; F, G)
(K, F,G)e (K, \ ;G F) ~ 0,
(K, M\ uw; F,G) @ (K, =\, —u; F,G) ~ 0.

Proof (i) Clear.
(ii) (Taken from Proposition 9.14 of [69]). Choose lagrangians F*, G*, H* in
(K, A\, u) complementary to F,G, H respectively. The e-quadratic formations
(K, Miy s Fiy Gi) (1 < i < 4) defined by

(Kla /\17M1; Fla Gl) = (Ka _>\a —Hs3 G*a G*) ’

(Ko, A2, pi2; F5,Ga) = (K@K N® -\ pu® —p; F& F* HeG")

(K3, A3, u3; F5,G3) = (K@K ND-\ud—u;Fo F*,GdG*),

(Kgy, M, 143 Fi, Gy) = (K@K XS -\ pud® —p;G® G, HSG*)

PEDK, - &\, —pudu;Ax, H & G)
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are such that

(K7)‘7/~}';Fa G) @(K7)‘7M7G7H) 2] (K17)\17M1;F17G1) 2] (K25A27M2;F27G2)
= (K7>\,,LL,F, H) D (K3a)\37/1'3;F37G3) 2] (K47A4JILL4;F47G4) .
Each of (Kj;, A, pi; Fy, Gi) (1 < i < 4) is isomorphic to a boundary, since there

exists a lagrangian H; in (K, A;, ;) complementary to both F; and G, so that
12.19 (ii) applies and (K, A\, ui; Fi, G;) ~ 0. Explicitly, take

leGCK1:K7
Hy = Aggx CKy = (Ko K)® (K8 K),
HgZAKCngK@K,

Hy = Akex CKy = (KOK)® (KOK) .
(iii) By (ii)
(K, M\ F,G)® (K, )\ ;G F) ~ (K, \w; F,F) = 0(F,0,0) ~ 0,
and by Proposition 12.5 (iii)

(KA G ) ~ (K =X\ =i FLG)

Remark 12.22 The identity of 12.21 (ii)
(KA s F.G) @ (KA 3G H) ~ (KA 3 F H)

is the L-theoretic analogue of the Whitehead Lemma 8.2. See Lemma 6.2 of Wall
[92] and the commentary on pp. 72-73 of [92] for the geometric motivation. O

Definition 12.23 The (2n+1)-dimensional L-group Lo, 1(A) of a ring with
involution A is the group of cobordism classes of (—1)"-quadratic formations
(K, A\, u; F,G) over A, with addition and inverses given by

(K1, Aty pas B, Gr) + (Ko, Ag, pos Fa, Ga)
= (K1 ® Ko, M @ Ao, i1 @ pos F1 © Fp, G @ Ga)
_(Ka)‘>M7FaG) = (K7_)‘> _M7F7G) € L2n+1(A) .

Since La,+1(A) depends on the residue n(mod2), only two L-groups have
actually been defined, L;(A) and L3(A).
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Example 12.24 Kervaire and Milnor [38] proved that the odd-dimensional L-
groups of Z are trivial
Loni1(Z) = 0.

See Example 12.44 below for an outline of the computation. o

Remark 12.25 Chapter 22 of Ranicki [71] is an introduction to the computa-
tion of the odd-dimensional surgery obstruction groups of finite groups m, with

Lopt1(Zlr]) = (2-primary torsion) .

See Hambleton and Taylor [30] for a considerably more complete account. O

Example 12.26 The odd-dimensional L-groups of Z[Zs] with the oriented in-
volution T = T are given by

0 if n =0(mod 2)

Lont1(Z[Z2]) = {Zg if n=1(mod 2) .

12.4 The odd-dimensional surgery obstruction

It was shown in Section 10.4 that every (2n+1)-dimensional degree 1 normal map
is bordant to an n-connected degree 1 normal map. As in the even-dimensional
case considered in Section 11.5 there is an obstruction to the existence of a
further bordism to an (n + 1)-connected degree 1 normal map (= homotopy
equivalence), which is defined as follows.

Definition 12.27 The surgery obstruction of an n-connected (2n+1)-dimen-
sional degree 1 normal map (f,b) : M?"*1 — X is the cobordism class of a kernel
(—1)"-quadratic formation over Z[m (X)]

U*(fu b) = (K7)\,M;F, G) € L2n+1(Z[7r1(X)]) : o

The main result of this section is that o, (f,b) = 0 if (and for n > 2 only if)
(f,b) is bordant to a homotopy equivalence. It is clear that if (f, b) is a homotopy
equivalence then o, (f,b) = 0, for then (K, A\, u; F, G) is a trivial formation.

Proposition 12.28 The surgery obstructions of bordant n-connected (2n + 1)-
dimensional degree 1 normal maps (f,b) : M*"L — X (f,0): M+ — X
are the same

o.(f,0) = ou(f',V) € Lons1(Z[m (X)) -
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Proof By 12.15 the kernel formations (K, X, u; F, G), (K', N, /s F',G") of (£,b),
(f',b") are related by a stable isomorphism

(K7 )\a M3 F7 G) ) (K/7 _)‘/7 _M/7 F/7 G/) - 8(Kn+1(W>7 )\W7MW)

with (Kp41(W), Aw, pw) the kernel (—1)"*l-quadratic form of an (n + 1)-
connected normal bordism

((e,a); (f.0), (f/,01)) = (W22, ML M2t — X x (1;{0},{1}) -
By Proposition 12.21 (iii)
(Ka)‘vu;F7 G) D (K7 _>\a —H3 F, G) =0¢ L2n+1(Z[7T1(X)D .

(This can also be proved geometrically, by considering the (n + 1)-connected
normal bordism (e, a) obtained from

(f;0) x 1+ M x (I;{0}, {1}) — X x (1;{0}, {1})

by n-surgeries on the interior killing K, (M x I) = K,(M), with a stable iso-
morphism

(KA 1 F,G) & (K, =\, = F, G) — O(Kpp1 (W), Aw, bw)
as above). The surgery obstructions are such that

O-*(fab) = (K,A,M,F,G) = —(K,—A,—M;F,G)
= (Kla/\lvul;F/7G/) = U*(flvbl) €L2n+1(Z[7T1(X)]) :

Theorem 12.29 A (2n + 1)-dimensional degree 1 normal map of pairs
(f,0) = (M*"F,0M) — (X,0X)
with Of : OM — 0X a homotopy equivalence has a rel O surgery obstruction
0.(f:b) € Lon1(Z[m (X))
such that o.(f,b) = 0 if (and for n = 2 only if) (f,b) is bordant rel J to a
homotopy equivalence of pairs.
Proof The surgery obstruction of (f,b) is defined by
o.(f,b) = (K" N, p's F',G") € Lap1(Z[m (X))

with (K, N, 1/; F',G") a kernel (—1)™-quadratic formation for any n-connected
degree 1 normal map (f/,b') : (M',0M) — (X,0X) bordant to (f,b) relative to
the boundary, with df' = 0f, exactly as in the closed case OM = 0X = () in
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12.27. The rel 9 version of 12.28 shows that the surgery obstruction is a normal
bordism invariant, which is 0 for a homotopy equivalence. Conversely, assume
that n > 2 and 0.(f,b) = 0 € Lap+1(Z[m1(X)]), so that (f,b) has a kernel
(—1)"-quadratic formation (K, A, u; F, G) with a stable isomorphism

(K,\,;; F,G)® B— B’

for some boundary formations B = 9(H, ¢,0), B’ = 90(H',¢',0'), with H, H' {.g.
free Z[m1(X)]-modules of ranks k, k" (say). As in the proof of Proposition 11.42
use the (—1)"*Tl-quadratic form (H,®,0) to perform k n-surgeries on (f,b) :
M — X killing 0 € K,,(M), such that the trace

(e, a); (£,0), (f1,01)) = (W2F2 M0 H0 MP20HY) — X x (1;{03, {1})
is (n + 1)-connected with kernel (—1)"*!-quadratic form
(Kn+1(W)a Aw, ,LLW) - (H7 b, 0) :

The effect is an n-connected degree 1 normal map (f’,b') : M/ — X with kernel
formation (K, A, u; F,G) & B stably isomorphic to the boundary B’. By Propo-
sition 12.13 K,,(M’) can be killed by k' n-surgeries on (f’,V’), so that (f,b) is
bordant to a homotopy equivalence. O

Corollary 12.30 Let w be a finitely presented group with an orientation char-
acter w : m — Zg, and let n > 2. Every element x € Loy, 1(Z[n]) is the rel O
surgery obstruction x = o.(f,b) of an n-connected (2n + 1)-dimensional degree
1 normal bordism (f,b) : M*" 1 — X with (71 (X),w(X)) = (7, w).

Proof By Proposition 11.75 there exists a closed 2n-dimensional manifold N
with (71 (N),w(N)) = (m,w). By Proposition 12.17 every (—1)"-quadratic for-
mation (K, A, u; F,G) representing x is realized as the kernel formation of an
n-connected (2n + 1)-dimensional degree 1 normal bordism

(f,0) © (MP"FHN?" N™") — N x (I;{0}, {1})

with (f,0)]=1: N — N and (f,b)| : N/ — N a homotopy equivalence. The rel
0 surgery obstruction is

0*(f,b) - (K7A>M5F7G) - I€L271+1(Z[’/TD.

Remark 12.31 An e-quadratic formation over a ring with involution A is null-
cobordant if and only if it is stably isomorphic to the boundary of a (—e¢)-
quadratic form (Corollary 9.12 of Ranicki [75]). A (—1)"-quadratic formation
(K, A\, u; F, G) is thus such that
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(Ka)‘vﬂ;Fv G) =0¢€ L2n+1(A)

if and only if (K, \, u; F, G) is stably isomorphic to the boundary 0(H, ¢,0) of a
(—1)"*_quadratic form (H, ¢, 0). For a group ring A = Z[r] this can be proved
geometrically, using Theorem 12.29 and Corollary 12.30. O

12.5 Surgery on formations

The odd-dimensional surgery obstruction theory developed in Section 12.4 is
somewhat indirect — it is hard to follow through the algebraic effect of geometric
surgeries. This will now be made easier, using algebraic surgery on formations.

If(f,b) : M — X, (f',v') : M' — X are n-connected (2n+1)-dimensional de-
gree 1 normal maps such that (f’, ') is obtained from (f,b) by an n-surgery then
a kernel (—1)™-quadratic formation for (f’,b’) can be obtained by an algebraic
surgery on a kernel (—1)"-quadratic formation for (f, ). The geometric surgeries
on (f,b) correspond to algebraic surgeries on a kernel formation, as in the even-
dimensional case considered in Section 11.3. However, odd-dimensional surgery
behaves somewhat differently from even-dimensional surgery. In both cases, the
aim of performing surgery is to make the kernel modules as small as possible.
Given an e-quadratic form (K, A\, u) over A it is possible to kill an element x € K
if and only if p(z) = 0, with unique effect : if 2 # 0 generates a direct summand
(x) C K the effect of the surgery is a cobordant form (K’, ', ') with

(K" N 1) = ((@) /e, (A [u))
(KA p) = (KX 1) @ He(A)
rank4 (K') = ranks(K) — 2 < rank4(K) .

Given an e-quadratic formation (K, A, u; F, G) it is possible to kill every element
in the kernel module z € K/(F + G) by algebraic surgery, but there are many
choices in carrying out such a surgery, and the effect of any such surgery may
result in a formation (K', N, y'; F', G') with kernel module K'/(F’' + G’) bigger
than K/(F + G). In the context of geometric surgery consider the trace of k
n-surgeries on an n-connected (2n + 1)-dimensional normal map (f,b) : M — X
killing 21, za,...,2 € K,(M)

((F,B); (£,0), (f1,0) = (W2 020t M2y — X x ({0}, {1})
and let (K, \, ;3 F,GQ), (K', XN, u'; F',G") be kernel (—1)"-quadratic formations

for (f,b), (f',V). Proposition 10.25 (iii) gives a commutative braid of exact
sequences
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ST TN TN TN
0 K1 (M) Z[m (X)) Ky (M) 0
NSNS SN S
K™(W) K1 (W) K (W) K (W)
SN SN N SN
0 Kon(D)  ZmXF Ky (M) 0
and a set of Z[m (X)]-module generators {z},z5,...,z}.} C ker(K,(M') —

Ko (W)) with
Koi1(M) = FNG , K,(M) = K/(F+G),
Kop1(M') = F'ING', Ko(M') = K'/(F' +G"),
Ko(W) = Kn(M)/(21,9,...,0) = Kn(M')/(2},2}, ... 2}) |

The different effects of killing x1,xs, ...,z correspond to the different ways
of framing n-embeddings g; : S™ — M?"*! representing x;, or equivalently to
the different extensions of g; to framed n-embeddings g, : S™ x D"l — M7+l
Every set of Z[m (X )]-module generators {1, 22, ..., 2zt } C K, (M) can be killed
by n-surgeries with (n + 1)-connected trace (i.e. K, (W) = 0) but in general the
effect (f',0') : M’ — X will not be a homotopy equivalence, with K, (M’) # 0.

In order to keep track of algebraic surgeries on formations it is convenient to
work with the following refinement of the notion of a formation.

Definition 12.32 (i) A split e-quadratic formation over A

.0 = (#.((}).06)

is given by f.g. free A-modules F,G, morphisms v: G — F, § : G — F* and a
(—¢)-quadratic form (G, 6) such that

(a) Y0 =60 —eb*: G — G*,
(b) the sequence

is exact.



324 THE ODD-DIMENSIONAL SURGERY OBSTRUCTION

Equivalently,
(3)-0: Go—mir)

is a morphism of split e-quadratic forms which is the inclusion of a lagrangian.
(ii) An isomorphism of split e-quadratic formations over A

(o, 8,x) + (F,G) = (F,G)

is given by isomorphisms a : F — F', f: G — G’ and a (—¢)-quadratic form
(F*, x) such that the diagram

Rl

G/
,yl
(5)
F@F*ﬁF/@F/*

commutes. Thus

r= (5 A7) s e — e

is an isomorphism of hyperbolic e-quadratic forms with f(F) = F’, f(G) = G'.
(iii) A split e-quadratic formation (F, @) is trivial if it is isomorphic to

(F,F*) — (F,(<(1)) 0)F*) .

(iv) A stable isomorphism of split e-quadratic formations over A
[, B.x] = (F.G) — (F',G)
is an isomorphism of the type
(. 8,x) : (F,G)® (H,H") — (F',G") & (H',H™)

with (H, H*), (H', H'*) trivial split formations.
(v) The boundary of a split (—e)-quadratic form (K, ) is the graph split
e-quadratic formation

o) = (w.(, " ) 0.

(vi) Split e-quadratic formations (F,G), (F',G’) are cobordant if there exists
a stable isomorphism

[, 3,x] + (F.G)®0(K,¥) — (F',G") & O(K",¢)

for some split (—e)-quadratic forms (K, ), (K',¢'). O
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Proposition 12.33 (i) A split e-quadratic formation (F,G) is isomorphic to a
boundary if and only if there exists a split (—e¢)-quadratic form (F*,x) such that
v+ (x —ex*)0 : G — F is an isomorphism.

(ii) A split formation (F,G) is stably isomorphic to 0 if and only if 6 : G — F*
is an isomorphism.

(iii) Cobordism is an equivalence relation on split e-quadratic formations over A.
(iv) The cobordism group of split (—1)™-quadratic formations over A is isomor-
phic to Lop+1(A).

(v) For any split (—1)"™-quadratic formation (F,G) = (F, ((g) ,OG) over A

~#.6) = ()06
.o =

Proof (i) If (o, 8,x): (F,G) — O(K, 1) is an isomorphism of split formations
then

a8 = y+(x—ex*)s : G F
is an A-module isomorphism.

For the converse, consider first the special case when ~ is an isomorphism.
There is defined an isomorphism of split formations

(v,1,x) : 9(G,0) — (F,Q) .

More generally, if v/ = v+ (x —ex*)d : G — F is an isomorphism there is defined
an isomorphism of split formations

/

(L1030 (G = (7,6) = () ) 640006

and (F’,G’) is isomorphic to a boundary by the special case.
(ii) If (e, B, x) : (F,G) — (K, K*) is an isomorphism of split formations then

0 = a8 : G—F*

is an A-module isomorphism.
Conversely, if § is an isomorphism there is defined an isomorphism of split
formations

(1363 7(6*)716571) : (F7 G) - (F7 F*) .
(iii) Clear.

(iv) A split e-quadratic formation (F,G) determines an e-quadratic formation

(P Fin((}) G Fo ).
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and an isomorphism of split formations determines an isomorphism of formations.
Every e-quadratic formation (K, A, u; F, G) is isomorphic to one of this type, by
12.3, and a (stable) isomorphism of formations

[ (KN F,G) — (KN, ps F,G)
lifts to a (stable) isomorphism of split formations
(a,8,7) : (F,G) — (F',G") .

So the only essential difference between a formation and a split formation is the
choice of ‘Hessian’ form 6. Suppose given split e-quadratic formations

o = r((}) 00, ¥ = w(]) .06
with different 6, 6’ such that
Y6 =0—e0" =0 -0 : G—G*.
Let

> = (F*,(( %),é)a*)

—€

be the split e-quadratic formation given by an extension (provided by 11.51) of
the inclusion of the lagrangian

vy ) B « (0 1
(7)o @o-nw = rar(y o)
to an isomorphism of hyperbolic split e-quadratic forms
(7 (L )
5 7)7\6% 6 '
Q) = @Goc, (Y YY) mE) = Fer (L)
‘ N "\0 0 ¢ N "\O0 0)7°

The split e-quadratic formation

G 3)
ded = (FaF*( <60 g~> ,(g %))G@G*)
0 —eb

is isomorphic to a boundary by (i), since

v 0 0 —e 6 0 5 5§ . .
~ ~ | = ~ : FaeF
(20 %) -G 35) eoemre
is an isomorphism. Similarly for the split formation ®' @ ®. The split formation
® PP @ P is cobordant to both ® and ®’, which are thus cobordant to each
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other.
(v) These identities follow from 12.21 (ii)+(iii).
(Alternatively, note that there exist stable isomorphisms

w(3) 000w () ) 00 —~ocar (] )

w.(3) 0600 (g, ) 06— 0(6.0).

The construction of such stable isomorphisms are exercises for the reader.) a

Definition 12.34 The data (H,x, j) for an algebraic surgery on a split e
quadratic formation (F,G) is a split (—e¢)-quadratic form (H, x) together with a
morphism j : F' — H*. The effect of the algebraic surgery is the split e-quadratic
formation (F’,G") with

7’2(3?):G’:G@HHF’:F®H7

"= (Jév X_G‘ZXJ G = GeH-F" = FToH,

0 = (ﬁy 2) G =GoH-G* = GroH".
Oa

Proposition 12.35 (i) If (F1,G1),(Fs, Ga), (F5,G3) are split e-quadratic for-
mations such that (Fi11,Giy1) is stably isomorphic to the effect of an algebraic
surgery on (Fy,G;) (i = 1,2) then (F5,Gs) is stably isomorphic to the effect of
an algebraic surgery on (Fy,Gy).
(ii) Split e-quadratic formations (F,G), (F',G') are cobordant if and only if
(F',G") is stably isomorphic to the effect of an algebraic surgery on (F,G).
(iii) A split (—1)"-quadratic formation (F,G) is such that (F,G) = 0 € Lap41(A)
if and only if there exist algebraic surgery data (H,x,j) such that
) —1 n+1 %
§ = (jv xJ(r(—)l)”ilx*) : G = GeH—-F* = F*oH"

is an isomorphism, in which case (F,G) is stably isomorphic to the boundary

ma@m(e 0).

X

Proof (i) Exercise for the reader!
(ii) Suppose first that (F,G), (F’,G’) are cobordant, so that there exists stable
isomorphism

(F,G)®0(H,x) — (F',G"Y® d(H', x")
for some (—e)-quadratic forms (H, x), (H',x’). Now (F,G)®0(H, x) is the effect
of the algebraic surgery on (F,G) with data (H,x,0), and (F',G’) is stably
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isomorphic to the effect of the algebraic surgery on (F',G’) @ 0(H',x’) with
data (H',x',j’=(01): F'® H* — H™). It now follows from (i) that (F’,G")
is stably isomorphic to the effect of an algebraic surgery on (F,G).

Conversely, suppose that (F’, G’) is the effect of an algebraic surgery on (F, G)
with data (H,x,j). By 12.33 (v) (F’,G’) is cobordant to the split formation

(F*,@) = (F", ((_;) 0G) .

Now (F"*,G'") is isomorphic to (F*,G) & (H*,H), and (F*,G) is cobordant to
(F, Q) (by 12.33 (v)), so that (F’,G’) is cobordant to (F,G).

(iii) By (ii) a split (—1)™-quadratic formation (F, G) is null-cobordant if and only
if there exists data (H, x,j) such that the effect of the algebraic surgery (F’, G")
is trivial. a

All this can now be applied to surgery on highly-connected odd-dimensional
normal maps.

Proposition 12.36 Let (f,b) : M?"*! — X be an n-connected (2n + 1)-dimen-
stonal degree 1 normal map.
(i) A presentation (12.11) of (f,b)

((e:a): (£0).(F.B)) = (W2 AL A2 — X (I {0}, {1))
determines a kernel split (—1)"-quadratic formation over Z[m (X)]
F(3)06) = (KuesW 0. Ko (W)
with
v = inclusion, : G = Kpp (W) = F = Kn“(VVJ\//f),

0 = inclusion, : G = K, (W) — F* = K, 1(W, M),
0 = Hw G = Kn+1(W)*>G* = n+1(W,8W),
Y6 = 0+ (—=1)"M0 = Ay G = Koy (W) =G = Ku 1 (W,0W) ,

and exact sequences

0 —> Knpi(M) ¢ L F Ko(M) — 0,

0 —> K1 (M) ¢ O pr Ko(M) —> 0.

(ii) The surgery obstruction of (f,b) is the cobordism class
o.(f,b) = (F,G) € Lany1(Z[m(X)])

of the kernel split formation (F,G) constructed in (i) from any presentation of

(f,0).
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(iii) The effect of ¢ simultaneous geometric n-surgeries on (f,b) killing x1,x2,...,2¢ €
K, (M) is an n-connected (2n + 1)-dimensional normal map (f',b') : M’ — X
with kernel split formation (F',G') obtained by algebraic surgery on (F,G) with
data (H,x,j: F — H*) such that

[1*] = (z1 29 ... x¢) : H = Z[m(X)]* = K,(M) = coker(d: G — F*) .

(iv) For n > 2 algebraic surgeries on (F,G) are realized by geometric surgeries

on (f,b).
(v) Let x1,2,...,x0 € Kp(M) be as in (iii) (or (iv)). If there exist y1, ya, ..., Ye €
K,+1(M) such that

/\(J?i,yi) = 1€Z[7T1(X)] (1<’L<£)

with A : Kp(M) X Kpi1(M) — Z[m(X)] the homology intersection pairing
(10.22) then
K,(M") = K,(M)/{x1,22,...,2¢) .

Proof (i) The split formation (F, Q) is just the split version of the kernel for-
mation 12.12 (ii).

(ii) Immediate from (i) and 12.29.

(iii) Let (f',0') : M1 — X be the effect of ¢ n-surgeries on (f,b) killing
X1,T2,...,20 € Kp(M). The trace degree 1 normal bordism

((g,0); (f,0), (f1,0)) = (N*"*2, M, M) — X x (I;{0},{1})
is n-connected, and such that

(£,0)] = (f,0)] : My = e (M\[JS" x D"!) = Xo, X = XouD>H.
4

Given a presentation (e,a) of (f,b) as in (i) define a presentation of (f’,b’)

(e;a')y = —(g,¢)U(e,a) :
(W' M', M) = (=N;M', M) U (W; M, M) — X x (I, {0}, {1}) .

M’ N M w M

W/

The corresponding kernel split (—1)™-quadratic formation (F’,G’) for (f’,b') is
the effect of an algebraic surgery on the kernel (F,G) in (i) with data (H,x,J :
F — H*) such that



330 THE ODD-DIMENSIONAL SURGERY OBSTRUCTION

H = Kn+1(N,M) = Z[Wl(X)V’

j*(H) = <l‘1,$2,...,$e>gCOker(6:G—>F*) = KTL(M)7
Hwr = . : Kn+1(W) :G@HHKTH_l(W) =G @H
J7 X
with exact sequences of Z[m; (X )]-modules

0 — K, 1(N) — K, (W) = GoH (6 (=1)mF15%)

Knii(W',N) = K1 (W,M) = F* —> K,(N) —= 0

)

( 5 (—1)nt1= )

Jv x+ (=)t

0 —= Knpp1(M') — Kpp(W') = G H

Knii(W' M') = F*® H* —> K,(M') —= 0,

Knt (W, M) = F*& H* —> K,(My) —> 0

0 —= Kpy1(Mo) —= Kpi(W) = G

and a commutative braid of exact sequences

1(N, M) K (M) 0

Kn+
\ e W e e \ /
Kn-',-l(MO) Kn+1(N) Kn(MO) Kn(N)
/ \

N N 7N

0 Kn+1(M) Kn+1(Na M/) Kn(MI) 0

N N N S

The normal map (e,a) : N — X x I is (n + 1)-connected if and only if the
Z[m (X)]-module morphism

(6 (=1)"**) . G H— F*

is onto, in which case K, +1(NV) is a stably f.g. free Z[m1(X)]-module and the
kernel (—1)"*!-quadratic form is given by

9 0
= (jv x)‘ '
Kusi(N) = ker((3 (~1)"15%) : G @ H — F*) = Kpaa(N)*

(iv) Suppose given a presentation (e,a) of (f,b) as in (i) and data (H, X, j)
for algebraic surgery on the kernel split (—1)"-quadratic formation (F,G) with
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H = Z[r(X)]* and effect (F',G"). Let 21,22, ...,7s € K,(M) be the images of
the basis elements (0,...,0,1,0,...,0) € H under the composite

*

Lo = Koo, M) 2 K, (M) .

Use the b-framing section s}" : I, 1(f) — Iflil(f) (10.14) to identify each

v € Ko(M) = s} (Ina(f)) C I, (f)

with a regular homotopy class of framed n-immersions in (f,b). As in the proof
of Proposition 10.25 z; contains framed n-embeddings. For n > 2 the framed
n-embeddings can be varied within the regular homotopy class by arbitrary ele-
ments of Q(_q1yn+1(Z[r1(X)]), as in the proof of Proposition 11.42. It is therefore
possible to kill 1,22, ...,z; € K, (M) by n-surgeries on (f,b) such that (F’,G’)
is the kernel split (—1)"-quadratic formation for (f’,d") obtained as in (iii).

(v) The Z[m (X)]-module morphism

Ko (M) = Ko (N, M) = H* = Z[m(X)]

y = (Mx1,9), Mx2,9), .., M, )

is onto, so that the braid in (iii) identifies K, (M’) with the cokernel of the
Z|71(X)]-module morphism

Koi(NM) = H = Zim (X)) — Ko(M) = K (M) ;

)

(al,ag,...,ag)»—>a1x1+a2x2+...+aﬂg .

Remark 12.37 For any normal bordism between n-connected (2n + 1)-dimen-
sional normal maps (f,b), (f',0")

((9:€); (£,0), (f',0)) = (NP2 0200 M2 — X (1:{0}, {1})

it is possible to kill the kernel Z[m; (X)]-modules K;(N) (i < n) by surgery below
the middle dimension. Thus (g,¢) : N — X X I can be made (n + 1)-connected,
with K, 11 (N, M) af.g. free Z[m1(X)]-module of rank ¢ > 0 (say). The cobordism
(N; M, M') is the trace of £ n-surgeries on (f,b) with geometric effect (f/,d),
and with algebraic effect given by 12.36. |

Algebraic surgery on formations can also be used for purely algebraic com-
putations:

Proposition 12.38 Let A be a principal ideal domain with involution, with quo-
tient field K.

(i) Every split e-quadratic formation (F,G) over A is cobordant to a formation
(F',G") with ' : G' — F"™ injective.

(ii) Lop+1(K) = 0.
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Proof (i) The A-module coker(d : G — F™*) is finitely generated, so that it
can be expressed as a direct sum of a f.g. free A-module S and a f.g. torsion
A-module T'

coker(d) = SaT .

(Here, torsion means that aT = 0 for some a # 0 € A.) The sesquilinear pairing
A : coker(d) x ker(§) — A ; (x,y) — z(v(y))

is such that for any = € S there exists y € ker(d) such that A(z,y) = 1 € A.
The abstract version of 12.36 (iv) shows that for any algebraic surgery on (F, G)
with data (H, x,Jj) such that

¥ H = A' - coker(9) ; (ai,ag,...,ap) — a1x1 + asxa + ... + apxy
the effect of the algebraic surgery (F’,G’) has §' : G’ — F'* injective with
coker(§') = T .

(ii) Take A = K, ¢ = (—1)" in (i). The only torsion A-module is 0, so ¢’ is an
isomorphism, and (F’,G’) is a trivial split (—1)™-quadratic formation. |

12.6 Linking forms

Odd-dimensional surgery obstructions were originally formulated by Kervaire
and Milnor [38] and Wall [90] in terms of linking forms, but the method only
applies to finite fundamental groups m. However, linking forms remain useful
tools in surgery theory. This section is a brief introduction to linking forms and
their use in the computation La.11(Z) = 0. See Chapter 3 of Ranicki [70] for a
considerably more complete account.

Let A be a ring with involution, and let S C A be a subset such that
(i) each s € S is a central non-zero divisor, with 5 € S,
(ii) if s, € S then st € S,
(iii) 1€ 5.
Definition 12.39 (i) The localization of A is the ring of fractions

S™'A = AxS/{(a,s) ~ (b,t)|at =bs € A}

a
with elements denoted —. The natural map
S

A— S7A; an—>%
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is an injective morphism of rings with involution.
(ii) An (A, S)-module T is a f.g. A-module such that sT" = 0 for some s € S,
and which admits a f.g. free A-module resolution of the type

0 n -9 g T 0.

The dual of T = coker(d) is the (A, S)-module

T = Homu(T,S 'A/A) = coker(d* : (Fp)* — (F1)*) .

(iii) A nonsingular e-symmetric linking form (T, \) over (A4, 5) is an (4, 5)-
module T together with a sesquilinear pairing

A: TxT—S1A/A

such that for all z,y,z € T, a,b e A

(a) Mz,y+2) = Az,y) + Mz, 2) € STLA/A,
(b) Aaz,by) = bA(z,y)a € STLA/A,

(c) My, z) = e\(z,y) € STLA/A,

(d) the adjoint A-module morphism

AT —T; z0 (y— Az,y))

is an A-module isomorphism.

(iv) A nonsingular split e-quadratic linking form (7, \,v) over (A, S) is an
e-quadratic linking form (7, \) together with a function

v i T— QS AJA) = (S"'AJA)/{b—eb|be ST A/A}

such that

(a) v(az) = av(z)a € Q. (S71A/A) (x € T,a € A),
(b) v(z+y) —v(z) —v(y) = Mx,y) € Qc(S™LA/A) (z,y e T),

(¢) Mz,z) =v(z)+e ( )ESTIA/A (z €T).

Example 12.40 Let A be an integral domain, and let S = A\{0} C A.

(i) The localization S~*A = K is the quotient field of A.

(ii) If A is a principal ideal domain an (A, S)-module T is a f.g. A-module such
that sT = 0 for some s € S. For any f.g. A-module H the torsion submodule
TH C H is an (A, S)-module, and H/TH is a f.g. free A-module. |

There is a close connection between formations and linking forms:
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Proposition 12.41 The isomorphism classes of nonsingular split e-quadratic
linking forms (T, \,v) over (A, S) are in one-one correspondence with the stable

g) ,0)G) over A

such that § : S7'G — ST1F* is an St A-module isomorphism.

isomorphism classes of split (—e¢)-quadratic formations (F, ((

Proof Given such a split formation (F,G) define a linking form (T, A, v) by
T = coker(d: G — F*),

A: TxT—S1A/A; (x,y)»a@

v :T— Q(S7TA/A) ; x — G(Z)E(Z)

(r,y e F*, 2€ G, s€ S, sz =04(2)) .

For further details of the one-one correspondence see Proposition 3.4.3 of [70].
O

Definition 12.42 (i) A lagrangian of a split e-quadratic linking form (K, A, v)
is an (A, S)-submodule L C K such that

MLxL) = {0} cStA/A, v(L) = {0} C Q(S tA/A)
and such that the sequence

0 L —tep AT 0

is exact, with ¢ : L — T the inclusion.
(ii) Let (K,1) be a split e-quadratic form over A which is S~!A-nonsingular,
meaning that 1 + e* : ST'K — S7!K* is an S~ A-module isomorphism. The
boundary of (K, ) is the split e-quadratic linking form over (A, S)
K, ¥) = (T, A\ p)
with
T = coker(¢) +ep* : K — K*) |

A TRT =574 () o)) - 22

VT = QU A/ 5 ]

(r,ye K*, ze K, s€S, sx=M\2)) .

The localization exact sequence in algebraic L-theory is a useful computa-
tional tool:
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Theorem 12.43 The L-groups of A and S™'A are related by an exact sequence

s Do(A) —> Lon(S7A) - L(AS) — L 1(A) —> ... .

The 2n-dimensional S-torsion L-group Loy, (A, S) is the Witt group of split (—1)"-
quadratic linking forms over (A, S), and

0 : L2n(S_1A) - L2n(A75) ; S_l(K7’L/)) = 8(Kaw) .
The (2n + 1)-dimensional S-torsion L-group Laon,41(A,S) is the Wilt group of

split (—1)"™-quadratic linking formations over (A, S).

Proof See Chapter 3 of [70] (which includes references to the many authors
who contributed to the development of the sequence). O

Example 12.44 Let
S =2Z\{0}CA =1%Z

so that S A = Q, and an (A, S)-module is just a finite abelian group.
(i) Given an abelian group A write the torsion subgroup and the torsion-free
quotient as

TA = {zr€Alsc=0forsomes#0€Z}, FA = A/TA.

The Universal Coefficient Theorem (3.17) gives for any space M natural isomor-
phisms

2(y)

TH"(M) — Homz(TH, (M), Q/Z) ; x = (y—~ —

)
(sx =dz, z€ C"1(M)) .

If M is an oriented m-dimensional manifold then cap product with fundamental
class [M] € Hp, (M) defines an isomorphism of exact sequences

0——=TH" (M) — H™ (M) — FH™ " (M) —0
[M]m—lg [M]m—tg [M]m—tg
0——TH,(M) —— H,(M) —— FH,(M) ——0

The torsion homology groups TH, (M) are finite abelian groups with a bilinear
homology linking pairing
: , 2(y)
A : TH,(M)XTH;—pn1(M) — Q/Z ; (z,y) — —
(z€e Cm "= Y M), sz =d([M]Nz) € C,,(M))

such that the adjoint morphisms
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X THu(M) = Homz(THp o 1(M),Q/Z) 5 7 (y — A(z,1))
are isomorphisms, and
My,x) = (=)0 (2,y) € Q/Z .

In particular, if m = 2n + 1 there is defined a nonsingular (—1)"*!-symmetric
linking form (T H,, (M), \).

(ii) Let (f,b) : M — X be an n-connected (2n + 1)-dimensional degree 1 normal
map with 71(X) = {1}. The torsion subgroup TK,(M) C K,(M) is finite,
and the quotient FK, (M) = K,(M)/TK,(M) = Z* is a f.g. free Z-module.
Lift a basis for FK,(M) to elements {z1,22,...,z;} C K,(M). Killing these
elements by n-surgeries on (f,b) results in a normal bordant n-connected map
(also denoted by (f,b)) such that

Ko(M) = TKn(M) , Kpsr(M) = 0.

g) ,0)G) for (f,b) determines

a split (—1)"Tl-quadratic linking pairing (K, (M), \,v) over (Z,S) as in 12.41,
with

A kernel split (—1)"-quadratic formation (F, ((

K,(M) = coker(§: G — F*)

a finite abelian group. The proof of Lg,41(Z) = 0 in Kervaire and Milnor [38]
analyzes the effects that n-surgeries on (f,b) have on the kernel linking form
(K, (M), A\, v). It is shown that (f,b) is normal bordant to a homotopy equiva-
lence by essentially first proving algebraically that the linking form is isomorphic
to the boundary 9(Z*, ) of a Q-nonsingular split (—1)"*!-quadratic form (Z*, 1)
over Z, and then killing K,,(M) by the corresponding ¢ n-surgeries on (f,b). (In
[38] only the rel d case with X = D?"*! was considered. However, the algebra
is the same for any X with m(X) = {1} — see Chapter IV.3 of Browder [14]).

(iii) The computation La,41(Z) = 0 corresponds to the surjectivity of the map
0 : Lop42(Q) — Lapi2(Z,S) in the L-theory localization exact sequence (12.43)

D Ln(Z) —> Ln(Q) -2 L(Z,S) —> La(Z) —> ... .

The decomposition of finite abelian groups into p-primary components extends
to linking forms, and
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Zs® @ Lo(F,) if m=0(mod4)
2 prime
Lon(Z,8) = 0 p#2 p

if m=1,2(mod 4)
Zo

if m = 3(mod 4)

Z  if m =0(mod 4)

Zo if m = 2(mod 4)

0 ifm=1,3(mod4)

Z® @ Lo, if m=0(mod4)

Lm(@) = Pp#2 prime

0 if m=1,2,3(mod 4)
Zo®7Zy if p=1(mod4

LoE,) = {7200 Br=mocd

Zy if p = 3(mod 4)

with F,, the finite field with p elements and

Lo(Q) = Z ;5 (V,A) = a(V,A)

the signature map. See Chapter IV.3 of Milnor and Husemoller [60] for a more
detailed account of Ly(Q). m|
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THE STRUCTURE SET

We are now in a position to prove the results on the structure set . (X)
(1.14) which were stated in Chapter 1.

13.1 The structure set

Manifold Existence Theorem 13.1 (Browder, Novikov, Sullivan, Wall)

Let X be an m-dimensional geometric Poincaré complex with m > 5.

The structure set .#(X) is non-empty (i.e. X is homotopy equivalent to an m-
dimensional manifold) if and only if the Spivak normal fibration vx : X — BG
has a vector bundle reduction vx : X — BO for which the corresponding normal
map (f,b) : M — X has surgery obstruction

0.(f,0) = 0€ Ln(Z[m(X)]) -

Proof Combine the criterion of Proposition 9.38 with the surgery obstructions
of Chapters 11,12. o

A choice of homotopy equivalence M ~ X determines an identification

We are now also in a position to prove the surgery exact sequence (1.18) of
pointed sets

= Lnsa (2l (M) = # (M) — [M,G/0] = L (Zlms (M)
stated in Chapter 1.
An element of the normal structure set (9.40)
x = (n,h) e Z(M) = [M,G/O]

is classified by a stable vector bundle n : M — BO with a fibre homotopy
trivialisation h : Jny ~ {*} : M — BG, corresponding to a normal map (f,b) :
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N — M with b: vy — vy @ n. The function A in the surgery exact sequence is
the surgery obstruction

A(x) = 0.(f,b) € Lin(Z[m (M)]) .

The study of normal maps and surgery obstruction theory in Chapters 10, 11
and 12 establishes the exactness of the sequence, made precise as follows.

Manifold Uniqueness Theorem 13.2 (Browder, Novikov, Sullivan, Wall)
Let M be an m-dimensional manifold with m > 5.
(i) An m-dimensional degree 1 normal map (f,b) : N — M is such that

0.(f;0) = 0€ L (Z[m (M)])

if and only if (f,b) is bordant to a homotopy equivalence (f',b'): N' — M, i.e.
if and only if there exists a manifold structure (N', f') € (M) with image

[N, f] = (f,b) € Z(M) = [M,G/O] .
(ii) The group Lo, 1(Z[m (M)]) acts on the manifold structure set (M) by
Lin1(Z[mi (M) x S (M) — S (M) ; (2,(N1, f1)) = @(N1, f1) = (N2, f2)
if there exists a degree 1 normal bordism
(F,B) = (W;Ni,N2) — M x (I;{0},{1})

such that
(F\B)In, = (fisb)) + Ny— M (i=1,2),

0.(F,B) = € Lypy1(Z[r (M)]) .
(iil) Manifold structures (N1, f1), (Na, f2) on M are such that
(N1, fi] = [N2, fo] € 7(M) = [M,G/O]
if and only if there exists an element x € Ly, 11 (Z[r1(M)]) such that
(N1, f1) = (N2, f2) € Liny1 (Z[m(M)))
i.e. if and only if there exists a degree 1 normal bordism
(F,B) : (W;Ny,Na) — M x (I;{0},{1})

such that
(F,B)|ln, = (fi,bi) : Ni= M (i=1,2),

0o (F,B) = € Lips1(Z[m (M)]) .

Proof Combine the criterion of Proposition 9.48 with the rel d surgery ob-
structions of Chapters 11, 12. O
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Example 13.3 Let M be an m-dimensional manifold (with m > 5) which is
simply-connected, so that m (M) = {1}. The surgery exact sequence and the
computation of L. (Z)

m(mod4) |0 |1| 2 |3
L.(Z) |Z|0|Z2|0

give the structure set .(M) according to the residue m (mod 4), as follows.
(i) m = 4k. The exact sequence of pointed sets is

0— F(M) — [M,G/0] > Lix(2)

with
A(n,h) = o.((f,b): N — M)

£
2
!
2
s

5
E
=
\
b
s
g

(ZM) U (Z(=n) = 1),[M])

(Zr—i(M)U Z;(=n),[M]) € Lax(Z) = Z

| — ol ool 0|+

“-

<
Il
—

by the Hirzebruch signature theorem (6.41), where .; € H% (M;Q) is the 4j-
dimensional component of the #-genus, [M] = 1 € Hy(M;Q) = Q is the
fundamental class and ¥y = 1 € H°(M;Q) = Q (assuming M is connected).
Note the non-additivity of A:

A((m,h1) © (m2,h2)) = (L (M) U (L(=m & —n2) — 1),[M])

(ZL(M) U (ZL(=m) U Z(=n2) —1),[M])

| = 0ol 00|

k
> A Lhioi (M) U ZLi(—m) U ZL5(—ng), [M])
itj=1

# A(m,h1) + A(n2, h2) € Lag(Z) = Z (in general).

For an actual example, consider M** = CP?* and use 6.42.
(ii) m = 4k + 2. The exact sequence of pointed sets is

0= F(M) = [M,G/O] > Luxy(2)

with A : [M,G/O] — Lyk12(Z) = Zs the Arf invariant map.
(iii) m = 4k + 1. The exact sequence of pointed sets is

M x 1,0;G/O] > Lupsa(Z) — #(M) — [M,G/O] — 0
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with A : [M x I,0;G/O] — Luaj+2(Z) = Zy the rel O version of (ii).
(iv) m = 4k + 3. The exact sequence of pointed sets is

M x 1,0;G/O] > Lupsa(Z) — #(M) — [M,G/O] — 0

with A : [M x I,0;G/O] — Luj+4(Z) = Z the rel 0 version of (i).

See Morgan and Sullivan [62] and Madsen and Milgram [45] for the expression
of A:[M,G/O] — L,,(Z) in the cases m = 4k, 4k + 2 in terms of characteristic
classes. O

Example 13.4 Anelement (X, f) of the structure set .(S™) is an equivalence
class of pairs (X, f) with ¥ an m-dimensional manifold and f : ¥™ — S™ a
homotopy equivalence. The surgery obstruction functions

A m1(G/O) = [S™,G/O] —= Lun(Z)

are morphisms of abelian groups, with relative groups .%; fitting into a long
exact sequence

A
o= Tpt1(G/O) —> Lypi1(Z) —

S —= wn(GJO) A Lo(2) —= ...

The structure sets of spheres were the first to be computed, with
L8 = Spform =5,

See section 13.3 below for a more detailed discussion. O

Example 13.5 The m-dimensional torus
T = S'xS'x...x S

has fundamental group 71 (T™) = Z™ the free abelian group of rank m. The
normal maps (f,b) : M™ — T™ are classified by

m

) = 60 = Y- () reaG/0).

k=0
The surgery obstruction groups of the group ring Z[Z™] are given by

L@z = 3 (1) Ear(2)

k=0
(Shaneson [80], Wall [92, 13A.8], Novikov [64], Ranicki [68]), so that the structure
set of T™ for m > 5 is given by

SA(T™) = i (Z)Ym_k :

k=0
with .7, as in 13.4. The surgery classification of manifolds homotopy equivalent
to T™ (the ‘fake tori’ of Wall [92, 15A], Hsiang and Shaneson [35]) in the PL cat-
egory was an essential ingredient of the structure theory of topological manifolds
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obtained by Kirby and Siebenmann [39]. (The actual result required is that for
m > b every homotopy equivalence of PL manifolds of the type h: M™ — T™
has a finite cover h: M= — T which is homotopic to a PL homeomorphism).

O

13.2 The simple structure set

There is also a simple surgery theory for deciding if a simple geometric Poincaré
complex X is simple homotopy equivalent to a manifold, and if a simple homo-
topy equivalence f : N™ — M™ of manifolds is homotopic to a diffeomorphism.

As already noted in Chapter 8.1 the involution on the group ring
Zr] = Z[r] ; a = ang —a = angfl
gem ge™
induces an involution on the Whitehead group

x : Wh(r) = Wh(n) ; 7(a) — 7(a™)

with o* = (aji) if a = (aij).

Definition 13.6 (i) The torsion of an m-dimensional geometric Poincaré com-
plex X is defined by

(X)) = 7([X]N—:C(X)"* = C(X)) € Wh(m (X)) ,
such that
7(X)" = (-1)"r(X) e Wh(m (X)) .

1
(ii) A geometric Poincaré complex X is simple if 7(X) = 0. a

Example 13.7 An m-dimensional manifold M is a simple m-dimensional ge-
ometric Poincaré complex, and hence so is any finite CW complex X simple
homotopy equivalent to M. O

Definition 13.8 Let X be a simple m-dimensional geometric Poincaré complex.
(i) A simple manifold structure (M, f) on X is an m-dimensional manifold
M together with a simple homotopy equivalence f : M — X.

(ii) The simple manifold structure set .*(X) is the set of equivalence classes
of m~dimensional manifold structures (M, f), subject to the equivalence relation :

(M, f) ~ (M’ f') if there exists a bordism
(F5f, ) = (Wi M, M') — X x (I;{0}, {1})
with F': W — X X I a simple homotopy equivalence, so that (W; M, M’)

is an s-cobordism.
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For m > 5 this is the equivalence relation

(M, f) ~ (M, f') if there exist a diffeomorphism h: M — M’ and a
homotopy f ~ f'h: M — X

by the s-Cobordism Theorem (1.11). a

Definition 13.9 The simple surgery obstruction groups L:(Z[r]) are de-
fined by analogy with L.(Z[r]), using quadratic forms and formations on based
f.g. free Z[r]-modules and simple isomorphisms. a

Theorem 13.10 (Wall [92])
A degree 1 normal map (f,b) : M — X from an m-dimensional manifold M
to a simple m-dimensional geometric Poincaré complex X has a simple surgery

obstruction
oi(f,b) € Ly, (Z[m(X)])

such that a2(f,b) = 0 if (and for m > 5 only if) (f,b) is bordant to a simple
homotopy equivalence. O

In fact, the obstruction groups L2 (Z[r]) for surgery up to simple homotopy
equivalence were the original L-groups of Wall [92].

Proposition 13.11 (Shaneson [80], Ranicki [68])
The simple surgery obstruction groups L2(Z[n]) are related to the surgery ob-
struction groups L.(Z[r]) by the Rothenberg exact sequence

.. — L2 (Z[r]) — Ly,(Z|7]) — ﬁm(Zg; Wh(m)) — L;

m—1

(Z[r]) — ...

with
Az e Wh(n)|z* = (-1)"x}

Ay + (-1)myr |y € Whim)}

H™(Zo; Wh(r))

O

The Tate Zj-cohomology groups H*(Z; Wh(r)) are of exponent 2, so the
groups L2 (Z[n]), L.(Z[r]) differ in 2-torsion only.

Theorem 13.12 Let m > 5.

(i) A simple m-dimensional geometric Poincaré complex X is simple homotopy
equivalent to a manifold if and only if there exists a normal map (f,b) : M™ — X
with simple surgery obstruction

oi(f,b) = 0€ Ly, (Z[m(X)]) .
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(ii) The simple structure set (M) of an m-dimensional manifold M™ fits into
an exact sequence of pointed sets

c= Ly (Zm (M) — #2(M) — [M,G/O] — Ly, (Z[m (M))) -

A simple homotopy equivalence of m-dimensional manifolds f : N — M is
homotopic to a diffeomorphism if and only if (N, f) = (M,1) € °(M). o

Remark 13.13 The simple version of the surgery exact sequence is particularly
important for manifolds with finite fundamental group. See Chapter 14E of Wall
[92] for the application of the simple L-groups of cyclic groups to the high-
dimensional surgery classification in the PL category of generalised lens spaces
(= manifolds with cyclic fundamental group and universal cover a sphere). O

13.3 Exotic spheres

This section outlines the surgery classification of manifolds homotopy equivalent
to spheres. The high-dimensional homotopy spheres are simply-connected, so
only the simply-connected surgery obstruction groups L.(Z) are required.

Definition 13.14 A homotopy m-sphere X" is an m-dimensional manifold
which is homotopy equivalent to S™. O

Poincaré Conjecture 13.15 (1905)
Every homotopy 3-sphere ¥ is homeomorphic to S3. O

The Poincaré Conjecture is still unresolved, and is the main difficulty in the
way of a complete classification of all 3-dimensional manifolds.

Milnor Exotic Sphere Theorem 13.16 ([49], 1956)
There exist exotic differentiable structures on S7, i.e. there exist homotopy 7-
spheres X7 which are homeomorphic but not diffeomorphic to S”.

Proof The first 7 examples were constructed as the sphere bundles of certain
4-plane bundles over S*, so we start by recalling the classification of oriented 4-
plane bundles over S*. The isomorphism class of w : S* — BSO(4) is determined
by the Euler number and first Pontrjagin class

x(w) , pi(w) € HY(S*) = Z

subject to the congruence
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p@) = 2 (modd)
with the function
m(BSOW) = Z&Z 5w (12x(0) + m(w)), 7 2x(w) ~ 71())
defining an isomorphism. Let
(D', 8%) = (D), 5(v) — §*

be the (D*, S®)-bundle over S* associated to w. The homology groups of the
sphere bundle S(w) are given by

Z ifi=0,7
Hy(S(w)) = coker(x(w) : Z —Z) ifi=3

ker(x : Z — Z) ifi=4

0 otherwise .

The Euler number of w : §* — BSO(4) is the Hopf invariant (5.76) of J(w) €
7T7(S4)
x(w) = HI(w)€EZ.

If the Hopf invariant is x(w) = 1 € Z then S(w) is a homotopy 7-sphere which is
the boundary of an oriented 8-dimensional manifold D(w). For any odd integer
k let wg : S* — BSO(4) be the oriented 4-plane bundle with

pl(wk) = 2k ’ X(wk) = 162)

and write

(D(wr)®, S(wk)") = (Wi, Z) -

There exists a Morse function ¥ — R with two critical points, so that X;\{pt.}
is diffeomorphic to R” and ¥, is homeomorphic to S” by a theorem of Reeb. The
tangent bundle of W}, is classified by

Tw, = TsaDuwy : Wi ~ S* — BSO(8) ,
with Pontrjagin class
p(Wi) = pi(wr) = 2k€ HY (W) = Z.

If there exists a diffeomorphism f : ¥, — S” consider the closed oriented 8-
dimensional manifold

M® = Wy Uy D®
with intersection form and signature
(HY(M),\) = (Z,1), o(M) = o(H*(M),\) = 1.

By the Hirzebruch signature theorem (6.41)
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o(M) = (Z2(M),[M]) = 1€Z

with
Z2(M) = —(Tpa(M) ~ i (M)?) = 1€ HY(M) = Z,
p(M) = pi(wr) = 2k

so that

pa(M) = %(45+4k2) = 7+$(k2—1)eH4(M) = 7.

The Pontrjagin class pa(M) = pa(wy) € H3(M) = Z of a vector bundle is
integral, so the existence of a diffeomorphism f : X7 — S7 implies that k? =
1 (mod 7). Thus the homotopy 7-spheres ¥ with k2 # 1 (mod 7) have an exotic
differentiable structure: they are homeomorphic but not diffeomorphic to S7.
See Milnor and Stasheff [61, pp. 242-248] for a detailed account of this and other
applications of 4-plane bundles over S%. a

See Milnor [59] for a first-hand account of the discovery of the exotic differ-
entiable structures.

Definition 13.17 An exotic sphere is a homotopy m-sphere X" which is not
diffeomorphic to S™. O

Theorem 13.18 (Generalised Poincaré Conjecture) (Smale [82], 1961)
For m > 5 every homotopy m-sphere ¥™ is homeomorphic to S™.

Proof Form > 6 this can be deduced from the h-Cobordism Theorem (1.9,8.34),
although in fact it was the original proof of the Generalised Poincaré Conjecture
which led to the h-Cobordism Theorem. Given a homotopy m-sphere ¥ define
an h-cobordism (W™; S™~1 §m=1) by punching out two disjoint m-disks

W = cl.(Z™\(D™uUD™)) .
By the h-Cobordism Theorem there is a diffeomorphism
(g:1,h) = (W8t sty = §m=1 o (1;{0}, {1})
for some self-diffeomorphism k : $™~! — S™~!, and hence a diffeomorphism
¥m o DU, D™
Thus X™ has a handle decomposition with one 0-handle and one m-handle

o= pdunm.
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Milnor [49] proved that every homotopy sphere ™ of this type is homeomorphic
to S™, using a homotopy h ~ 1 : ™ ! — S§™~! which is a homeomorphism at
each level (i.e. a topological isotopy), and which determines a homeomorphism

X" = DU, D™ — D™uU; D™ = §™.

The case m = 5 requires a special argument. (See Chapter VIII of Kosinski
[42] for another way of deducing the Generalised Poincaré Conjecture from the
h-Cobordism Theorem, which applies for m > 5). O

The 4-dimensional Poincaré conjecture holds by the 1982 result of Freedman
[25].

The original exotic spheres depended on the existence of a map S7 — §4
of Hopf invariant 1, but the subsequent development of the surgery method
provided a systematic classification of exotic spheres ¥ for all dimensions m >
5. (There are no exotic spheres in dimensions 5,6, however). Every homotopy
m-sphere X is of the form

XM = D"uwuDm™

for an h-cobordism (W;S™~!, S™=1) which is the union of traces of a sequence
of surgeries on S™~!. In order to classify the m-dimensional homotopy spheres
it is therefore enough to classify the possible sequences of surgeries on S™~! for
which the union of traces is an h-cobordism.

Definition 13.19 Let O,, be the group of h-cobordism classes of m-dimensional
homotopy spheres, with addition by connected sum (2.9). o

Lemma 13.20 The function
F(8™) = Om 5 (™, f) = [E7]
is a bijection, for any m > 1.
Proof For any oriented homotopy m-sphere X there is a unique homotopy

class of orientation-preserving homotopy equivalences f : ¥™ — S™ allowing
the definition of an inverse bijection

O, — L(S™) 5 [EM] — (2™, f) .

Note that by the h-Cobordism Theorem, for m > 5 an m-dimensional ho-
motopy sphere ¥ is h-cobordant to S™ if and only if X" is diffeomorphic to
Sm.
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For m > 2 an m-dimensional homotopy sphere 3™ is simply-connected
m(E™) = m(S™) = {1},

so that the associated surgery theory involves only the simply-connected surgery
obstruction groups L.(Z). The surgery classification of homotopy spheres thus
avoids the complications caused in the general theory by the fundamental group,
and the groups of homotopy spheres .#(S™) = ©,, are computed for m > 5 by
the surgery exact sequence

oo = Tm41(G/O) = L1 (Z) — L (S™) — m(G/O) — Ly (Z) .

Note that .#(S™) = ©,, is an abelian group, although the structure set .7 (M)
of a manifold M is not in general a group.

Example 13.21 (Milnor [49], Kervaire and Milnor [38])

(i) Every 7-dimensional homotopy sphere is the boundary X7 = W of an ori-
ented 8-dimensional manifold W, and so can be obtained from S7 by oriented
surgery. The morphism of abelian groups

A Oy —=Z; ST ANET) = 450(W) 4 pr(W)?2
is a surjection. For any odd integer k = 2/ + 1

the exotic sphere ¥ of 13.16 is obtained from S” by a single 3-surgery re-
moving
Gu @ S x D' = 83 x D' §7

(terminology of 5.68, with wy : S® — SO(4) as in 13.16), but this surgery is
not framed. The trace of the surgery is an oriented 8-dimensional cobordism
(Vi; S7,57). The oriented 8-dimensional manifold with boundary

(Wk,0Wy) = (D¥UV;, %))
has signature 1 and p;(W},) = 2k € HY(W}) = Z, so that
ANZg) = 45 +4Kk* = 2(0+1) € Zy .

In fact, ©7 is cyclic of order 28.
(ii) Every 7-dimensional homotopy sphere is the boundary X7 = W' of a framed
8-dimensional manifold W’. The signature of W’ is divisible by 8, and the func-
tion

N O = Zog; X éa(W’)

is an isomorphism such that

AET) = 3N () ez .
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It is possible to obtain X from S7 by 4¢(¢+1) framed 3-surgeries, and £7 = OW,
is the boundary of a framed 8-dimensional manifold W, with

o(W};) = 4l +1)e8ZCZ,

1 1

More precisely, let (W8;S7 %7) be the 8-dimensional framed cobordism con-
structed by Fgs-plumbing of 8 copies of 7gs as in 11.62, and set

(Wi ST 20) = #esr)2(W;87,57) .
In particular, ¥7 has \'(3) = 1, so that ¥] € ©7 = Zg is a generator. ad
In general, a homotopy sphere 3™ is not the boundary of a framed (m + 1)-
manifold.

Definition 13.22 The subgroup
bPpi1 = ker(L(S™) — 7 (G/0O))
= im(Ly41(Z) — 6,,) C O, = L(5S™)

consists of the homotopy m-spheres %™ which arise in one of three equivalent
ways :

(i) as the boundary OW = X™ of a framed (m + 1)-dimensional manifold
Wm+1,
(ii) as the result of a sequence of framed surgeries on S™,
(iii) as the domain of a boundary component of a degree 1 normal map

(f,0) = (WMHL8™ 5™) — 8™ x (I;{0}, {1})

with f|: 8™ — S™ x {0} the identity and f| : ¥™ — S™ x {1} a homotopy
equivalence.

The bP-terminology dates from the time when the map L,,11(Z) — . (S™)
in the surgery exact sequence was written b : Py, 11 — Oy,

Here are some sample results:

Proposition 13.23 (Kervaire and Milnor [38])
(i) For m > 5 two homotopy m-spheres X™, '™ are h-cobordant if and only if
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there exists an orientation-preserving diffeomorphism L™ — X'™,

(ii) The tangent bundle Tsm of a homotopy m-sphere ¥™ is stably trivial, with
Tom @ € trivial. Sending ™ to its framed cobordism class (modulo the indeter-
minacy from the choice of framing) defines an isomorphism

O, /bPpi1 — coker(J : mp(0) = 7 (G)) = im(7(G) — 7 (G/0))

with
J  mm(0) = m(G) = ﬂi = QJ;,:

the J-homomorphism (5.80).
(iii) The groups ©,, (m # 3) are finite. The surgery exact sequence

oo = Tm41(G/O) = L1 (Z) — Oy — 0 (G/O) — Ly (Z) — . ..
breaks up into exact sequences of abelian groups

0— 6271 — WZn(G/O) — LQn(Z) - bP2n —0,
0 — bP2p12 — O2n11 — T2n1(G/O) — 0

with bPap 11 = 0 and bPay,, bPay, 1o finite cyclic groups.
(iv) The order of bPyy, is

te = ax2?*72(2%71 — 1)num(By /4k) .

A generator of bPyy is represented by the homotopy (4k — 1)-sphere X4~ = Mg
obtained from S*~1 by 8 framed (2k — 1)-surgeries Sk~ x D2k — G4k=1 reql.
izing the even symmetric form (Z8, Eg) generating Lay(Z) = Z. The trace of the
surgeries is a framed 4k-dimensional manifold with boundary which is obtained
by plumbing together 8 copies of the tangent bundle g2 : S?* — BSO(2k) of
the 2k-sphere S** and removing the interior of a 4k-disk D**.

(v) The order of bPyp42 is < 2. A generator of bPy12o is represented by the ho-
motopy (4k +1)-sphere L4+ obtained from S*+1 by 2 framed surgeries on em-
beddings S%¢ x D?k+1 < §+L reqlizing the Arf (—1)-quadratic form (Z2,\, )
generating Lygio(Z) = Za. The trace of the surgeries is a framed (4k + 2)-
dimensional manifold with boundary which is obtained by plumbing together 2
copies of the tangent bundle Tgari1 : SP*HYL — BSO(2k + 1) of the (2k + 1)-
sphere S?**1 and removing the interior of a (4k + 2)-disk D**+2.

Idea of proof (i) Immediate from the h-Cobordism Theorem (1.9).

(ii) The proof uses a hard result of Adams [3] on the image of the J-homo-
morphism.

(iii)+(iv)+(v) The surgery method for computing bP,,4+1 proceeds as follows.
Let ¥™ be an m-dimensional exotic sphere which bounds a framed (m + 1)-
dimensional manifold W™*!, so that ¥™ = OW represents an element of bP,, 1.
The differentiable structure on ¥ is standard if (perhaps after a change of
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framing) it is possible to modify W by a sequence of framed surgeries until
7« (W) = 0; by Poincaré duality it suffices to have m.(W) = 0 for 2r < m + 1.
Suppose inductively that 7.(W) = 0 for r = 1,2,...,n — 1. If m > 4 and
n < m/2 it is possible to represent find a finite collection of framed embeddings
S™ x D™T1=n < TV representing a set of generators of m, (W), such that the
effect of the corresponding surgeries is a cobordant framed manifold W’ with
oW’ = 3™ and m.(W’') = 0 for r = 1,2,...,n. If m = 4k — 1 (vesp. 4k + 1)
the signature (resp. Arf invariant) of W™*! is the obstruction to also having
mor (W) = 0 (resp. mar+1(W) = 0). If m is even there is no obstruction to also
having 7, /o(W) = 0. O

Remark 13.24 The orders of the low-dimensional groups of exotic spheres O,,,
bP,,+1 and O,,/bP,,11 are given in the table

m 1[2]3T4]5]6] 7 [8]of10] 11 [12]13]14] 15
Om 11211 ]1]28]2]8 992 1 [ 3] 2 [16256
bPni1  |1[1[7[1[1[1]28]1]2] 1 [992 1]1]8128
Op/bPrir 1111111 [2]4 1 2

Remark 13.25 The homotopy spheres measure the discrepancy between differ-
entiable and PL topology, with

O, = Tm(PL/O) (m # 3,4)
the relative homotopy groups in the homotopy exact sequence
.= Tm(0) = 7 (PL) — O, — T (BO) — w1 (BPL) — ...

where BPL is the classifying space for PL bundles. The simply-connected surgery
obstruction groups are the relative homotopy groups

Li(Z) = mn(G/PL) (m #4)
in the homotopy exact sequence
.= T (PL) = 1 (G) — Lin(Z) — mp(BPL) — mp(BG) — ...

with a commutative braid of exact sequences
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SN TN TN

Tm+1(G/PL) Tm (PL/O) Tm (BO) T (BG)
T (PL) Tm(G/O) T (BPL)
T (O) T (G) mm(G/PL) Tm—1(PL/O)

The braid can be expressed as

where

Am = m(G/0)

= cobordism group of almost framed m-dimensional manifolds ,
Q{rf = m™m(G) = 7751

= cobordism group of framed m-dimensional manifolds ,
e/r = m,(PL)

= h-cobordism group of framed m-dimensional homotopy spheres ,

©,, = m(PL/O)

= h-cobordism group of m-dimensional homotopy spheres .

A manifold M is almost framed if M\{pt.} is framed. In dimensions 7,8 the
braid is given by
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0
’7'('8 —ZQ 97—228 71'7 BO =0
S e R 2R 2
= Z®Z, o' =201, A7 =0
V N N S \
98 —ZQ 7'('8 BO 71'7 —2240 =0

See Kosinski [42] and Levine [44] (which is Part II of the original Kervaire and
Milnor [38]) for a more detailed exposition, as well as Lance [43] for a survey of
differentiable structures on manifolds. O

Example 13.26 For any m,n > 1 with m+n > 5 the structure set of S™ x S™
is given by the surgery sequence to be

F(S™ % S = 1n(G/O) & 10 (G/O) & Opin

For n = m the injection 7, (G/O) — .#(S8™ x S™) has the following description :
an element (1, h) € m,,(G/O) is represented by an oriented (n + 1)-plane bundle
7n:S™ — BSO(n + 1) over S™ together with a fibre homotopy equivalence

ho: Jn ~ Je . 8™ — BSG(n+1)

between the sphere bundles of 7 and the trivial bundle e**! : §™ — BSO(n+1),
and
Tm(G/0) = L(S™ x 8") 5 (n,h) — (5(n),S(h))
with
S(h) = S(1) — (™) = S™ x 5"
the homotopy equivalence induced by h.

In particular, suppose m = 4k, so that m,,(G/O) is a finitely generated
abelian group of rank 1. Assume also that k& > 2, and let (W** $4~1) be the
framed (2k — 1)-connected 4k-dimensional manifold with homotopy (4k — 1)-
sphere boundary obtained by the Eg-plumbing of 8 copies of 7g2x : S?F —
BSO(2k). The exotic (4k — 1)-sphere £~ is a generator of the cyclic subgroup
bPy; C O4_1, with order

ty = ap2%72(2% 71 — Dnum(B, /4k)
where a = g.c.d.(2,k + 1). Let
Q4k _ W4k Uspan—1 D4k:

be the framed (2k — 1)-connected 4k-dimensional PL manifold with signature
(Q) = 8 obtained from (W?*F ¥4%~1) by coning the boundary. The t;-fold
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connected sum #;, Q* has a differentiable structure. The topological K-group
of isomorphism classes of stable vector bundles over S**

KO(S*) = mu(BSO) = m(BSO(n + 1))
is such that there is defined an isomorphism
T4k (BSO(n+ 1)) = Z 5 nv— prp(n)/ar(2k — 1)!,

by the Bott integrality theorem. The group of isomorphism classes of spherical
fibrations over S**

Tk (BSG) = mu(BSG(n)) = 75, (n>4k+1)

is finite, so there is only a finite number of distinct fibre homotopy classes of
(n — 1)-spherical fibrations over S**. The subgroup

im(my (G/O) — w4 (BSO(n + 1)))
= ker(J : my(BSO(n + 1)) — w4 (BSG(n + 1)) C map(BSO(n + 1))

of fibre homotopy trivial bundles is the infinite cyclic subgroup of index
jr = denominator (By/4k)
with the generator 1 : S** — BSO(n + 1) such that
pe(n) = arjn(2k — 1) € H*(S*) = 7.
For any fibre homotopy trivialisation
ho:Jn ~ Je" . 8%  BSG(n+1)
the corresponding homotopy equivalence
S(h) : S(n) — S(e*th) = 5t x gn

is such that the inverse image of S x {x} < S x S™ is a submanifold of the

type
N4k = #th4k — 5(77) )

and S(h) restricts to a degree 1 normal map
(f,6) = S()] + N - 5k
with b : vy — —n. Moreover,
™ = (1) : N — BSO(4k) .

pe(N) = fpe(n) = anju(2k —1)! € H*(N) = Z,
o(N) = skpe(N) = sparjr(2k —1)! = 8ty € Z,
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with 2k (92k—1

248 (2571 —1

sk = e -y By,
(2k)!

the coefficient of p, in .%%. The homotopy equivalence S(h) : S(n) — S* x 8™
is not homotopic to a diffecomorphism (or indeed a homeomorphism) since the
surgery obstruction of (f,b) is

1

a(£.8) = (o) = a(5™))

= tk#OELzlk(Z) = 7.
The stable normal bundle of S(n) is classified by
Vs : Sn) — s " o .

and S(h) is a homotopy equivalence of (n+4k)-dimensional manifolds which does
not preserve Pontrjagin classes. This was the original surgery construction of a
homotopy equivalence of simply-connected manifolds which is not homotopic to
a diffeomorphism (Novikov [63]). O

13.4 Surgery obstruction theory

This final section describes just a few of the developments in surgery theory since
the main framework was set up by Wall [92]. The surveys listed in the Preface
naturally give a broader picture!

The definition of the algebraic L-groups L,,(A) separately for even and odd
m was unified by the chain complex theory of Ranicki [69], with L,,(A) expressed
as the cobordism group of chain complexes with m-dimensional Poincaré dual-
ity, as follows. Given a f.g. free A-module chain complex C define the signed
transposition involution on Hom4(C*, C) by

T : HOHlA(Cp,Cq) — HomA(ancp) 5 ¢ = (71)pq¢* )

with CP = C = Hom4(C), A). An m-dimensional quadratic Poincaré com-
plex (C, ) is an m-dimensional f.g. free A-module chain complex

d d
OZOmH m_1—>...—>01~>00

together with a Zo-hyperhomology class ¢ € H,,(Zo; Hom4(C*, C)), as repre-
sented by A-module morphisms

Gy 1 OSSO (52 0)

such that
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dws+(_1)r¢sd* +(_1)m7871(1/]s+1 +(_1)8+1T¢s+1) =0: CmiriSil - Cr ’
with the A-module chain map
(1+T)p : C*=C

a chain equivalence. See [69] for the corresponding definition of an (m + 1)-
dimensional quadratic Poincaré pair (f : C — D, (6¢,1)), with a chain
equivalence

L+ D) (6%, ¢)o = €)™ = D.

A quadratic Poincaré cobordism of m-dimensional quadratic Poincaré com-
plexes (C, ), (C" ') is an (m + 1)-dimensional quadratic Poincaré pair of the
type

(ff):CeC" — D, (0, & —Y)) .
Cobordism is an equivalence relation on m-dimensional quadratic Poincaré com-
plexes over A. The set of cobordism classes is an abelian group, with addition
and inverses by

(va>+(clﬁwl) = (C@C'ﬂ/)@i//) ) _(07'(/)) = (07 _'(/J)

If m = 2n (resp. 2n+ 1) every m-dimensional quadratic Poincaré complex (C, )
over A is cobordant (by algebraic surgery below the middle dimension) to an
n-connected complex, with

C, = O0forr#n (resp. n,n+1).

The cobordism group of m-connected m-dimensional quadratic Poincaré com-
plexes over A is isomorphic to the L-group L,,(A) of stable isomorphism classes
of nonsingular (—1)"-quadratic forms (resp. formations) over A defined in Chap-
ter 11 (resp. 12), as well as to the cobordism group of all m-dimensional quadratic
Poincaré complexes over A, so that

Lm(A) = Lm+4(A)'

The surgery obstruction of an m-dimensional degree 1 normal map (f,b) : M —
X is the cobordism class of an m-dimensional quadratic Poincaré complex (C, 1))

0x(f,0) = (C,¢) € L (Z[m1(X)])

with ¢ = ¢ fY) the algebraic mapping cone of the Umkehr chain map f' :
C(X) — C(M). The homology and cohomology of C are given by

H.(C) = K.(M) , H*(C) = K*(M),

and the quadratic structure v is determined by a stable 1 (X)-equivariant ge-
ometric Umkehr map F : ¥°X, — XM, inducing f'. The ‘instant surgery
obstruction’ of [69] is a (—1)™-quadratic form (resp. formation) if m = 2n (resp.
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m = 2n+1) representing the surgery obstruction o.(f,b) € Ly, (Z[mr1(X)]), which
is constructed from (C,1) by algebraic surgeries below the middle dimensions,
rather than by geometric surgeries below the middle dimension as in Chapter 11
(resp. 12).

The expression of L,(A) as the cobordism groups of quadratic Poincaré com-

plexes gives various useful properties of the algebraic L-groups, such as relative
L-groups: a morphism of rings with involution f: A — B induces morphisms

fe + Lin(A) = Lin(B) 5 (C,¢) — B®a (C,¢)
and the group L,,(f) of cobordism classes of pairs

((m — 1)-dimensional quadratic Poincaré complex (C,1) over A ,

m-dimensional quadratic Poincaré pair over B (g: B®4 C — D, (d¢,1 ®1)))

fits into an exact sequence

. —> L,(A) f+

L(B) — Lu(f) —> Lp-1(A) — ... .

The localization exact sequence of Section 12.6 is the special case of the inclusion
f:A— B=S"1A with L.(f) = L.(A,S).

The chain complex method is also useful for obtaining surgery product and
composition formulae, and for the algebraic surgery classification of topological
manifolds.

An extensive literature is devoted to the computation of L, (Z[r]), L (Z[r])
for various groups 7, using algebra for finite 7 and geometry for infinite 7. See
Wall [93], Hambleton, Milgram, Taylor and Williams [29], Hambleton and Tay-
lor [30] and Milgram [48] for general results for finite 7. See Ferry, Ranicki and
Rosenberg [24] for an account of the geometric methods used for infinite 7, in-
cluding the connections with the Novikov conjecture on the homotopy invariance
of the higher signatures and the closely related Borel conjecture on the existence
and uniqueness of a topological manifold structure in the homotopy type of an
aspherical Poincaré complex Bm = K(m,1). Ranicki [72] is an introduction to
the Novikov conjecture from the surgery point of view.

The set [M,G/O] of equivalence classes of fibre homotopy trivialised vector
bundles over a manifold M is an abelian group, with addition by Whitney sum.
The computation of [M, G/O] can be carried out in many cases using standard
algebraic topology (modulo the homotopy groups of spheres) — see Chapter 9.2
for an exposition of some of the homotopy theoretic properties of G/O. The
function A : [M,G/O] — L., (Z[r1(M)]) sending a normal map to the surgery
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obstruction is not in general a homomorphism of abelian groups (cf. Example
13.3). The surgery exact sequence

A
= Lt (Z[m (M)]) — F(M) — [M,G/O] 2 Lon(ZIm (M)
is not an exact sequence of abelian groups, so computations of [M,G/O] and

L.(Z[r(M)]) may be quite difficult to match up.

See Ranicki [71] for the surgery exact sequence and the ‘total surgery ob-
struction’ in the topological category. For any space X there is defined a long
exact sequence of abelian groups

= L1 (Z[m (X)]) = Fnga(X) — Hi (X5 L)
A
- Ly (Z[m1(X)]) = Fn(X) — ...
with Lo a 1-connective spectrum of quadratic complexes over Z such that
Ly ~ G/TOP |, w.(L,) = m.(G/TOP) = L.(Z)

and A the algebraic L-theory version of the assembly map of Quinn [67]. The

various classifying spaces fit into a commutative braid of fibrations

T T T

G G/TOP K(Z2,4)
G/PL BTOP
TOP/PL ~ K(Z,,3) BPL BG

V\/

with BTOP the classifying space for stable topological bundles (Kirby and
Siebenmann [39], Ranicki et al. [73]). The topological structure set .79 (X) of
a space X is defined in the same way as .#(X) (1.14), but using topological man-
ifolds. The structure set of an m-dimensional topological manifold M is given
for m > 5 by

TP (M) = F,01(M) .

The topological surgery exact sequence is an exact sequence of abelian groups
A
. = Lyt (Zm (M)]) = #TOP (M) — [M,G/TOP] = Ly (Zlmy (M)

with respect to the addition on [M,G/TOP] determined by the direct sum in
Lo, and

A+ [M,G/TOP] = Hy(M;La) — Ln(Zlm(M))
is the assembly map. The image of A : H,,(K;Ls) — L, (Z[m(K)]) for an
Eilenberg-MacLane space K = K(m,1) is the subgroup of L,,(Z[r]) consisting
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of the surgery obstructions of normal maps of closed m-dimensional manifolds
(cf. Remark 11.79). The total surgery obstruction s(X) € .7,(X) of an m-
dimensional Poincaré complex X is such that s(X) = 0 if (and for m > 5 only
if) X is homotopy equivalent to an m-dimensional topological manifold.
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